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PREFACE 


TMs book was planned and begun in 1920. Our original inten- 
tion was that it should be one of the Cambridge Tracts, but it 
soon became plain that a tract would be much too short for our 
purpose. 

Our objects in writing the book are explained sufficiently in 
the introductory chapter, but we add a note here about history 
and bibliography. Historical and bibhographioal questions are 
particularly troublesome in a subject like this, wliioJi has applica- 
tions in every part of mathematics but has never been developed 
systematically. 

It is often really difficult to trace the origin of a familiar 
inequahty. It is quite likely to occur first as an auxihary 
proposition, often without explicit statement, in a memoir on 
geometry or astronomy ; it may have been rediscovered, many 
years later, by half a dozen different authors ; and no accessible 
statement of it may be quite complete. We have almost always 
found, even with the most famous inequalities, that we have 
a little new to add. 

We have done our best to be accurate and have given aU 
references we can, but we have never undertaken systematic 
bibliographical research. W© folTbw the common practice, when 
a particular inequality ^ habitually associated with a particular 
mathematician’s name; we speak of the inequalities of Schwarz, 
Holder, and Jensen, though all these inequalities can be traced 
further back ; and we do not enumerate explicitly all the mmor 
additions which are necessary for absolute completeness. 

We have received a greg,t deal of assistance from friends. 
Messrs G. A. Bliss, L. S. Bosanquet, R. Courant, B. Jessen, 
V. Levin, R. Rado, I. Schur, L. G. Young, and A. 2ygmund 
have all helped us with criticisms or original contributions. 
Dr Bosanquet, Dr Jessen, and Prof. Zygmund have read the 
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proofs, and corrected many inaccuracies. In particular, Chap- 
ter m has heen very largely rewritten as the result of Dr Jessen’s 
suggestions. We hope that the book may now he reasonably 
free from error, in spite of the mass of detail which it contains. 

Dr Levin composed the bibliography. This contains all the 
books and memoirs which are referred to in the text, directly 
or by implication, but does not go beyond them. G H H 

J. E.L. 

G. P. 


Cambr idge and Zivrich 
July 1934 
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CHAPTER I 


INTRODUCTION 

1.1. Finite, infinite, and integral inequalities. It will be 
convenient to take some particular and typical inequality as a 
text for tbe general remarks wMch occupy this chapter; and we 
select a remarkable theorem due to Cauchy and usually known 
as ‘ Cauchy’s inequality’. 

Cauchy’s inequality (Theorem 7) is 

^ {a-^ aj) (b^ + 63^ + . . . + V) 
or 

( 1 . 1 . 2 ) 

111 

and is true for all real values of Ug, 61 , 62 , We 

eaU . the variables of the inequality. Here the number 

of variables is finite, and the inequality states a relation between 
certain finite sums. We call such an inequality an elementary or 
finite inequality. 

The most fundamental inequalities are finite, but we shall also 
be concerned with inequalities which are not finite and involve 
generahsations of the notion of a sum. The most important of such 
generahsations are the infiboite sums 


(1.1.3) 

and the integral 

(1.1.4) 



(where a and b may be finite or infinite). The analogues of ( 1 . 1 . 2 ) 


corresponding to these generalisations are 


(1.1.5) 
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(or tKe similar formula in ■which both limits of summation are 
infinite), and 

( 1 . 1 . 6 ) ^ J 9 N ^ J 

We call (1.1.6) an infinite, and (1.1.6) an integral, inequality. 

1.2. Notations. We have often to distinguish between dif- 

ferent sets of the variables. Thus in (1.1.2) we distinguish the 
two sets % , <* 2 , . . . , and b^,h^, It is convenient to have 

a shorter notation for sets of variables, and often, instead of 
writing ‘the set %, a^, a,/ we shall write ‘the set (a)’ or 

simply ‘the a\ 

We shall habitually drop suffixes and Hmits in summations, 
when there is no risk of ambiguity. Thus we shall write 
ha 

for any of ha„, S 

1 1 -CO 

so that, for example, 

(1.2.1) (Sa.6)2<Sa2S62 

may mean either of (1.1.2) or (1.1.5), according to the context. 

In integral inequalities, the set is replaced by a, f 'U7ictio7i; thus 
in passing from (1.1.2) to (1.1.6), (a) and (6) are replaced by 
/and g. We shall also often omit variables and limits in integrals, 
writing 

for (1.1.4): so that (1.1.6), for example, will be written as 

( 1 . 2 . 2 ) (Jfgdx)^^Jf^dxJg^dx. 

The ranges of the variables, whether in sums or integrals, are pre- 
scribed at the beginnings of chapters or sections, or may be 
inferred unambiguously from the context. 

1.3. Positive inequalities. We are interested primarily in 
‘ positive ’ inequalities^. A fitnite or feifinite inequality is positive if 
all variables a, b, ... involved in it are real and non-negative. 
An inequality of this type usually carries with it, as a trivial 

a There arc esceijfcions, as for example in §§ 8.8-8.17. There the ‘positive’ ciises of 
the theorems discussed are relatively trivial. 
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corollary, an apparently more general inequality valid for all real, 
or even complex, a,b, .... Thus from (1.1.2) and the inequality 

(1.3.1) 

valid for all real or complex u, we deduce 

(1.3.2) lS«6|3^(Sla||6|)2^S|a|2S|6|2, 

where the and 6 are arbitrary complex numbers. We shall usually 
be content to state our theorems in the fundamental ‘positive’ 
form and to leave the derived results to the reader. Occasionally, 
however, when the inequality in question is very important, we 
state it explicitly in its most general form. 

Similar remarks apply to integral inequalities. The independent 
variable x will be real, but will (like the variable of summation v) 
take either positive or negative values; while the functions f{x), 
g{x), ... will generally assume non-negative values only. To such 
an inequality as (1.1.6), true for non-negative /, g, corresponds 
the more general inequality 

(1.3.3) \^fgdx\^^!\f\Hx^\g\Hx, 

valid for arbitrary complex functions/, g of the real variable x. 

Numbers k, I, r, s, ... occurring as indices in our theorems are 
real but in general capable of either sign. 

1.4. Homogeneous inequalities. The two sides of (1.1.2) 
are homogeneous functions of degree 2 of the a and also of the 6; 
and generally both sides of our inequahties will be homogeneous 
functions, of the same degree, of certain sets of variables. Since 
homogeneous functions of positive degree vanish when all their 
arguments vanish, both sides, if of positive degree, will vanish, 
and so be equal, when the sets concerned consist entirely of O’s. 
Thus (1.1.2) reduces to an equality if all the a, or aU the 6, are 0. 

A set consisting entirely of O’s is called a nul set, ov the, nul set, 
if the context is unambiguous. In general the ‘ < ’ or ‘ ^ ’ of our 
theorems will reduce to ‘ ’ ^hen one or all of the sets involved is 

nul. Sometimes this wiE be the only case of equality. More usually 
there will be other cases ; thus plainly ‘ — ’ occurs in ( 1 . 1 .2) if every 
a is equal to the corresponding b. We shaE be careful, wherever it 
is possible, to pick out expEcitly such cases of equality. 
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The homogeneity of an inequality in certain sets of variables 
often enables us to simplify our proofs by imposing an additional 
restriction (a normalisation) on them. Thus the means Wtr{a>) of 
§ 2.2 are homogeneous, of degree 0, in the weights p, and we may 
always suppose, if we please, that = Again, if w^e wish to 
prove that 

(1.4.1) («!« + a/ + . . . + ^ (ai + aa’’ + • • • + 

when 0 < f < s (Theorem 19), we may suppose (since both sides are 
homogeneous in the a of degree 1) that Sa’‘= 1. We have then 
a/^1, a/={a/Yi''Sa/, 

and so Sa® ^ 2a'' = 1. Without this preliminary normalisation, our 
proof would yun ^ 



There is another sense of ‘homogeneity’ w’hich is sometimes 
important. Let us compare (1.4.1) above, which may be written as 

(1,4.2) (2a«)i/®^(2a'')V'’, 

with (1.1.2). Both inequalities are homogeneous in the variables, 
but (1.1.2) has a further homogeneity Avhich (1.4.2) has not. It is, 
as we may say, ‘ homogeneous in 2 2, if treated as a number, 

would occur to the same power on the two sides of the inequality. 

The result of this homogeneity in 2 is that (1.1.2) remains 
true if every sum which occurs is replaced by the corresponding 
mean, i.e. if written in the form 

The importance of this kind of homogeneity will appear very 
clearly in §2.10 and §6.4. Roughly, an inequahty which possesses 
it has an integral analogue, while one which does not, like (1.4.2), 
has none. 

1 .5. The axiomatic basis of algebraic inequalities Our 
subject is difficult to define precisely, but belongs j)artly to 
‘algebra’ and partly to ‘analysis’. Algebra or analysis, Kke 
geometry, may be treated axiomatically. Instead of saying, as 
» See Arbin and Schrder (1). 
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for example in Dedekind’s theory of real numbers, that we are 
concerned with such or such definite objects, we may say, as in 
projective geometry, that we are concerned with any system of 
objects which possesses certain properties specified in a set of 
axioms. We do not propose to consider the ‘axiomatics’ of 
different parts of the subject in detail, but it may be worth while 
to insert a few remarks concerning the axiomatic basis of those 
theorems which, hke (1,1.2) and most of the theorems of Ch. II, 
belong properly to algebra. 

We may take as the axioms of an algebra only the ordinary 
laws of addition and multiplication. All our theorems will then 
be true in many different fields, in real algebra, complex algebra, 
or th^ arithmetic of residues to any modulus. Of we may add 
axioms concerning the solubility of linear equations, axioms 
which secure the existence and uniqueness of difference and 
quotient. Our theorems will then be true in real or complex 
algebra or in arithmetic to a prime modulus. 

In our present subject we are concerned with relations of in- 
equality, a notion peculiar to real algebra. We can secure an 
axiomatic basis for theorems of inequality by taking, in addition 
to the ‘ indefinables ’ and axioms already referred to, one new 
indefinable and two new axioms. We take as indefinable the idea 
positive number, and as axioms the two propositions: 

I. Either a is Q or a is positive or —a is positive, and these 
possibilities are exclusive. 

II. The sum and product of two positive numbers are positive. 

We say that a is negative if —u is positive, and that a is greater 
(less) than 6 if a — 6 is positive (negative). Any inequality of a 
purely algebraic type, such as (1.1.2), may be made to rest on 
this foundation. 

1.6. Comparable functions , We may say that the functions 
/(«)=/(%, «2,. gr(a)=g(ai,a2,. ..,«„) 
are comparable if there is an inequality betw'een them valid for 
aU non-negative real a, that is to say if either/ ^ g for aU such a or 
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f'^g for all such. a. Two given functions are not usually compar- 
able. Thus two positive homogeneous polynomials of different 
degrees are certainly not comparable'*'; if fo^ a-h non- 

negative a, and both sides are homogeneous, then / and g are 
certainly of the same degree. 

The definition may naturally be extended to functions 
f{a, 6, . . . ) of several sets of variables. 

We shall be occupied throughout this volume with problems 
concerning the comparability of functions. Thus the arithmetic 
and geometric means of the a are comparable: 

(Theorem 9), The functions (^{a + b) and @(u) + (li(6) are com- 
parable (Theorem 10). The functions U (ab) and SC {a) SC {b) are not 
comparable; their relative magnitude depends upon the relations 
of magnitude of the a and b (Theorem 43). The functions 

x-H'Spxm 

are comparable if and only if i® convex or concave 
(Theorem 85). 

An important general theorem concerning the comparability of 
two functions of the form 

due to Muirhead, will be found in §2.18. 

1 .7 . Selection of proofs . The methods of proof which we use 
in different parts of the book will depend on very different sets of 
ideas, and we shall often, particularly in Ch. 11, give a number of 
alternative proofs of the same theorem. It may be useful to call 
attention here to certain broad distinctions between the methods 
which we employ. 

In the first place, many of the proofs of Ch. II are 'strictly 
elementary’, since they depend solely on the ideas and processes 
of finite algebra. We have made it a principle to give at any rate 
one such proof of any really import&nt theorem whose character 
permits it. 

Next we have, even in Ch. II, many proofs which are not 
elementary in this sense because they involve considerations of 
» Compare § 2.19. » 
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limits and continuity. We have also, particularly in Ch, IV, 
proofs which depend upon the standard properties of differential 
coefficients, as for example upon RoUe’s Theorem. All these 
proofs belong to the elements of the theory of functions of one 
real variable. 

Later, when dealing with integrals in Ch. VI, we naturally 
make use of the theory of measure and of the integral of Lebesgue. 
This we take for granted, but we give a summary in §§ 6. 1-6.3 of 
the parts of the theory which we require. 

Occasionally we appeal to the more remote parts of the theory 
of functions of real variables; but we do this only in alternative 
proofs or in the proofs of theorems of considerable intrinsic 
difficulty. Thus in Ch. IV (§ 4.6) we use the theory of the maxima 
and minima of functions of several variables; in Ch. VII we use 
the methods of the Calculus of Variations; and in Ch. IX we use 
the theory of double and repeated integration. We make no use 
of complex function theory, although, in the last chapters, we 
refer to it occasionally for purposes of illustration. The sections 
in which we do this do not belong properly to the main body of 
the book. 

We add a few further remarks of a more detailed character. 

(i) Cauchy’s inequality ( 1 . 1 .2) is a proposition of finite algebra, 
as defined in § 1.5. It is a recognised principle that the proof of 
such a theorem should involve only the methods of the theory to 
which it belongs. 

(ii) We shall be continually meeting theorems, such as Holder’s 
inequality 

(1.7.1) Sa6^(Sa*)i/*(S6^T*' 

(Theorem 13), whose status depends upon the value of aparameter 
k. If h is rational, the theorem is algebraical, and our remarks 
under (i) apply . If k is irrational, u* is not an algebraical function, 
and it is obvious that there can be no strictly algebraical proof. 

It is however reasonable to demand, -when we are concerned 
with an inequahty so fundamental as Holder’s, that our step 
outside algebra shall be the absolute minimum which the nature 
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of the problem necessitates. It is plain that this step will depend 
upon our definition of a*. We may define as exp (i^loga), and 
in this case it is obviously legitimate and necessary to use the 
theory of the exponential and logarithmic functions. If, as is 
more usual, we define as the hmit of where is an appro- 
priate rational approximation to h, then this limiting process 
should be the only one to which we appeal. 

(iii) Suppose that, adopting the last point of view, we have 
proved Holder’s inequality, for rational Ic, in the form (1.7.1.). 
We can infer its truth for irrational ^ by a passage to the limit. 

Such a proof, however, is not usually sufficient for our purpose. 
We always wish to prove a theorem of a more precise type than 
(1.7.1), in whihh (as in Theorem 13) we establish strict inequality 
except in certain specified special cases. When we pass to the 
limit, * < ’ becomes ‘ we lose touch with the cases of equality 
(though these are in fact the same as in the rational case), and 
our proof is incomplete. It is therefore necessary to arrange our 
proofs in such a manner as to avoid such passages to the limit 
wherever it is possible. The same point arises whenever we wish 
to pass from a finite inequality to the corresponding infinite or 
integral inequality. It recurs at intervals throughout the volume 
and has often determined our choice of a particular line of proof. 

(iv) The general principles which have governed our choice of 
methods are as follows. When a theorem is simple and funda- 
mental, like Theorems 7, 9, or 1 1 , we prove it by several different 
methods, and are careful that one of our methods at any rate 
shall conform to the canons laid down under (i) and (ii). When the 
theorem is subsidiary or difficult, or when a proof satisfying these 
conditions would be troublesome or long, we use whatever method 
seems to us simplest or most instructive. 

1 .8 . Selection of subj ects . The principles which have guided 
us in our selection of subjects may be summarised as follows. 

(i) The first part of the book (Chs. II— VI^) contains a syste- 
matic treatment of a definite subject. Our object has been to 
^ Except perhaps some parts of Ch. IV. 
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discuss thoroughly (with their analogues and extensions) the 
simple inequalities which are ‘in daily use’ in analysis. Of these 
three are fundamental, viz. 

(1) the theorem of the arithmetic and geometric means 
(Theorem 9), 

(2) Holder’s inequality (Theorem 11), 

(3) Minkow’-ski’s inequality (Theorem 24); 

and these three theorems dominate the first six chapters. We 
prove them in a variety of ways, in the finite case in Ch. II, in 
the infinite case in Ch, V, and in the integral case in Ch. VI ; while 
Ch. Ill (which contains a general account of the theory of convex 
functions) is mainly occupied with their generalisations. In these 
chapters, of which the most important are II, III, and VI, we 
have aimed at a comprehensive and in some ways exhaustive 
treatment. 

(ii) The rest of the book (Chs. VII-X) is written in a different 
spirit and must be judged by different standards. These chapters 
contain a series of essays on subjects suggested by the more 
systematic investigations which precede. In them there is very 
little attempt at system or completeness. They are intended as 
an introduction to certain fields of modern research, and we have 
allowed our personal interests to dominate our choice of topics. 

In spite of this (or because of it) the chapters have a certain 
unity. There is much modern work, in real or complex function- 
theory, in the theory of Fourier series, or in the general theory of 
orthogonal developments, in which the ‘Lebesgue classes X-*’ 
occupy the central position. This work demands a considerable 
mastery of the technique of inequalities; Holder’s and Min- 
kowsld’s inequalities, and other more modern and more sophisti- 
cated inequalities of the same general character, are required at 
every turn. Our object has been to write such an introduction to 
this field of analysis as may be made to hang naturally on the 
subject matter of the early chapters. 

(iii) We are interested primarily in certain parts of rml analysis, 
and not in arithmetic or in algebra for its own sake. The line 
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between algebra and analysis is often difficult to draw, especially 
in the theory of quadratic or bilinear forms, and we have often 
doubted what to include or reject. We have however excluded 
all developments whose main interest seemed to us to be alge- 
braical. 

We have also excluded function-theory proper, real or complex. 
In the later chapters, however, we have sometimes tried to show 
the significance of our theorems by sketching the lines of som e of 
their function-theoretic applications. 

Thus (to give definite examples) our programme excludes 

(1) inequahties of a definitely arithmetical character, such as 
those of the theory of primes, or those which give bounds for 
forms with integral variables; 

(2) inequalities which belong properly to the algebraical theory 
of quadratic forms; 

(3) inequalities, such as ‘Bessel’s inequality’, which belong to 
the theory of orthogonal series; 

(4) inequalities, such as ‘Hadamard’s three circle theorem’, 
which belong to function-theory proper : 

and there is no systematic discussion of geometrical inequahties, 
though we use them frequently for purposes of illustration. 

It may be useful to end this introduction by a few words of 
advice to readers who are anxious to avoid unnecessary immer- 
sion in detail. The subject, attractive as it is, demands, for the 
writer at any rate, a great deal of attention to details of a rather 
tiresome kind. These details arise particularly in the exclusion of 
exceptional cases, the complete specification of cases of equahty, 
and the conventional treatment of zero and infinite values. Such 
a reader as we have in mind may be content, in general, to sim- 
pHfy his task as follows. (1) He may ignore the distinction be- 
tween non-negative /positive, sonhat the numbers and func- 
tions with which he is concerned are all positive in the narrow 
sense. (2) He may ignore our conventions concerning ‘infinite 
values’. (3) He may assume that the parameter h or r of in- 
equalities such as Holder’s-and Minkowski’s is greater than 1. 
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(4) He may take it for granted that ‘what goes for sums goes, 
with the obvious modifications, for integrals’ (or vice versa). He 
should then be able to master what is essential without undue 
trouble. 

This advice for ‘easy reading’ must not be taken too literally. 
It is essential to understand the kind of exceptional cases which 
occur, and the general principles which govern the discrimination 
of cases of equality. It is not a mere academic exercise to pick 
out the cases of equality in such an inequality as Holder’s; a 
knowledge of these cases provides (as is shown very clearly in 
§§ 8.13-8.16) a powerful weapon for the discovery of deep and 
important theorems. Every reader should make it his business 
to explore this inequality at any rate to the end. * 



CHAPTER II 

ELEMENTARY MEAN VALUES 


2.1. Ordinary means. In what follows we are concerned 
with sets of n non-negative numbers a (or 6, c, ...). say 

(2.1.1) aj,a25 = 

and a real parameter f , which we suppose for the present not to 
be zero. 

We denote the ordered series (2,1.1) by (a). When we say 
that ‘(a) is proportional to (6)’ we mean that there are two 
numbers A and /x, not both zero, such that 

(2.1.2) Xa^=^fib^ {v=l,2,...,n). 

It will be observed that the nul set, the set (a) in which every a is zei’O, 
is proportional to any (6). Proportionality, as we have defined it, is a 
symmetrical relation between sets but not a transitive one; it becomes 
transitive if we exclude the nul set from consideration. 

If (a) and (6) are proportional, and neither of them is nul, then 5^ = 0 
whenever = 0, and a^/bv is independent of v for the remaining values of v. 

We write 

(2.1.3) = = I 

except when (i) r = 0 or (ii) r<0 and one or more of the a are 
zero. In the exceptional case (ii), when (2.1.3) has no meaning, 
we define Sit,, as zero, so that 

(2.1.4) = 0 (r < 0, some a zero)^. 

Here and elsewhere we shall omit the suffixes and limits of sum- 
mation when it can be done without ambiguity. 

In particular we write 

(2.1.5) 9l = ^(a) = mi(u), 

(2.1.6) ^ = 

Finally, we write 

(2.1.7) ^ = (^(a)=^(a,a,...aj=^(na). 

If we admitted infinite values, there would be a corresponding case for positive r, 
viz. r>0, some a infinite, 3??,.= 00 . 



ELEMENTARY MEAN VALITES 13 

Tliiis %{a), are the ordinary arithmetic, harmonic, 

and geometric means. 

We have excluded the ease r=0, but we shall find later (§ 2.3) that we 
can interpret conventionally as ©. We are not generally concerned 
with negative a, but it is sometimes convenient to rise 21 [a) without any 
restriction of sign. The definition is unchanged. 

2.2. Weighted means. We shall however usually work with 
a more general system of mean values. We suppose that 

(2.2.1) p„>0 {v=l,2,„.,n) 

and write 

( 2 . 2 . 2 ) = = 

(2.2.3) Wlr~0 {r<0, smne a zero), 

(2.2.4) di = ® (a) = ^ {a,p) = 

The equations (2.1.6) and (2.1.6) stand as before, with the ad- 
dition of the symbols %{a,p), |)(a,p). The last remark of §2.1 
applies also to the generalised 91. The weighted means reduce to 
the ordinary means when Py—l for every v. 

The means being homogeneous and of degree 0 in thej^^’s, we 
may suppose, if we please, that Sp=l. In this case we shall 
replace p by g; thus 

(2.2.6) nr{a)^mr{a,q)^[^qa^)^^^ (Sg= 1), 

(2.2.6) @(a) = @(a,g) = na« (Sg=l). 

We shall not usually refer to the weights explicitly in our 
formulae, but it is always to be understood that mean values 
which are compared with one another are formed with the same 
weights. 

Ordinary means are special cases of weighted means. On the 
other hand, weighted means with commensurable weights are 
special cases of ordinary means (with a different system of a) ; for 
we may suppose, on accourffe of homogeneity, that the weights 
are integral, and we can derive means with integral weights from 
ordinary means by replacing every number by an appropriate 
set of equal numbers. Means with incommensurable weights may 
be regarded as limiting cases of ordinary means. 
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The following obvious formulae will be used repeatedly: 

(2.2.7) mr{a)=={%ian}^^, 

( 2 . 2 . 8 ) = 

(2.2.9) 

(2.2.10) 5m„(a) = {aR.(«’-)}'". 

We suppose that a> 0 in (2.2.8), and in the other formulae if a 
suffix is negative ; the formulae may be extended to cover the 
missing cases by appropriate conventions. Also 

(2.2.11) 9l(a+6) = 21(a) + 91(6), 

( 2 . 2 . 12 ) ^{ab)=:(B{a)^{b), 

(2.2.13) • mrib) = mAa) if{b) = k(a) * 

(i.e. if b^=ka^, where Jc is independent of v), 

(2.2.14) (3) (6) = 7^(5) (a) if {b) = Ha), 

(2.2.16) (a) ^ Wr (b) if ^ 6^ for all v. 

2.3. Limiting cases of 9)?;;. (a) . We denote by 
Min^j, Max a 
the smallest and largest value of an a, 

1. Min a < 911,. (^i) < Max a, unless either all the a are equal, or 
else r < 0 and an a is zero. 

It is to be understood here, and in the enunciations of all later 
theorems, that, when we assert that inequalities hold unless some 
particular condition is satisfied, we imply that at least one of the 
inequalities degenerates into an equality in the case excluded. 
Here, for example, Mina=9)lr{<^)==Maxa- if all a are equal, and 
Mina = 9J4 (a) ^ Max a in the other exceptional case. 

We form our means with q. Since 
Sg(a-9r) = 0, 

every a is equal to 91, or else a-~% isfDositive for at least one a and 
negative for another. This proves the theorem for f = 1. 

In the general case we may suppose that either a > 0 or else 
r > 0, the cases excluded being trivial. It then follows that 

{mr{a)Y=mn 
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lies between (Mina)'' and (Max a)'', which proves the theorem 
generally. 

2 . Min a < (a) < Max a, unless all the a are equal or an a is zero. 

In the second exceptional case @ = 0, If (SJ > 0 then 



so that every a is (h or at least one is greater and one less than (H. 

3. Iim9}l^(a) = @(a). 

}-»0 

If every a is positive 

911^ (a) = exp log Sga'’ j 

= exp log ( 1 + f log a + 0(r2))| 

->exp (Sg'log a) — Ha® —^{a), 

when r->0. 

If there are some zero a, b denotes a positive a, and s is a 
corresponding to a b, then 

mr {a, q) = (Sga'-)!/'- = = (Ss)!/'' (6, 5 ) -> 0 

when f-»+0, since 931^(6, s)->@ (6, s) and Ss< 1. \'\Tienr<0, Wtp 
and (3 are both zero, so that the result holds also when r-^— 0. 

Our proof depends on the theory of the exx^onential and 
logarithmic functions. We show in §2.16 how a more ele- 
mentary proof may be found if desired. 

4. Mm 93lj.(a) = Maxa, lim 9}i,.(a) = Mina. 

If aji is the largest a, or one of the largest, and r > 0, we have 
qk^‘^aj,^Wtr{a)Sa},', 

from which the first equation follows at once. The second is 
trivial if any a is zero and follows from (2.2.9) otherwise. 

We now agree to write 

(2.3.1) 9l„(a) = ®(o), ''a)l„(a)=Maxa, Sffi_„(a.)=Minff. 

With these conventions, we have 

5. 9)^_co («■) < (a) < 9)loo (») for all finite r, unless the a are all 

equal, or r < 0 and an a is zero. 
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2.4. Cauchy’s inequality. It is convenient to prove the next 
theorem here although it wiH be superseded later by a more 
complete theorem (Theorem 16). 

6. (a) <5012^ {a) {r > 0), U7iless all the a are equal. 

The ineciuaHty is ^ < Sy 

and is a special case of the very important theorem which 
follows. 


7. 2162j unless (a) and, (6) are ^proportional^. 

For Sa2S62-(Sa6)2=|S {a^K~a,b^)K 

fi, V 

An alternative proof is as follows. The quadratic form , 

S {xa + yhY — + Sicy Sa6 + 

is positive for all x, y, and therefore has a negative discrimi- 
nant, unless xa^, + yb^ — 0 for some x, y, not both zero, and all v. 
To deduce Theorem 6, take ■\/p and a^-\/p in place of a and 6. 


Theorem 7 may be generalised as follows : 


Sa® Hah . . . Hal 
Hla Hlb ... HP 


unless the sets (a), (b), (1) are linearly dependent, i.e. unless there are 

numbers x,y, ...,w, not all zero, such that xa^ + yb„ + . . . + wl^, = O/or every v. 

Either proof of Theorem 7 may be extended to prove Theorem 8: we 
may either express the determinant as a sum of squares of determinants, 
or we may consider the non-negative quadratic form 


H{xa+yb-^ ...+wVf 

inx,y, ..,,w.Wedo not go into details because any systematic discussion 
of inequalities cormected with determinants and quadratic forms would 
carry us beyond the limits which we have imposed on the book. 


2.5. The theorem of the arithmetic and geometric 
means. We come now to the n^pst famous theorem of the 
subject. 

S' This is what is usually called Cauchy’s inequality: see Cauchy (1, 373). The 
corresponding inequality for integrals {Theorem 181) is usually called Schwarz’s 
inequality, though it seems to have been stated first by Buniakowsky : see Bunia- 
kowsky (1, 4), Schwarz (2, 251). 
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9. & (a) <21 (a), unless all the a are equal. 

Tlie inequality to be proved may be written in either of the 
forms 

(2.5.1) 

( 2 . 6 . 2 ) a^ta^^ ...a^^nc'Zqa 

(where as usual Yiq—1). 

This theorem is so fundamental that we propose to give a 
number of proofs, of varying degrees of simplicity and generality. 
Of the two which we give in this section, the first is entirely 
elementary. The second depends onTheorem 3 and so, at present, 
on the theory of the exponential and logarithmic functions. We 
shall sliow later (§2.16) how this proof also may be made to 
conform more strictly to the canons of § 1.7. 

(i)a have^ 

unless ai=a 2 , and so 

with inequality in one place or the other unless a-y = a^ = a 2 ^~a^. 
Bepeating the argument m times, we find 
1 + 0^2 "f • • • ■! 


(2.5.3) 


• * * ^2^^^ ^ 




1 


unless all the a are equal. This is (2.5.1) with unit weights and 
n a power of 2. 

Suppose now that n is any number less than 2”*. Taking 

h -.h _ -A _ai4-a2+*” + fl^» ov 

^71+2— — =='4, 

and applying (2.5.3) to the b, we find 

or %a 2 *-*a»<^^ 

»» Euclid (1 : n 5, V 25). 


Cauchy {1, 375). 
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unless all the h, and so all the a, are equal. This is (2.6.1) with 
unit weights. We deduce (2.5.1), with any commensurable 
weights, by the process explained in §2.2. 

When the weights are incommensurable, we can replace them 
by a set of commensm'able approximations, prove (2.5.1) with 
the approximating weights, and proceed to the limit. In this 
process ‘ < ’ is changed into ‘ ^ so that we do not at first obtain 
a complete proof of the theorem. We may complete the proof as 
follows. Write • , » i ■, o s 

where > 0, > 0, and is rational. Then 

are rationa^and r'+r" = 1. We have already proved (2.5:1) with 
‘ < ’ for rational p, and with ‘ ^ ’ in any case. Hence 


rid^ = Ha®' na«" < aj Hq" a 

^ 'Zq'a + Sg' 'a — "Lqa. 


Another way of completing the proof was shown us by R. E. A. C. Paley. 
This depends on Theorem 6. Prom this theorem, the formula(2.2.10), and 
what has been proved before, it follows that 

91(a) = 931i (a) > 501^ (a) = (a^) ^ (gs («!) = ©(«). 

(ii)a By Theorems 6 and 3, we have 
9l(u)-i0li(u)>mj(u)>9Jli(u)>...> lim m 2 -«(a) = {ll(^«). 

TO->CO 

This proof is very concise but not quite so elementary as the 
first. It may be observed that we require Theorem 3 only in the 
case in which the r of Theorem 3 tends to zero through the special 
sequence of values 2~”^. 

2.6. Other proofs of the theorem of the means. We shall 
return to Theorem 9 in §§2.14-15 and again in § 2.21. We add 
here a few remarks about alternative proofs of the ordinary form 
of the theorem with unit weights. 

a Schlomilch (1). 
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(i)a If the a are not all equal, let 

% = Min a < Max a = 0-2 • 

If we replace each of % and % by -|(ai + %), 51(a) is unaltered, 
but 

(-V-) 

so that {a) is increased. 

Suppose now that we vary the a in such a manner that 5C is 
constant, and that we assume the existence of a set (»=“) for which 
@ attains a maximum value. Then the a* must be equal, since 
if not we can replace them as above by another system for which 
@ is greater. It follows that the maximum of (3) is %, and that this 
maximum is attained only for equal a. 

To prove the existence of (a*), let 

^(%,a2, ...,a,^_i) = aia2...a„_i{n5C— %— ... — 

Then (j) is continuous in the closed domain 

cjj! ^0, • . . , “H ^2 “f . . . •^" = 92-51 • 

It therefore attains a maximum for .some system of values 
af, . • in the domain. 

*>■ This proof, the most familiar of all proofs of the theory, is due (so far as we have 
been able to trace it) to Maclaurin (2). Maclaurin states the theorem in geometrical 
language, as follows; ‘If the Line AB is divided into any Number of Parts AC, OB, 
BE, EB, the Product of all those Parts multiplied into one another vriU be a Maxi- 
mum when the Parts are equal amongst themselves’. His proof is substantially that 
which follows. The proof has been rediscovered or reproduced by many later writers, 
for example by Grebe (1), Chrystal (1, 47). 

Cauchy’s proof (§ 2.5) may be regarded as a more sophisticated form of Mac- 
laurin’ s, since he proves the theorem in the special case when by a process 

similar to Maclaurin’s. In general, Maclaurin’s proof is not a ‘finite’ proof. As we 
have stated it, it depends on Weierstrasa’s theorem on the maximum of a continuous 
function. This would naturally have been taken for granted by Maclaurin (and has 
also been taken for granted by many of his modem followers, .such as Grebe and 
Chrystal). 

It is possible to avoid an appeal to Weierstrass’s theorem, but at considerable co.st. 
It is plain that if a,}, a^; a-^, a^; ... are the smallest and largest of the sets resulting 
from 1, 2, ... repetitions of Maclaurin’s ;^ocess, then increases and aJ decreases a.3 
s increases, so that 

Bg®— 5-a25 

A little consideration will show that n repetitions of the process diminish the greatest 
difference of the a by at least one-half, so thatag*^ - a-^ g - aj). Hence a/ - 0, 

and Bj. =a 2 . It follows that all the a tend to the same Hmit This gives a proof of 
the theorem, bnt one a good deal less simple than that in the text. 
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The reader should work out the analogous proof in which @ is 
kept constant and and % are each replaced hy V (^as)- 

(ii) There is a variation of Cauchy’s proof which illustrates a point of 
some logical importance. 

An ordinary inductive proof proceeds from n to n+1; the truth of a 
proposition F(n) follows from the hypotheses 
(a) P(n) implies F(n+ 1), 

(d) P(n) is true forn= 1. 

There is another mode of proof which may be called proof by ‘backward 
induction ’ ; the truth of jP (n) follows from 


(a') P(w) implies P(n— 1), 

(b') P (n) is true /or an infinity of n. 

Cauchy’s proof may be arranged as a proof of this last tyg^e. First, 
Cauchy proves (60 for n=2”K Next, if the theorem is true for w, and if 91 
is the arithmetic mean of % , ccg , . . . , a„_i , then an application of the theorem 
to the n numbers % , . . , 9t gives 


9 ^ 

the result for n — 1. 


/«! + ...+ (tn—l "b ^ 

= ^ ) >aiO,-c 


.iH, 


{ui)®- Delining and as in (i), we may replace and by % 
and + — %. Then 21 is again unchanged, and 

21 (% + ^2 - 21) - % a 2 = (^ - %) («2 - 91) > 0, 
so that is increased. Bepeating the process we arrive, after at 
most tt — 1 steps, at a system of a all equal to 21. It follows that 
@<21. 

This proof is a little more sophisticated but entirely elementary. 
There is an alternative, which we leave to the reader, in which 
and a 2 are replaced by @ and 

(iv) There are a number of inductive proofs of the theorem : see, for 
example, Chrystal ( 1 , 46), Muirhead (3). One of the simplest runs as 
follows Suppose that 0 < % < Og = • • • = < «« » that and (5^ refer 

to the first v of the a, and that it has been proved that 91,, ©n-i* 
Then > 91„_i , by Theorem 1 , and 

n ” ^ n ' 

a For these proofs see Sturm ( 1 , 3), Crawford ( 1 ), Briffgs and Bryan (1, 1S5) 
Muirliead(3), Hardy (1,32). j ^ 

Another simple proof due to R. Rado is given at the end of the chanter 
(Theorem 60). 
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Baising this equation to the wth power, and remembering that n> 1 , we 
obtain 

(v) Another interesting proof was given very recently by Steffensen 

(1,2). It starts from the lemma : if a^_x ^ , 6 p._i ^ 6 „ , and far all v, 

then HaUb is not decreased by exchanging and hi, and is increased except 
when Oj- = b^ or a^ = hj,for v^i. The lemma follows at once from the identity 

{Sa + ( 6 ,-a,)}{S 6 + (a,- 6 i)} 

= Sa S 6 + {hi - ai) {(S 6 ~ 6 ,) - (Za - a^)}. 

To deduce the theorem of the means, we write it in the form 
(% + «! + . . . + Oi) • . . {a ^ + + . . . + af) ^ (% + % 4- • • > + af } . . . 

(ai + Oa4-. 

If we suppose, as we may, that % g Og ^ ^ a„ , and exchange n~l terms 
of the firffc factor of the left-hand side against one term of each of the other 
factors, we obtain 

(% + Og + csg + . . . + af) {a^ -f- Og + osg + . . . -f- Og) . . . (% + a„ + -t- . . . *f a„), 

which is greater, by the lemma, unless all the a are equal. The theorem 
follows by repetition of the argument. 

(vi) Fm’ther proofs of Theorem 9 (or of the special case considered in 
this section) are given in §§2.14, 2.21, 3.11, and 4.2. 

2.7. Holder’s inequality and its extensions. Ournextgroiip 
of theorems centres round Theorem 11 (Holder’s inequality)'*'. 

10 . Suppose that (a), (b), (1) are m sets each of n numbers. 
Then 

(2.7.1) (5)(a) + {5i(6) + ... + (SJ(Z)<@(a 4 - 6 -h... + Z), 

unless either ( 1 ) every two of (a), ( 6 ), (1) are proportional, or 

( 2 ) there is a v such that a„=by= ... — l^ = Q. 

The theorem states that, if Sg'= 1 , then 
af ^ . . . a,,fn + bjfi b^^... bjn 4 . . . . + 

< ... + Zj^)®i (a2 + ^2 + ... -(-^2)^2 ...j 

unless every two columns of the array 

•••> 

®25 ^25 •••> ^2 

S' Strictly, ‘Holder’s inequality’ is Theorem 14, or (2.8.3) of Theorem 13. The 
inequality (2.7.1) was stated explicitly, for two sets and equal weights, by Minkowski 
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are proportional or there is a row containing only zeros. A neces- 
sary and sufficient condition that all columns should be propor- 
tional (l.e. that every pair of Columns should be proportional) is 
that a^b^-a^b^-0, a^c^~a^c^ = 0, for every p, and v; and 
this condition is also necessary and sufficient for the propor- 
tionality of all rows. If we remember this, change our notation as 
between rows and columns of the array, and write a, ..., A for 
we see that Theorem 10 is equivalent to 
11. 1/ a, A are positive and a+ ,.. + X~ 1, then 

(2.7.2) ... < (Sn)« (Lhf ... (Zl)\ 

unless either (I) the sets (a), (b), ..., (Z) are all proportional, or 
(2) one set {s nul. « 

The conditions for equality might also be expressed by saying 
that there is one set which is proportional to all the others (the nul 
set being proportional to all other sets). The case in which one set 
is nul is trivial, and we may ignore it in the proof. 

Here again we give two proofs. 

(i) By Theorem 7, ^62 

unless (a) and (6) are proportional. Hence 

{^ahcdf S {^a^b'^Y S {cH^f ^ l.a^'Lh^'Zc^'Zd^ 
withinequahty somewhere unless (a), (6), (c), id) are proportional^. 
Bepeating the argument we see that 

(2.7.3) (Sa6 ... Z)2^”< ... SZ^^ 

with 2,^ sets (a), (6), ..., unless all the sets are proportional. This 
is equivalent to (2.7.2) when every index is 2“^". 

Suppose next that M is any number less than 2”*, and let 
ig) be the Jfth set. If {ah...g) is not nul, we define A, B, ...,L 
(pn^^M [Msets), 

H^”^^K^^=...:=ir^ab...g {^^-Msets), 

so AB ...L-ab ...g, and a;^ply (2.7.3) to A,B,...,L. We 

thus obtain , ^om ^ ^ r ,r 

(Sa6...p)2™<Sa^...Sgf^(Sa6...p)^ 

(2.7.4) (Sa6\..gf)^<5:a^S6^...S^^, 

a The mil set being eselnded, proportionality is now transitive: see § 2.1. 
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unless the sets (A), (B), (jL), and so the sets (a), (6), (g), 

are proportional. This is equivalent to (2.7.2) with every index 
1/M. We have supposed (ab ... g) not nul; if it is nul then (2.7.4) 
is obviously true, since none of (a), (b), ..., (g) is nul. 

If now a, ... are rational, we can write 



where a, ... are integers and Hol' — M. Applying (2.7.2), with 
every index 1/M, to M sets formed by of like sets of a, sets of 

b, and so on, we obtain (2.7.2) with indices oc,^, 

Finally, when a, jS, ... are not all rational, we replace them by 
ration^g-l approximations whose sum is 1, form (2.7.2) for these 
rational indices, and proceed to the limit. In this process ‘ < * 
degenerates into ‘ ^ ’ and, as in § 2.5 (i), we do not at first obtain 
a complete proof. We can complete the proof as follows. We 
can write a = ai 4 -a 2 , jS = ^1 + ^25 •••» where all the numbers are 
positive and those with suffix 1 are rational. If then Sai = o-i, 
Sa 2 = o- 2 , so that ai + cra=l, and = ..., — 

we have 

Since <xi, 8^, ... are rational 

SPi = < (Sa)“i/^i . . . ; 

while for SPg we have a similar inequality, but with ‘ ^ ’ only. 
Combining our results we obtain (2.7.2). 


(ii) We may deduce Theorem 1 1 from Theorem 9. We have in 
fact (since no set is nul) 

(Sa)«(S6)^...(2?)^“^lsn; \2:6/ 

There can be equality only if 




~'El 


{v==l,2,...,n), 


i.e if (a), (b), ...,{1} are proportional. 
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It will be observed that, whether a, jS, ... are rational or not, 
no limiting processes are involved in the proof beyond those 
already present in the proof of Theorem 9. The principle of the 
proof is the same as that of the proof of Theorem 13 below given 
independently by Francis and Littlewood^ (1) and F. Riesz (6). 

2.8. Holder’s inequality and its extensions {continued). 
If we suppose r 0, and replace a, 6, ^ in Theorem 11 by 
we obtain 

12. are positive and a + + . . • + A = 1, then 

mr{ab.,J)< (a) Wr/p (6) . . . 931,/a (?) 

unless are proportional or one of the factors on 

the right-hand side is zero. If r<0, the inequality is reversed. 

It is to be observed that, when r > 0, the second exceptional 
case occurs only if one of the sets (a), (b), ... is nul, whereas when 
r<0 it occurs if any number of any set is zero. When r = 0 
there is equality in any case. 

We shall often find it convenient, when we are concerned with 
two sets of numbers only, to use the notation 

( 2 . 8 . 1 ) = 

h being any real number except 1. The relation (2.8.1) may also 
be written in the symmetrical forms 

(2.8.2) (2:-l)(F-l) = l. J + p=l 

(the last form failing when ^ = 0, = 0). We say that h and h' are 

conjugate. 

13. Suppose that 4= 0, ^; =}= 1, and that ¥ is conjugate to h. Then 

(2.8.3) Sa6<(Sa*=)i/*(S6*')W {k>l) 
unless («/'=) and {b^j are proportions^; and 

(2.8.4) Sab > {Sa^)ytc (Jc < i) 

unless either (a*) a'nd (6*') are proportional or (ab) is nul. 

* See Hardy (8). 
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Gaiioliy’s inequality (Theorem 7) is the special case h — h' — i^ 
in which k is conjugate to itself. 

(i) Suppose that k>l. Then (2.8.3) is the special case of 
Theorem 11 in which there are two sets of letters and a= 1/&, 
jS= 1/&'. This is the ordinary form of Holder’s inequality^. 

(ii) Suppose that 0 < ^ < 1, so that k' < 0. If any 6 is 0 then 
the second factor on the right-hand side of (2.8.4) is, as in 
§2.1, to be interpreted as 0, so that (2.8.4) is true unless {ab) 
is nuL If every b is positive, we define I, u, v by 

so that Z > 1, h'= ~ hV 

and ® u~{ab)^, v = b~’% • 

so that ab = zi^t cu^ — uv, b^' — 

Then (2.8.4) reduces to (2.8.3) with u, v, I in place of a, b, h. 
The exceptional case is that in which {u^) and (?/'), i.e. [ab] and 
(6*'), are proportional. If this is so then (since the b are now aU 
positive) the sets (a) and and therefore the sets (a*) and 

{b^'), are proportional. 

(iii) If k<0, then 0</^'<l. This case is reduced to (ii) by 
exchanging a and b, h and k'. Both (ii) and (iii) are included 
in (2.8.4). 

The inequalities remain true in the excluded cases k==0, k=l 
if we adopt appropriate conventions. If I; = 0, /^' = 0, we must 
interpret (2.8.4) as 

-f- -f . . . -h > ^ (% .. . 

If = 1 we may interpret it' as -f oo or as — oo. In the first case 
we interpret (2.8.3) as Sa6<Max6I!a, and in the second we 
interpret (2.8.4) as hab > Min b Sa. We may leave it to the reader 
to pick out the cases of equality. 

We can combine (2.8.3) and (2.8,4) in the single inequality 

(2.8.5) (Sa6)^^'<(Sa^)fc'(S6^')* (it4=0, it# 1). 

In view of the extreme importance of Holder’s inequality, we 

» Holder (1). Holder states the theorem in a less symmetrical form given a little 
earlier by Rogers (1). 
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depart from our usual practice liere and state explicitly the 

derivative theorem for complex b. 

14. If k>l, and Jc is fhe conjugate of h, then 

There is equality if and only (f ( 1 <i'nd ( | |^') are proportional 

and aiga^b^ is independent of v. 

The only additional remark needed for the proof is that 
\llab\<T.\ab\ 

unless arga^b^ is independent of v. We regard 0 as having any 
argument we please. 

The following variant of the first part of Theorem 13 ip some- 
times called 'the converse of Holder’s inequality’. 

15. Suppose that Jc > 1, that k' is cofijugate to k, and that B>0, 

Then a necessary and s^ijficient condition that is tJiat 

Hab S for all b for which ^ B. 

The condition is necessary, by (2.8.3). If we can 

choose the b so that Hb^^' — B and {b^‘') is proportional to and 
Sat - {S#)i/* > HI/* B^if‘‘\ 

Hence the condition is also sufficient. 

Theorem 15 is often useful for the purpose of determining an 
upper bound for Sa^'’. Any argument based on it can be changed 
into one which involves only a special (6), but the form stated 
here, with arbitrary (6), is sometimes more convenient®-. 

2,9. General properties of the means 3)1,. (a). We can now 
prove a theorem which completes and supersedes some of those 
of §§2.3-4. 

16. ^ If r <8 then 
(2.9.1) 

unless the a are all equal, or s SO and an a is zero. 

We have proved this already in the special cases (i) f= —oa 

a Compai-e §§6.9 (p. 142) and 6.13 (p. 149). 

Schlomacii (1), See also Eeynaxid and Bnhamel ( 1 , 155) and Chaystal (1, 48). 
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(Theorems), (ii)<s= +oo (Theorem 5), (iii)r=0,<s= 1 (Theorem 9), 
(iv) s — 2r (Theorem 6). 

Suppose first that 0<r<s, and write r = soL, so that 0< oc< 1, 
pa^=u, p~v, 

so that v>0 and 
Then 

(2.9.2) < (ZuY (S-y)^"®, 

by Theorem 11, unless is independent of v, i.e. unless is 
independent of v. Hence 

^ ’ 
which is (2.9.1). ^ 

The cases in which f ^ 0 and an a is zero are trivial and we may 

ignore them. If every a is positive, and r = 0 < s, we have 

(91lo {a>)Y = ^ («-^) < («") = («))^ 

by Theorem 9 and (2.2.7). The two remaining cases, r<s<0 and 
r < s = 0, reduce to those already discussed in virtue of (2.2.9). 


17 .'*' IfO<r<s<tthen 
(2.9.3) 9)lf<(31l;:)S(i»t|)S, 

unless all the a which are not zero are equal. 

We restrict the parameters to be positive, the complications 
introduced by negative or zero values being hardly worth 
pursuing systematically. 

We may write ... 

s = m4-i(l — a) (0<a<l). 

The inequality is then 

< (Sgu*-)® (Sg^aO^-® 


and reduces to a case of Theorem 11 when we write u~qa^, 
V = qa}. The condition for eqpiality is that (w) and (y) should be 
proportional, and this is plainly equivalent to that stated in the 
enunciation. The reader should observe the difference between 
the conditions for equality in Theorems 16 and 17. 


Liapotinoff (1, 2). 
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We shall see later (§3.6, Theorem 87) that Theorem 17 may 
be stated in a more striking form. 

2.10. The sums (i) We write 

= = {r>0). 

We confine onr attention to positive r, leaving the construction 
of a theory of for r < 0 as an exercise to the reader. 

18. If0<7'<s<tthen 

(2.10.1) ©« < (©f)fcF, 

unless all the a which are not zero are equal. 

This is essentially the same theorem as Theorem 17, In fact 

(2.10.2) ^ = ^ 

the mean Wlr{a) being formed with unit weights, and (2.10.1) 
reduces to (2.9.3), the powers of n disappearing. 

The correspondence between Theorems 17 and 18 depends 
essentially on the fact that (2.9.3) and (2.10.1) are homogeneous 
in the second sense of §1.4, namely in the sign S. There is a 
theorem for sums corresponding to Theorem 16, but in this 
theorem, which is expressed by (2.10.3) below, the sign of 
inequality is reversed; (2.10.3) is not homogeneous in S, and 
is not related to (2.9.1) as (2.10.1) is related to (2.9.3). 

19. a If0<r<s then 
(2.10.3) 

unless all the a but one are zero. 

Since the inequality is homogeneous in the a, we may suppose 
1, i.e. 0,.= l.b Then 1 for every v, and so a/ga/ and 

If more than one a is positive then at least one positive a is less 
than 1, and then there is inequality. Theorem 19 is usually 
quoted as Jensen’s inequality. ^ 

(ii) We add the theorems for 0,. {a) corresponding to Theorems 
4 and 3. 

«■ Pringslieira (1), Jensen (2). Pringsheim attributes Ms proof to Liixotb. 

^ Compare tbe remarks on this proof in § 1.4. 
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20. when r-^QO. 

21. ©j.-»oo when r->0, unless all the a but one are zero. 

Theorem 20 follows from (2.10.2) and Theorem 4. To prove 

Theorem 21 we have only to observe that Utal' = N -\-o{l):, where 
N is the number of positive a. 

(iii) Theorem 19, combined with Theorem 1 1 , gives the follow- 
ing theorem of Jensen®'. 

22. If cc, j3, X are positive and a.~\- ... +X> 1, then 

...l^< (Sa)^ (2:6)^ . . . (i:i)\ 

unless every number of one set or all but one of each set is zero, and, 
in the latter case, those which are positive have the same rank. 

% 9 

Wecanwritea = /{;a', j8=:h|8', .••>where^> landa' + jS'-h ... = 1. 
If then = J., &* = J?, ...jWehave 

{mf . . . 

= ^ {Sa)“ . . . {n)\ 

by Theorems 11 and 19. There is inequahty somewhere unless 
the conditions for equality in both theorems are satisfied, 

(iv) It is natural to consider weighted sums 

= (2.por)dr, 

It is plain that there can be no rmiversal relation of the tjipie (2.9.1) or 

(2.10.3), since 2^,. is the Sr of Theorem 19 whenp„ = l and is 501^ when 
'Zpy = l. The possibilities in this direction are settled by the following 
theorem. 

23. ^ necessary and sufficient condition that 

(2.10.4) 2:,. ^3:, (0<r<s), 

for given weights p and all a, is that Up S 1. There is then inequality unless 
(a) is nul, or Sp = 1 and all the a are equal. 

A necessary and sufficient condition that 

(2.10.5) (0<r<s), 

for given weights p and all a, is ihatp^ ^ 1 /or every v. There is then inequality 
unless (a) is nul, or % > 0, p* = 1 , and the remaining a are zero. 

(i) If we talm a,,= 1 for ever^ v, then %. = (Ilp}^l^, and (2.10.4) can be 
true only if Sp ^ 1 . If this condition is satisfied, and r = sa, so that 0 < a < 1 , 
we have ^ ^ (pa»)-xpi-a < (Spa*)® (Sp)i-“ ^ (Spa*)% 

which is (2.10.4). The conditions for equality are plainly as stated, 

» Jensen (2). 
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(ii) If we take a*= 1 and the other a zero, (2.10.5) can 

be true only ifpj, § 1. If we assume that this condition is satisfied, write 
so that p>l, and assume, as we may on grounds of homogeneity, 
that 1, then pa’'-^ 1 for every v and 

= S (pa’*) ^ ^ SpaL 

which is (2.10.6). The conditions for equality are again plainly as stated. 

2.11. Minkowski’s inequality. Our next theorem is a gene- 
ralisation of Theorem 10. 

24. Suppose that r is finite and not equal to 1. Then 

( 2 . 11 . 1 ) 

5K,(a) + 9]^,(6)-f... + 9J£,(Z)>9k,{a+6 + ... + Z) (r>l), 

(2.11.2) c r 

S!k,(a) + i0^,(6) + ... + a)^,(O<5»^r(«+6 + ...+ (r<i), 

unless (a), (b), ..., (Z) are proportional, or r^O and 

a^ = 6^ = ... = Zy = 0 

for some v. 

There is equality for any a,b, ... when f = 1. Theorem 10 is 
the special case f=0. The main result remains true (and is 
trivial) when r = oo or r = — oo, except that the conditions for 
equality require a restatement which may be left to the reader. 
We take the means with q, and write 

a-h6+... + Z=s, 3k,(5) = ;Sf. 

Then S'^ — Sg's’’ = -h -t . . . + Tiqls^-^ 

= s (q^^a) {qy^sy-^ -f . . . -f s (q^n) {qy^-sy-K 

Suppose first that r>l. Applying (2.8.3) of Theorem 13 to 
each sum on the right, we obtain 

(2.11.3) S^^{i:qa'>-)y^Jlqs^)y^ + ... = S^-H{I.qa^)y^^ 

There is equality only if (qa^), (qb^), ... are aU proportional to 
(^5’’), i.e. if (q), (b), ... are proportior^^l. Since is positive (except 
in the trivial case when every set is nul), this establishes (2.11. !)». 

Suppose next that 0<r< 1. Unless all the sets (a), {b), ... are 
nul, Sj,>0 for some If s»,=0 for any particular v, then 

a TJijg proof is due to F. Riesz (1, 45). 
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cjj, = = . . . = = 0, and we may omit that value of v from con- 

sideration. We may therefore argue as if 5^ > 0 for every v. In 
that case (2.8.4) of Theorem 13 gives (2.11.3) with the sign of 
inequality reversed, and the proof may be completed as before. 

Finally, suppose that r < 0. If any is zero, all the. means are 
zero; we may therefore assume that > 0 for every v. If any is 
zero, Ttr (<^) = b, and we may omit the letter We may therefore 
argue on the assumption that every a, 6, ... is positive, and then 
again everything follows from (2.8.4) of Theorem 13. 

When the q are equal, we obtain 

25. If T is finite and not equal to 0 or I, then 

(2.11.4) 

^ (a + 5 + . . . + < (SaOifr + . . . + {»■ > 1), 

(2.11.6) 

(S (a + 5 + . . . + Z)')!*- > CZarfl' + ... + (12 ' (r < 1). 
unless (a), (6), ..., if) are proportional, or r < 0 and b^, ...,l^ are 
all zero for some v. 

It is (2.11,4) which is usually called Minkowski’s inequality^. 
Theorem 24 is more general than Theorem 25 in appearance 
only, siuce it may be deduced from Theorem 25 by writing 
p'^^^a, p^l^b , ... for n, 6, 

Theorem 24 may be given a very elegant symmetrical form<^. 

26. Suppose that denotes a mean taken with respect to the 
suffix ii, with weights p^, and one taken with respect to v with 
weights q,, and that 0<r<s<oo. Then 

except when a^^ — b^c^. 

The result holds generally for all r, s such that r < s, except for the 
specification of the cases of equality. 

a Here we use (2.2.15). ^ Minkowski (1, 115-117). 

0 Tkeorem 26 was communicated t* us in 1929 by Mr A. E. Ingbam. Tbe same 
formulation of Mtukowski’s inequality -was found independently by Jessen and 
published in his paper 1. This and his later papers 2 and 3 contain many interesting 
generalisations: see Theorems 136 and 137. 

<1 We depart here from our usual convention about g; is not necessarEy 1 
(though we prove the inequality by transforming it into one in which we may sup* 
pose ll? = l). 
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We prove the theorem for 0 < r < 5 < oo, leaving the other cases 
to the reader. There are various supplementary cases of equality 
when f g 0 or one of r and s is infinite. 

Let s{r = Jc>l and = Then the inequality to be 
proved is 



This reduces to (2.11.1) when S^=l, and, being homogeneous 
in the q, is true without this restriction. 


2.12. A companion to Minkowski’s inequality. The 
theorem which follows is an analogue of Theorem 25 of a simpler 
kind. 


27 . If T is 'positive and not equal to 1 then 

(2.12.1) 'Z{a + b + ...+lY>'Za^ + 1ib^+ + (r>l), 

(2.12.2) S (a + 6 4" 4" Z)’' < Set-*" + SS*" + . .. + (0<r<l)5 

'unless all numbers but one of each set a^jh^, ..., (v= 1, 2, .,.,n) 

are zero. 

This follows at once from Theorem 19 , since for example 
(a 4" 6 4* • • « 4" ly "x^ ~\'b* 4" ... 4" Z*" 

if r > 1, unless all ofa,b,...,l but one are zero. It should be noticed 
that the sense of (2.12,1) and (2.12.2) is opposite to that of 
(2.11.4) and (2.11.5). 

What is usually required in practice is a combination of (2.11.4) 
and (2.12.2), viz. 

28. If r>0 then 

(S (a + 6 4- . . . + Iff S 4- (260^ 4- ... 4- (Eln^ 

where R= 1 if0<r^ 1 and lt~lfrifr>l. 

2.13. Illustrations and applications of the fundamental 
inequalities . (i) Geometrical interpretations of Holder's and Min- 
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Icowshi’s inequalities. Two particularly simple cases of Holder’s 
and Minkowski’s inequalities are 

(2.13.1) {x-^x^ + + y^^ + 2 ^ 2 ) (^^ 2 y% ^ ^^ 2 )^ 

(2.13.2) VKa^i + ^ 2 )^ + iVi + y^f + (% + H?} 

< + 4-^2®). 

These hold for all real values of the variables, and express the 
facts that (1) the cosine of a real angle is numerically less than 1, 
and (2) the sum of two sides of a triangle is greater than the third 
side. The exceptional cases are those in which (1) the vectors 
(xj^, 2 / 1 , Zi) and (ajg, y^, ^ 2 ) parallel (with the same or opposite 
senses), and (2) the vectors are parallel and have the same sense. 

The ordinary form of Minkowski’s inequality is the extension 
of (2.13.2) to space of n dimensions with a generalised definition 
of distance, viz. 

! ^ i “^2 1 2 / i “ 2/2 1 ’"+ !)■ 

The most obvious extensions of (2.13.1) are connected not with 
Holder’s inequahty for general r but with a generahsation of the 
case r = 2 in a different direction. 

29. If Za^^x^x^, where is a positive quadratic form 

{with real, hut not necessarily positive, coefficients), then 

{Ila^^x^yff < T.a^^x^,x^Za^„yi^y^, 
unless {x) and {y) are proportional. 

This is an immediate consequence of the fact that 

+ F'yv) 

is positive: compare the second proof of Theorem 7. It represents 
geometrically an extension of (2.13.1) to w-dimensional space, 
with oblique coordinates or a non-Euclidean metric. 

To illustrate Theorem 1 4, take h—%, A = l^, B—l, and 
rectangular coordinates. The theorem then asserts that, if 
the length of the projection of a vector along an arbitrary 
direction does not exceed I, the length of the vector does not 
exceed 1. 
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(ii) J. theorem of Hadamard^. In our next theorem also we are 
concerned with a set of numbers real but not necessarily 
positive. 


30. If D is the determinant whose constituents are 


then 

(2.13.3) 

There is equality only when 

(2.13.4) “I" •* ' "h ^fin^vn ^ 

for every distinct pair y, v, or when one of the factors on the right- 
hand side of (2.13.3) vanishes. 

The geometrical significance of the theorem is that th^ volume 
of a parallelepiped in «-space does not exceed the product of the 
edges diverging from one corner, and that there is equahty only 
when they are orthogonal or an edge vanishes. 

Suppose that where is a positive quadratic 

form, and that A is the determinant whose constituents are . 
Then the equation 


(2.13.5) 


^11 “ ^ <^12 
^21 ^22 ~ ^ 


= 0 


has n positive roots'*^ whose sum is and whose product is A. 
Hence, by Theorem 9, 




^11 + ^ 22 + 


(2.13.6) A< 

If > 0 for al y,, then the form 

is also positive; and if we apply (2.13.6) to this form, we obtain 

(2.13.7) A^C3^j^C22-..ejt7i,. 


«■ Hadamard (1) considers detemmants with complex constituents. Theorem 
30 was found earlier by Eelvin and proved by Muir ( 1 ). 

** See Bdcher (1, 171). 



ELEMENTARY MEAN VALUES 35 

This is substantially equivalent to Hadamard’s theorem. For 
the form ^ , xo v. 

is positive unless D — 0. Also A = D^ and 
so that (2.13.7) is (2.13.3). 

For equality in (2.13,6), all the roots of (2.13.5) must be equal, 
which is only possible if c^p = 0 whenever p4=v and is inde- 
pendent of [jb. Hence, for equality in (2.13.7), we must have 
G^j, = 0 for ju,=f=v, independent of fi. The last condition is 
certainly satisfied, since G^fj_— 1, and (7^„=0 is = which is 
(2,13.4f. 

We can extend the theorem to determinants with complex 
constituents by using Hermitian instead of quadratic forms. 
Further extensions have been made by Schur (2)®-. 

The following ingenious proof of (2. 13.7) is due to Oppenheim^. 
Oppenheim’s argument establishes not only (2.13.7), and so 
Hadamard’s theorem, but also the inequahties (2.13.8) and 
(2. 13.9) below, due to Minkowslfic and Fischer'^ respectively. 

Any two positive quadratic forms 'Zd^j^x^Xj^ may be 

reduced simultaneously, by a linear transformation of deter- 
minant unity, to sums of squares®, say , Zd^y^, where 

c„ and are positive. Then S(c^-^-l-d^-j;.)a;^a3^ is reduced to 
Z (Cy + d^) y^, and the determinants | | , ... of the forms 

satisfy 

Hence, applying Theorem 10 to the sets (c,,), {d^), we obtain 

(2.13.8) 

Suppose now that the matrix of the d is formed from that of 
the c by multiplying, first the first r rows, and then the first r 

See also A. L. Dixon (1). 

Oppenlieim (2). ® Minkowski (2), 

d Eischer (1), e gee B6eher (1, 171). 
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columns, "by If then we divide (2.13.8) by 2, and raise to 
the Jith power, we obtain 

(2.13.9) 1 I = 1 ^ 11 ... ! = I ^11 ••• 1 I ^r+l,r+l '"^nn 1’ 

where | . . . c,.^ [ denotes the nortb-west diagonal minor of r rows 

and columns in 1%|, and denotes the comple- 

mentary south-east minor. Repeating the argument, replacing 
each of the factors on the right-hand side of (2.13.9) by two 
factors, and so on, we ultimately obtain (2.13.7). 

(iii) The modulus of a matrix. Suppose that A and B are the 

matrices of n rows and columns whose elements are and 
the elements may he complex. The matrices A+B and BA are 
defined as the matrices whose elements are ^ 

®lv “t “1" • • • "b ^(j,n ^nv ' 

31. ’^ If\A\, the modulus of the matrix A, is defined by 

then \A + B\<\A\ + \B\, \BA\^\B\\A\. 

The first inequahty is an immediate consequence of Theorem 
25, with r=2. The second follows from Theorem 7, since 
S16,A,+ ... + 6^,.a..|=>S S 

ft,*' 

(iv) Maxima and minima in elementary geometry. We quote (as ex- 
ercises for the reader) a few of the numerous applications of the funda- 
mental inequalities to problems of elementary geometry. 

32. Theareaof a triangle of given perimeter 2p is a maximum if the sides 

a, b,c are equal. 

[Apply Theorem 9to p— a, p—b,p~c.'] 

33. If the surface of a rectangular parallelepiped is given, the volume is 
greatest when the parallelepiped is a cube. 

[Denote the edges diverging from a comer by a, h, c and apply Theorem 9 
to be, ca, ab. There is an analogous theorem for a parallelepiped in n 
dimensions; xih<n, and the surface of the jfc-dimensional hormdary is 
given, the volume is greatest when the^arallelepiped is rectangular and 
its edges are equal. This may he proved by combining Theorems 9 and 30 
with identities between determinants.] 

S' Thus is formed from by replacing a;^, {i, &= 1, 2, ... , r) 

by — —Xjf. (and is therefore positive if is positive). 

See Wedderhurn (1). 
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34. Definition. Si la Base d'unePyramide est circonscriptible d unOerde ; 
et si le Pie de la Hauteur est au Centre de ce Cercle : Pappelle cette Pyramide 
droite. 

Dans une Pyramide droite toutes les Faces onf une mSme Hauteur, et sont 
egalement inclinees au Plan de la Base. 

Theoreme. Soient deux Pyramides de mime Hauteur, dont les Bases sont 
egales tant en Surface qu'en Contour; que Vune soit droite et que V autre ne le 
soit pas : j'affirme que la Surface de la premiere Pyramide est plus petite que 
la Surface de la seconds. [Lhnilier (1, 116).] 

[Let h be the height, a side of the base, and p^, the perpendicular 
from the foot of the altitude on to . Then the lateral surface of the 
second pyramid is 

i + {ZpX)% 

by (2.11.4) of Theorem 25, iinless all thep^ are equal.] 

(v) Some inequalities useful in elementary analysis. The following 
theorems, which are easy deductions from Theorem 9, are fundamental in 
the theory of the exponential and logarithmic functions. 

35. If ^>0, 0<m<n, then 

If also i<m, then 


36. If i>0, ^=#1, 0<m<n, then 

nipl^-l)<m{pl”^-l). 
We have, by Theorem 9, 





If i<m, we may write for i. This proves Theorem 35. Theorem 36 

follows from Theorem 35 if we replace i in Theorem 36 by ^1 + . 


2.14. Inductive proofs of the fundamental inequalities. 
Our fundamental theorems are Theorems 9, 10 (or 11), and 24 
(or 25), which we refer to shortly as G, H, M. We deduced H 
from and M from H; G is a limiting case of H, H a special 
ease, or anticipation, of M. 

The simplest case of G is 

37. (Go): a“6^<aa + 6j8 (a + j8 = l). 

We show first that G can be deduced from Gq by induction. 

s, Though giving also an independent proof of H. 
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Suppose tliat G has been proved for m letters a,h,... ,h (or for 
any smaller number), and that 

... +/C + A= 1, a+ jS+ ••• + /<== cr. 

Then 

... 

by G for 2 and for m letters. There is equality in the final result 
onlyif a^b^... = k, 

i.e. if all letters are equal. Hence G is true for m + 1 letters. 

The simplest cases of H and M are 

38. (Ho): ^ 

< (% + %)“ (^1 + h)^ (a + ^ = 1). 

39. (Mo): 

{{a^+b^Y + {a^ + b^YYI^<{a{+ai)^l^+ {bY + b/yi^ (r > 1) 
(with a reversed inequality when r < 1). We can deduce Hq from 
Go and Mo from Ho by specialising our deductions of H from G 
and of M from H. We can also deduce H and M from Hq and Mq 
by induction, but, since these inductive proofs are not essential 
to our argument, we need only sketch them. 

(i) We have 

V ^ K + ®2)“ ih + hf + V 

^ («! + etg + <3^3)“ ih + h + hf- 

The process may be repeated, and there is no difficulty in picking 
out the cases of equality. We thus obtain (2.8.3) of Theorem 13 
(H for two sets of n numbers). 

Next, if (X + ^ + y = 1, a + j8 = cr, we have 
2a“h^cy=S (2a“/°-6^/<^)°^(Sc)y^ (Sa)“(S5)^(Sc)y. 

This process also may be repeated, and leads to the general form 
ofH. 

We may arrange the induction differently, increasing the 
number of sets first. The intermediate generalisation (H for any 
number of sets of two numbers) is worth separate statement. 
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40. If cc + /S+... + A==lj th&ni 

... ... ibi + b^)^ . . , 

unless aja^ = bjb^ — ...— IJl^ or one of the sets is nul. 

(ii) Similarly we can generalise Mq in two directions. On the 
one hand 

+ 61 + Cj)^ + (® 2 + 62 + o^YY^’’ 

^ {aY + afYlr+{{b, + c^Y+{b,+c,YYI^ 

^ K’' + a/)i/^ + {6/+6/)i/'-4-(c/ + c/)i^ 
and on the other 

|i(ai + bj)^ + (<^2 + 62)’' + (% + bffY^’'^ • 

^ [{K’’+a2’-p+ {bY + b{Yl^y+ (%+63rF 
^ {a/ + af + + {bf + bf + bff!^. 

Repeating and combining these processes, we arrive at the 
general case. 

2.15. Elementary inequalities connected with Theo- 
rem 37. We can write Gq in the form 

a“ < {aa + 6 ( 1 ~ a)} 6““^ 

or 0 .“ — 6“<a6““^(a— 6) (0<a<l), 

which is one case of a system of inequalities prominent in text- 
books of analysis. The complete system is stated in Theorem 41 
below. The theorem is so important that it is worth while to give 
a direct proof from first principles which conforms strictly to the 
criteria of § 1.7. 

41 . If X and y are positive and unequal^ then 

(2.15.1) rx^-'^{x — y)>x^—y^>ry'^~'^{x—y) (r<0ofr>i), 

(2.15.2) rx^-'^{x~y)<x^~y^ <ryl-'^{x-y) (0<‘r<l). 

There is obviously equality when r = 0 , r = 1 , or a; = y . We begin 
by reducing the theorem to one of its cases. 

(i) We may suppose r positive. For let us assume that (2.15.1) 
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has been proved when r>l, and that r<0, r=— s, so that 
S4-1> 1. Then 

x^~-y'^= x ~^ — y~^ — a;-si/-s-i (?/s+i a^y) 

= { 2 ^®''"^ — iK®'*’^ —af{y—x)}> x~^y~^~^ sx^ {y — x) 

= fy^~'^{x~y). 

The other inequality in (2.15.1) can be treated similarly. 

(ii) Let us denote the left- and right-hand inequalities in 
(2.15.1) by (la) and (16) respectively, and similarly for (2.15.2). 
If we interchange x and y, {I h) and (2 6) become (1 a) and (2 a). 
It is therefore sufficient to prove (1 6) and (2 6). 

(iii) We may now suppose, on grounds of homogenei|;y, that 
2/=l. 

The proof of Theorem 41 is now reduced to that of the next 
theorem. 


42. If X is positive and not equal to 1, then 

(2.15.3) a;’--l>r(a;-l) (r>l), 

(2.15.4) (c»--l<r(a;-l) (0<r<l). 

If in (2.15.3) we write r—ljs and x=y^l^~if, it becomes 

(2.15.4) with y, s for x, r. It is therefore sufficient to jjrove 
(2.15.3). 

If q is an integer greater than 1,® and y>l, then 


> 14- y + . . . + 2/®“^ = > g . 

y-1 

If 0 < 2 / < 1, the inequalities are reversed. Rejdacing by x, we 
obtain in either case 

X— 1 


(2.15.5) 

Next, we have 
^g+i -1 y^-l ^ y-l 
ff+l q q{q-^l) 
__{y-~l)' 


<q{x^^~l)<x-l. 


We abandon here our usual convention, concerning tbe meanings of g and p. 
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The curly bracket contains \q{q+ 1) terms, all of which He be- 
tween y® and 1, so that 

(2.15.6) 

772+1 1 nyS 1 

and so, if p is any integer greater than q, 

(2.15.7) 

Now it follows from (2.15.5) that 


if it; >1, while if 0<a;<l the inequalities are reversed. Hence, 
* replacing y® by cc in (2.15.7), we obtain 

(2.15.8) 


j3-g(a;-l)2 _^ a;i^/g-l 

2q 




1)2 


(a’^l). 


Suppose now that r> 1. If r is rational, we write r for p/q; 
if r is irrational, we make ii/g-> r. In either case we have 

(2.15.9) 

0'>i. »?i), 


which plainly includes (2.15.3). 

This proves Theorems 42 and 41, but it wiU be useful to have 
the inequalities corresponding to (2.15.9) when r< 1. We now 
replace y'^ by x in (2.15.7), and use (2.15.5) with q replaced by 
We thus obtain 


(2.15.10) 

2p ^ qip =■ 2jj 

(2.15.11) 

1(1 -y) — - j ■ - 1 a; — 1 — - — ?^||(l-r)a;(£i;- 1)2 (0<f < 1, £r$l). 
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We have made the proof of (2.15.3) rather more elaborate than is 
necessary, in order to obtain the ‘second order’ inequalities (2.16.6)- 
(2.16.11), whichare interesting in thernselves. If we are concerned only to 
prove (2.16.3), we can argue as follows. Instead of (2.16.6) we write 
simply 

yQ+l^l^ya-l 

q+i i * 


whence 


yP-1 yg-1 

p a ’ 


if p and q are integers &ndp>q. Hence we obtain (2.16.3) for rational r, 
and so, by a passage to the limit 


x^~ 1 ^r(.T; — 1), 

for any r>l. If now r is irrational, we may write r= as, where a and s are 
both greater than 1 and a is rational. Then 

as’’— l = (a3*)“— l>a(cc®— l)^as(a;-- l)=r{x~ 1), 
so that (2.15.3) is true generally. 

For other proofs of Theorem 41 which satisfy the requirements, see 
Stolz and Gmeiner (1,202-208) andPringsheim (1). Pringsheim uses the 
result to obtain an elementary proof of H. Radon (1,1361) deduces H and 
M from Theorem 41, but proves tliis by differential calculus. The proofs 
of Theorem 41 given in textbooks are usually limited to rational r; see 
for example Ohrystal ( 1 , 42-45), Hardy ( 1 , 138). 


2.16. Elementary proof ofTheorem 3. Wehave proved incidentally 
in the last section a number of inequalities sharper than those stated in 
Theorems 41 and 42 . We lay no stress on these, since it is easy to find still 
more precise inequalities by the aid of the differential calculus (see § 4.2); 
but it may be interesting to show shortly how they enable us, if we desire, 
to ‘elementarise’ the proof ofTheorem 3. 

We observe first that 

(2.16.1) a’-=l + 0(r) 

for jSxed positive a and small (positive or negative) r; 

(2.16.2) (l + w)«=l + gM+0(a2) 
for fiixed q and small u; and 

(2.16.3) {l + 0{r^)Yl^~l + 0ir) 

for small r. We leave the deduction of these formulae from those of the last 
section to the reader. 

Supposing now that r is small, we have o/ = 1 + , where = 0 (r), by 
(2.16.1), and 

=( 1 +%„)«.'= 1 + + 0 (r2), 
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by (2.16.2). Hence 

501. ” + • • • + ?n««V lei (1 +%) + ••• + S'« { 1+ w„)/ 

_ f 1 4- giMi + . . . + qn^n + O (y^) l 
l+gi%+...+g„w„ j 
= {1 + O (r2)}i/’-= 1 + O (r) -> 1. 

2.17. Tcliebyclief ’s inequality. We know (Tkeorem 24) that 
Mrict+b) is comparable (§1.6) with Wlr{a) + Wtr{b). It is natural 
to ask whether 501^ {ab) is comparable with (a) 501;, (6) . Theorem 
43 below shows that tliis is not so. 

We say that (a) and (6) are similarly ordered if 

for all (i, V, and oppositely ordered if the inequality is always 
reversed. It is evident that (a) and (&) are similarly ordered if 
there is a permutation vi, ..., v,; of the suf&xes such that 
..., and b^^, 6^,,, ..., are both non-decreasing 
sequences, and oppositely ordered if ... is non-increasing 
and dyj, ... non -decreasing; and that the converses of these pro- 
positions are also true. 

43.^ If r > 0, and (a) and {b) are similarly ordered, then 

(2.17.1) 50^,(a)0J^,(6)<01t,(a6), 

unless all the a or all the b are equal. The inequality is reversed when 
the sets are oppositely ordered. 

It is enough, after (2.2.7), to consider the case r = 1. Then 

Sp 'Zpab - Spa Sp5 = Sp^ Sp^, aj)^ — Sp^ a^ Sp^ b,, 

= SS {Pi,p^aX-Pi,Py%bf) = SS {PyPfyb^ -Mi.<^vb^ 

= pS(p^p,a,6;,-p^p,a,^6^-fp^p^a^6^--P;,p^a^6^) 

= pSp^p, {a^ - ay) % - by) ^ 0, 
or 

%{a)%mm{ab), 
if the series are similarly ordered. 

We can determine the cases of equality as follows. Suppose, as 

The integral analogue is due toTchebychef. See Hermite (1, 48-47), Franklin (1), 
Jensen (1), and Theorem 236. When r=l, the inequality holds for any real 

and similarly ordered a, b. 
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we may in virtue of tlie remarks earlier in the section, that (a) 
and (6) are non-decreasing. The double sum contains a term 

and this can vanish only if all a or aU 6 are equal. 

An immediate deduction is that 

Mr {a) nAb) ...mAl)<W.r{ab ,..l) 
if T is positive and (a), (6), (Z) are all similarly ordered; in 

particulai sjR^(a)<ffi„{a) 

if m is an integer greater than 1. This includes Theorem 6 and is 
included in Theorem 16. 

The question asked at the beginning of this section is mciuded 
in the more general question settled by the next theorem. 

44. A necessary and sufficient condition that Wr{ah ,,.l) and 
50ls(a)9O^/(6) ... where r,s, ...,v are positive, should he com- 
parable, is that 

(2.17.2) 

r s t V 

in which case 

(2.17.3) Wriab ..J)S^l,{amf{b) 

The sufficiency of the condition foUows at once from Theorems 
12 and 16. If we take every set in (2.17.3) to be (1, 0, 0, ..., 0), we 
see at once that (2.17.2) must be satisfied. A general inequality 
opposite to (2.17.3) is impossible for any r, s, ..., since affi„..,l^ 
may vanish for every v and yet the right-hand side be positive. 

2.18. Muir head’s theorem. In this and the four succeed- 
ing sections we suppose the a to be strictly positive. We denote by 

the sum of the n\ terms obtained from (%, ^ 2 , ..., a„) by the 
possible permutations of the a. We shall be concerned only with 
the special case 

I{a^,a^,..., a^) - a-^a^% . . . (a^, > 0, cc^ ^ 0). 

We write 

[a] = [ai,aa,...,aJ=~S!%°^a 2 «^. 
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It is plain that [a] is unaltered by any permutation of the a, 
so that we may regard two sets of a as the same if they differ 
only in arrangement. We may describe a mean value of the type 
[a] as a symmetrical mean. 

In particular 

[1,0,0, ...,0] = -~^^(c6i+a2+-** + c^J==^(«), 


\n’n' n\ ^ ^ ^ 

the arithmetic and geometric means with unit weights. When 
ai + a 2 + ... + a,^= 1, [a] is a common generalisation of %{a) and 
@(a). 

In gerfbral [a'] is not comparable with [a] in the seffse of § 1.6. 
The problem solved in this and the nest two sections is that of 
determining conditions for comparabihty. 

We say that (a') is majorised by (a), and write 

when the (a) and (a') can be arranged so as to satisfy the fol- 
lowing three conditions: 

(2.18.1) a/ + a2'+**- + «i/ = <>''i + '^'2+--. + ari; 

(2.18.2) a/ ^ ag' ^ ^ ... 

(2.18.3) aj' + ag'-f ... + a/^ai + a2+ ... + a,, {l^v<n). 
The second condition is in itself no restriction, since we may 
rearrange (a') and (a) in any order, but it is essential to the state- 
ment of the third. It is plain that (a)-<(a). 


45. A necessary and sufficient condition that [a'] should he 
comparable with [a], for all positive values of the a, is that one of 
(a') and (a) should be majorised by the other. If (a') (a) then 

(2.18.4) [a]^[a]. 

There is equality only when (a') and (a) are identical or when all 
the a are equals. 


a Theorem 45 is due substantially to Muirhead (2)j but Muirbead considers only 
integral a. 
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2.19. Proof of Muirhead’s theorem. (1) The condition is 
necessary. Suppose, as we may, that (2.18.2) is satisfied, and that 
(2.18.4) holds for all positive a. Taking all the a equal to x, we 
obtain 

This can only be true both for large and for small a; if (2.18.1) is 
true. 

Kext, take 

aj^ = a2—... = a^~x, — 

X being large. Since (a') and (a) are in descending order, the 
indices of the highest powers of x in [a'] and [a] are 
ai' + ag'd- ... + a/, a^ + aa+.-. + a^ 

respectivety. It is plain that the first cannot exceed tHfe second, 
and this proves (2.18.3). 

(2) The condition is sufficient. The proof of this is rather more 
troublesome, and we require a new definition and two lemmas. 

We define a special type of linear transformation of the a, 
which we call a transformation T, as follows. Suppose that a/^. 
and cLi are two unequal a, the first being the greater; we may write 

(2.19.1) a;j. = p + r, (x.i=p — r {0 <tSp)> 

If now 

(2.19.2) 0^a<r^p 
then a transformation T is defined by 

( , . r-f<T T— or 


(2.19.3) 


T — O' T+cr 


= (v4=ifc, v + Z). 

If (a') arises from (a) by a transformation T, we write ol =Tcf.. 
The definition does not necessarily imply that either the a or 
the ot' are in decreasing order. 

It is plain that the sufficiency of our condition for compara- 
bility will be established, and that we shall also have proved what 
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is stated in Theorem 45 about the case of equality, if we have 
proved the two following lemmas. 

Lemma 1. If ol' = T cl then [a']^[a], with equality only when 
all a are equal. 

Lemma 2. If (a')-<(a), but {cl) is not identical with (oc), then 
{cl') can be derived from (a) by the successive application of a finite 
number of transformations T. 

Proof of Lemma 1. We may rearrange (a) and (a') so that 
^=1, Z = 2. Then 

(2.19.4) »i!2[a]-%!2[a] 

— n\2[p+T,p — ri(L^,...'\—n\2[p + (T,p-~cr,cL2,...] 

= S ! ag* , , . 4* - ap^^af-^ - 

= S ! {apafiP-'^af ^^ . . . a^^ {a/+^ - af+^) {af-<^ - af-^) ^ 0, 

with equahty only when aU the a are equal. 

Proof of Lemma 2. We suppose that the condition (2.18.2) is 
satisfied, and call the number of the differences — cLf which 
are not zero the discrepancy of (a) and (a'); if the discrepancy 
is zero the sets are identical. We prove the lemma by induction, 
assuming it to be true when the discrepancy is less than r and 
proving that it is then true when the discrepancy is r. 

Suppose then that (a')-<(a) and that the discrepancy is r >0. 
Since, by (2. 18. 1 ), S (a„ — a/) = 0, and not aU of these differences 
are zero, there must be positive and negative differences; and, 
by (2.18.3) the first which is not zero must be positive. We can 
therefore find h and I so that 

(2.19.5) cf.f<cLj,, afc+i = a&+i, af>cLi.^ 

We take ajj, = p + r, ai=p — T, as in (2.19.1), and define a by 

(2.19.6) cr = Max(|a;,'-p|,ia/-p|). 

Then 0 <t^P, since cl^^xlj. Also one or other^ of 

a/-p=.-.a, CLj^-p = a, 

ttj - Kj' is the first negative difference, - a.j/ the last positive difference which 
precedes it. The test assumes ?—&>!; the case Z— 1 is easier. 

Possibly both. 
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is true, since a*' ^ a/ ; and cr < r, since a^.' < a* and a/ > aj . Hence 

0^O-<T^/J, 

as in (2.19.2). 

We now write 

(2.19.7) a;/' = p + cr, a/'=/3 — o-j a/' = a^ (v4=^j F=j=^)" 

If (x.}/--p = u, — xj/; if a/ — p = — <7, a/' = a/.^ Since tb.e pairs 
a^, a;/ and a/ eacli contribute a unit to the discrepancy r 
between (a') and (a), the discrepancy between (a') and (a") is 
smaller, being r— 1 or r — 2. 

Next, comparing (2.19.7) with (2.19.3), and observing that 

(2.19.2) is satisfied, we see that (a") arises from (a) by a trans- 
formation T. 

Hinally, ('oc') is majorised by (a"). To prove this we must verify 
that the conditions corresponding to (2.18.1), (2.18.2) and 

(2.18.3) , with a" for a, are satisfied. For the first, we have 

(2.19.8) cr,j/' + (x.i" = 2p = (x.j^ + cr.i, Sa' = Sa = Sa/'. 

For the second, we observe first that 

aj/^p-h\(x.j/-p\^p + a= a;/', 

a/ ^ P ~ i «/ -/> I ^ p--c=ai" 

and so, by (2.19.5), 

= a/c-i ^ a* = p + T >p -f o- = a";, > a & ^ = a' , 

= a;_i == a';_i ^ ^ a",= p - a >p - r = ^ 

and the inequahties affecting the a," are those required. Finally, 
we have to prove that 

dl -j- ■+•...+ dy ^ dji* -}- d^' dp" . 

How this is true if v<h or by (2.19.7) and (2.18.3); it is 
true for v=h, because it is true for v — h~l and dj/ ^ dj ^" ; and it 
is true for k<v<l because it is true for v—k and the intervening 
a' and d" are identical. 

We have thus proved that (a ) is majorised by (a"), a set arising 
from (oc) by a transformation T and having a discrepancy from 
(a') less than r. This proves Lemma 2 and so completes the proof 
of Theorem 45.^ 

** Again, both these equations may be true. 

^ Eor another proof, see Theorems 74 and 75. 
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2.20. An alternative theorem. We shall say that (a') is an 

average of (a) if there are numbers such that 

( 2 . 20 . 1 ) 53 ^, ^ 0 , 

and 

( 2 . 20 . 2 ) 

Since the conditions (2.20.1) are not affected by a permutation 
of the /A or the v, the definition is, like that of § 2.18, independent 
of the order of the oc or the a. The equations (2.19.3) show that 
(/j + cf, p — a, ag, ...) is an average of (p + r, p— t, ag, ...) when 

(2.19.2) is satisfied. 

The last two conditions (2.20. 1) may also be stated as follows : 
Sa', when expressed as a function of the a, is identioal with Sa, 
and every a' is 1 if every a is 1. From this it follows that the 
relationship is transitive; if (a') is an average of (a), and (a") of 
(a'), then (a") is an average of (a). And from this and Lemma 2 
of § 2.19 it follows that if (a') -< (a) then (a') is an average of (a). 
The converse is also true. For suppose that (2.20.1) and 

(2.20.2) are satisfied. Then (2.18.1) follows by addition of the 
equations (2.20.2). Finally, if we suppose (a) and ((x') in descend- 
ing order, and write 

we have h^-^l and = by (2.20.1); and so 
a/ + Kg' + . .. + ^ 7^1%+ ... + (m- 7^1- .. . - oc^ 

^(ai-aJ-l-.., + (a^_i-aJ+ma,„=ai + a2+... + a^, 
which is (2.18.3). 

We have therefore proved the two following theorems. 

46. A necessary and sufficient condition that (a') should he an 
average of (a) is that (a')-<(a). 

47. A necessary and sufficient condition that [a'] should be com- 
parable with [a] is that one of (a') and (a) should be an average of the 
other. If (a') is an average of (a) then [a'] ^ [a], with equality only 
as in Theorem AS, 

2.21 . Further theorems on symmetrical means . (1 ) Theo- 
rems 45 and 47 fulfil two purposes. First, either theorem gives a 

HI 


4 
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simple criterion for deciding whetlier two means [a] and [a'] are 
or are not comparable. Secondly, the proof of Theorem 45 shows 
ns how, by repeated application of the transformation (2.19,3) 
and the formula (2,19.4), to decompose the difference of two 
comparable means into a sum of obviously positive terms. We 
obtain, for example, a new and interesting proof of the theorem 
of the arithmetic and geometric means (with unit weights) ; in fact 
m {a^) ^ (a^) = 0, 0, . . ., 0] - [1 , 1 , . . „ 1] 

= ([?^, 0 , 0 , ..., 0 ] - [ 9 ^- 1 , 1 , 0 , ..., 0 ]) 

+ ([9^-l,l,0,...,0]-[?^-2,l,l,0,...,0]) 

+ ([%--2,l,l,0,...,0]-[9i-3,l,l,l,0,...,0]) + ... 

"" 2^ ~ - «2) + S ! (^1^-2 - a/-2) (fti - a ^) ug 
+ S 1 (Ui”-^ - (% - dg) a3a4 + . . 

Since (d,. — dg) {a/ — a^) > 0 

unless d,.=dg, the theorem follows^. 


(2)48. If 

(SJ(d)<[a]<9l(d), 

unless [a] is @ (d) or % (d), or all the a are equal. 

This theorem^ shows that ah the [a] of degree of homogeneity 1 
are comparable with (3) (d) and %{a), though not in general com- 
parable among themselves. To prove it we apply Theorem 47; 


since 


i,„2!+2s+...+5! 

n n n n 


and . 1 -f- . 0 + . . . 4- ocn, . 0 + oci . 0 + • • • + i • 9 , 

(l/ 9 ^, Ijn, ..., Ijn) is an average of (a) and (a) an average of 
(1,0, ...,0). Or we may deduce Theorem 48 directly from 
Theorem 45. 

(3) We add two further theorems of a similar character, with indications 
only of the proofs. 

49. J/ 0 < 1, then a necessary and sufficient condition that [a'] ^ [oc]®" 

is that ( a') -< ( coc) . If a >\, the condition is necessary hut not sufficient. 

a TMs proof was Imown before Mtiirbead’s work; see Hurwitz (1). 
b Oomminiicated to tis by Prof. 1. Schur. 
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[To prove the condition necessary, follow the line of§2.19(l). To prove 
it sufficient, combine Theorems 45 and 11. As an example 
[r,0,0,...]^[s,0,0,...]d« (0<r<5); 

this is Mria) ^ (Theorem 16), with unit weights. The same example 
shows that the condition is no longer sufficient when cr> 1.] 

50. If r,p, a are positive and 

(in the notation of § 2. 10 (iv)), then a necessary and sufficient condition that 
Ta^‘ ^ 

for all a and p is that (a')-<(“)- 

[The necessity of the condition may be established as before. To prove 
it sufficient we use Theorem 46 and Holder’s inequality, which give 
rp ,— m 

4 V ~ Vl “1+V2 “2+* • •+Vw * 

we have changed the notation slightly in order to avoid conflict with 
that of § 2, 10. The result follows by multiplication.] 


2.22. The elementary symmetric functions of n positive 
numbers. If 


{x + %) {x + a 2 )...{x+ aj = x'^ + c-^x'^-'^ + + . . . + 


= a;^ + 




then Cj. is the rth elementary symmetric function of the a, i.e. the 
sum of the products, ?■ at a time, of different a, and ffy the average 
of these products. In this section we consider two weU-known 
theorems concerning the . We write Cq—Pq= 1. 

In the notation of § 2.18 


1 


Cr~ 

Pr = 


rl(n — r)l 
rl (n—r ) ! 
nl 


S 

Cj. 


Uiag... 

= [1,1,. 


Cty, 

.., 1 , 0 , 0 ,..., 0 ], 


there being r I’s and n — r O’s. Also p^==^{a) and Pn = %^{a), 
with unit weights. The different p^, being of different degrees, 
are not comparable^; but they are connected by non-hnear 
inequalities. 


a This is a trivial case of Theorem 45, 


4-2 
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51 . <py^ (1 Sr < n), unless all the a are equal. 

52. Pi>P 2 ^ > P^ > • • • >Pn^”'> 'i^nless all the a are equal. 

Theorem 61;which was stated by Newtons', is actually true for 
real, not necessarily positive, a; and we shall give a proof of the 
more general theorem, depending on the methods of the differen- 
tial calculus, in §4.3. Theorem 52 is due to Maclaurin^. 

Theorem 52 is a coroUary of Theorem 51, since 

{PoP^) iPlPzf - {Pr-lPr+lY <PlPzPz^ 

gives or 

Pl‘^'>Pl'iT^^ 

This remark, together with the proof of §4,3, dispose of the 
theorems, but it is interesting to consider proofs of them by the 
methods of this chapter. 

(i) Proof of Theorem 52 by the method o/ §2.6 (iii). We begin 
by proving a theorem similar to but weaker than Theorem 51 . 


53 .° Cy_-^Cy.^1<Cf‘. 

This theorem is weaker than Theorem 5 1 , since Py_^^ < pf‘ is 

(r+l)(re-r+l) 

r(n-T) • 

To prove it we observe that a typical term in — of is 

— <~s«r-s+l ••• 

and that this occurs with the coefficient 


(.“)-(?)<«■ 

From Theorem 53 it follows that 

( 2 . 22 . 1 ) 
if r < 5. 

a Newtoa (1, 173). See also Maclaoiin (2). 

^ Maclaarin (2). See also SchlQmiich. ( 1 ). The inequality is a case of 

Theorem 9. 

® The theorem is stated, like Theorems 51 and 52, for positive a. It remains 
true, as the proof shows, for non-negative a, tmless e,.=0 (i.e. unless all but r — 1 
of the a are 0). 
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We can now prove Tlieorem 52 as follows. If the a are not all 
equal, let % = Mina, a 2 =Maxa;. Then 

(2.22.2) a^<a^<a^, 

where 

We replace % by and ag , choosing ag so that shall 

be unaltered, and prove that any for which v > ^ is increased 
by the substitution. The result will then foUow as in § 2.6 (iii). 
We have 

(”) = c. = + («i + “a) . 

where is the formed from the % —2 numbers ather than % 
and • Since is to be unchanged 

+ («1 + + = a2C^t-2 + («! + «2) > 

(2.22.3) (aiCCg — 

(2.22.4) (<5^iC^-2 + c^-i) a2 = %^2^/A-2'l'(®i'h®2~''^i) ^'p.-x' 

The value of ag defined by (2.22.4) is positive because of (2.22.2). 

Also, ifpj, becomes p*, 

{Pv -Pv) = (^1^2 - »i«*2) <-2 + (“i + ag - - ctg) c;_ 3 ^: 
and so p* —p^ has the sign of 

/c' 1 c' A 

(aj + ag— <* 2 ) (u -T — I • 

Wv-2 V-2/ 

The second factor is negative, by (2.22.1); and, by (2.22.3), 
sgn (ai + ag — «! — Ug) = sgn {a^a^ — a^ag) 

= sgn {o-i (a^ + ag — — ttg) + % csg ~ ajL ag} 

= sgn {(«! ~ %) {% - Ug)} = - 1 , 
by (2.22.2). Hence p* > Py , which proves the theorem. 

(ii) Proof of Theorem 51 by indwtion^. Suppose that Theorem 
51 has been proved for » — 1 numbers, %, ag, ..., ^nd that 

This proof was conamimicated. to us independently by Messrs A. L. Dixon, 
A. E. JoUiffe, and M. H. A. Newman. 
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c', are tlie c^, formed from these n — 1 numbers, wMch we 
shall at first suppose not all equal. Then 

Cj. — Cj. H" Oi<fi 

T n~r , r , 

and so jPr=“i>r + 

Hence we deduce 

{Pr-i Pr+X -Pr^) = A + Ba^+ GaJ, 

where A = {{n - r)^ — — {n~ r^p'^, 

H= (?i-r + 1) (r+ l)Pr-lPr + {^-'^'- 1) {^~ '^)P'r-iPr+l 

~2rin-T)p'^_^pl, 

(7= (r2— l)p'j.-.^p'^~r^Pr-i . 

Since a^, d ^, . . . , a^-i are not all equal, we have, by the inductive 
hypothesis, 

p;-iP;+i<p;2, Pr-2pr<p'Ai> p;_2P;+i<p;_iP;, 

so that A<-p'^^, B< 2p'_j p' , G< -p^t^ , 
and n^{Pr-lpT+l-Pl) < “ {Pr~^nP'r-if ^ 0. 

This proves the theorem. The result is stiU true when 

— — . . . = ^n—1 > 

because then an"^^\ — PrlPr~i' 


It is also possible to prove Theorem 51 by means of identities of the 
type considered in §2.21(1). 

54 . PT^-PT-xPr+x = - 




-Y2i\ 

^ I - ) ^+1’ 


where (r, i) = . . . «%_«-! «r-i • - «r+i-i («f+i - »r+j-+i)^. 

the summation extending over all products formed from the a and of the type 

shown. 


55- -Pr-xPr^i) = {n-l)^ K - af)'^ (c;_ 2)2 

+ ^ («3 - {o-ztf 

+ ^_l)(r-2) (i--r-\)(w-r-2) ^ “ ^ 2 )" ^“3 “ )^ 

where (^Zi 'ts the sum of the products, r— lot a time, of the n~ 2 a other than 
and so on. 
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Theorem 54 is due to Muirhead (1), and Theorem 55 to Jolliffo (1). 
Theorem 55 gives an ‘intuitive’ proof of the more general form of Theorem 
51 (for real a of either sign) referred to at the beginning of this section. 

2.23. A note on definite forms. The identity of Hinwitz 
and Muirhead proved in § 2.21 (1) shows that, when a > 0, 

can he expressed as a sum in which every term is obviously 
non-negative. 

If we write ,a^ — x^, . . . , we obtain 

(2.23. 1 ) x-^'^ + ...+ — nx-^x ^ . . . x^^ 

^ = 2(^Zi)[ "" ~ ^2^) + " 

Now 

• {£ Ki 2«.-2 _ __ 

= (.%2 _ + X-Y^-^xY + . . . + xY'^~^) 

is a sum of squares of polynomials such as {x-Y—x<Y) and so 

the right-hand side of (2.23.1) is a sum of squares. Finally, since 

xl^+ ... + xl^ — 2nx-j^ x^... x^^ = icf -f . . . -1- x^^ — nx^ . . . x^ 

+ + ... + xll~nxl+^... x%^ + n{x^...x^- x,,+^ . , . x^^f, 

it follows that 

(2.23.2) F = xY^ + . . . -H x^Y"" “ ..,x^^ = 'LP^, 

i 

where the P^ are real polynomials of degree n. For example 
x^ + y^ + z^-\-u^-\-v^-\-to^~^xyzw)w 

— {x^ -}- -f z^) {(y^ — z^Y + {z^ — x^Y + ~ V^Y) 

+ W^) {{v^ — 'UpY + {yp — '^^Y + “■ + 3 {xyz — UVwY 

is a sum of9-i-9-}-l==19 squares of real polynomials. 

A real form is a homogeneous polynomial F {x^ ,x^, ..,^x„fj, with 
real coefficients, in the m real variables x^,X 2 , form F is 

said to be definite, in a certain region of the variables, if it does not 
change sign in that region, for example if F ^ 0. We may divide 
definite forms into positive and negative forms, and it is plainly 
sufficient to consider positive forms. Thus the form (2.23.2) is 
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positive in the region of all real values of the variables. It is plain 
that a form which has this property must be of even degree. 

If > 0 in a certain region, then F is said to be strictly positive 
in that region. 

The form (2.23.2), and the forms considered in Theorems 7 
and 55 (with x for a), can be expressed as sums of squares of real 
poljmomials, and it is natural to ask whether this is a general 
property of definite forms. Is it true that, if F^ Ofor all real x, then 

F=I.Pi^, 

i 

where the are real polynomials'^. 

This problem was solved completely by Hilbert^. Here we have 
space only for a few fragmentary remarks. We begin by Observing 
that there are two cases in which the answer is immediate. We 
denote the degree of F by 2w, and the number of variables by m. 

If m= 2, so that F = F{x,y) and n is arbitrary, then any real 
factor ax + by of F must occur in even multiplicity, and the 
complex factors must occur in conjugate pairs ax-\-by, dx + By. 
Hence, grouping the factors appropriately, we obtain 
F=p‘^{q+ ir) {q — ir) = {pqf + {prf, 
where p, q, r are real jDolynomials. 

It is a familiar theorem of algebra^ that any definite quadratic 
form in any number m of variables may be expressed as a sum of 
at most m squares of real linear forms. Thus the answer is affirma- 
tive in the two cases 

(1) TO = 2, 92- arbitrary, 

(2) TO arbitrary, 292- =2. 

Hilbert found a third case 

(3) to = 3, 292 = 4, 

and proved that any positive biquadratic form in three variables 
is representable as the sum of three squares of real quadi’atics. 
He also proved that in aU other cases the answer is negative, 
there being definite forms of degree 292 in to variables which can- 
not be represented in the manner proposed. 

a Hilbert (1). See, for example, Bocber (1, 144-154). 
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Hilbert then suggested the following theorem: any positive F 
can be expressed as jyi_ ,2 

i 

where is a real rational function. An equivalent theorem is : any 
positive F may he expressed as a quotient of sums of squares of real 
forms^. 

Hilbert gave a very difficult proof of these theorems for ternary 
forms in {x, y, z). The general theorems were first proved by 
Artin°. Artin’s proof is very remarkable and comparatively 
simple, but depends upon the ideas of modern abstract algebra 
in a manner which makes it impossible for us to reproduce it here. 

2.24.* A theorem concerning strictly positive,forms. The 
rather fragmentary remarks of § 2,23 form a natural introduction 
to the simpler problem which we consider here. We are concerned 
now with forms which are strictly positive in the region of posi- 
tive X. The theorem which we shall prove resembles those of 
§ 2.23 in asserting that a positive form can be represented in a 
manner which renders its positive character intuitive. It is no 
longer necessary that the degree of the form should be even. 

56.^1 If the form F (%, x ^^, ..., x^f) is strictly positive for 
X ^ 0, Ihx > 0, 
then F may he expressed as 



where G and H are forms with positive coefficients. In particular 
we may suppose that 

H^{x^ + x^+... + x^Y 

for a suitable p. 

a' It is evident that the first theorem implies the second (with one square only in 
the denominator). And since 



the second theorem implies the first. 

Hilbert (2). « ilrtin(l). 

Polya (3). The theorem had been proved before (apart from the last clause) by 
Poincare (1) when m = 2 and by Meissner ( 1 ) when m=3. Meissner’s method is 
applicable in principle in the general case, but does not lead to so simple a result. 
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For simplicity of writing we suppose m= 3; no new point of 
principle arises for general m. 

The function F {x, y, z) is positive and continuous in the closed 
region 

( 2 . 24 . 1 ) z^Q, x+y+z=l, 

and has a positive minimum [i in that region. We write 

(2.24.2) = 

the summation being over 

(2.24.3) a^O, ^^0, y>0, a + j8+y = w; 


and 


(2.24.4) = « 

/xt-A 

j L . . . are the usual binomial coefficients, so 

(T)- 


where t > 0 and 
that 


and 




^ _x{x—t){x — 2t)... {,r — (a — 1 ) ^} 

\ a j 1.2.3... a 

for a=l, 2, 3, .... 

It is plain that (l>{x,y,z\t)->F {x, y, z) 
when t->0; and if we write 


(l}{x,y,z;0)==F{x,y,z), 
then ^ is continuous in 

y^O, z'^0, x+y+z=l, 

There is therefore an e such that 

(2.24.5) 

{x,y, z;t)><f3 {x, y, z', 0) - |ja= F {x, y, s) - |/.i ^ > 0 

for 0 < ^ < e and all x, y, z in (2.24.1). 

We have also 

(2.24.0) (z + y+^y^=[le-n)\I.^^^-f^ 

K I Ai [Xl 

the summation being over 

A^O, K+X+ pi,—Js~n. 
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Mnltiplying (2.24.2) and (2.24.6), we obtain 

Here we write 

a + «^ = a, P + X=b, y + fjL = c, 

SO that a, b, c vary over 

(2.24.7) 6^0, c^O, a + b + c = h, 
and a, ^8, y over 

(2.24.8) O^aSa, QS^Sb, O^y^c, a + ^ + y = n. 

Tins gives 

(2.24.9) 

{x+y+zf-«F= (k-n ) ! 

' In (2.24.9), S' implies summation with respect to «, y over 


(2.24.8) ; but, since = 0, = 0, . . . if a > a, jS > 6, . . . , we may 

replace this summation by summation over (2.24.3), i.e. by S^. 
We thus obtain 


(2.24.10) 


n M 7« VI f ^ C 1\ X°"y^Z° 


The (f) here is positive, by (2.24.5), if 7e is sufficiently large, and 
this proves the theorem. 


(1) The theorem gives a systematic process for deciding whether a given 
form F is strictly positive for positive x. We multiply repeatedly by Sa?, 
and, if the form is positive, we shall sooner or later obtain a form with 
positive coefficients. 

It is instructive to consider the working of the process for 
z= + Xg” + . . . + — (W — e) % .Tg . . . , 

where e is positive and small. The coefficient of 
x^^x^.,.x^^, 

where 41 + ^ 2 +. ..+%=«(g+l), in 

^ = (a;i + ...+a;„)«8J’ 
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is certainly positive if one of the -i is 0. If % ^ 1, . . ^ 1 it is 
im) ^ , im) i x (^g) • 

(%-w)!ia’.'i3! l)t fe- 1) !■■• ’ 

and has the sign of 

+ 'i2(«s — 1) ••• (^2 — W4- 1) + e)'2'l^*2 

We require ip to be positive for alHj , . 

If not all of , % , . . . are equal to o' + 1, there is one, say , less than g + 1 , 
and one, say , greater than g + 1 ; and changing into % + 1 , ^2 — 1 
changes p by 

Hence p will be positive for all i if it is positive when every ^ is g 4- 1. 
It will be positive in this case if 

' w(g+l)g(g-l)...(g-n+2)>(«-e)(g+l)” * 



and a fortiori^ if 


g-hl> 


n^(n-l) 

2e 


If this condition is satisfied, all the coefficients in <f> are positive. 

It follows that F>0 for a; > 0, See > 0. Making e -> 0, we obtain yet 
another proof of the theorem of the means, in the form Sr»” ^ nllx. 


(2)Ifw6writo 0 ,^= 1 -:,,-. 

we obtain a theorem concerning general non-homogeneous polynomials 
in m — 1 variables. 


57. If a {non-homogeneous) polynomial f{xi,x.i , ... , »«_!) is positive in 
theregion x,^0, x^-hx, + .-.+x^_tSl, 

ihenf{x} can be expressed in the form 

/(*) = Sco;,® ... (1- *1- - - 

where the a are non-negative integers and the c are positive. 

The theorem is a generalisation of one due to Hausdorff 


MISCELLANEOUS THEOREMS AND EXAMPLES® 

58. If a, j3, y, ...,A are greater than — 1 , and are aU positive or all 
negativ6,th« (l + «)(l + ffl...(l + A)>l+«+^ + ...+A. 

[Eor the case a = jS = . . . = A, see James Bernoulli ( 1 , 5, 112).] 

See Theorem 58. b jjausdorff ( 1 ). Hausdorff has » = 2. 

® Some of the theorems which follow here are mere exercises for the reader, but 
most have some independent interest. 
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59. IfoOthen 

ja + 6ia^(H-c)lal2+ (l + ^^\b\^ 
for all (real or complex) a, b. 

[See Bohr (1, 78).] 

60. If , (S„ are the arithmetic and geometric means of , Og ? • • • ? csn* 

with unit weights, and (5„+i those of •••» cin>cin+x> 

w i^ln - ©n) <in+l) i%n+^ - (5„+i) 

unless «»+! = ©«• 

[This theorem, communicated to us by Dr B,. Rado, embodies another 
proof of the theorem of the means. If we write o„ 4 .i = a;”+^, ©„ = 2 /”+^, 
then the inequality to be proved is 

ajn+i _ q- 1) xy ^ + > 0 
and this follows from Theorem 41.] 

61. + ^ (a>0, 6>0, r>l), 
with equality when b = 

[Another form of Theorem 37. For this and the next two theorems see 
Young (1, 5, 6).] 

— I /I 4- m}\ ( 

02. uv^u (M>0,w> -1/p, ^3>0). 

[Replace r in Theorem 61 by 1 +p and a, 6 by m, (1 +P'y)/(1 +p>).] 

63. wo^wlogM+e*’"^ (m>0). 

[Make p -> 0 in Theorem 62. See also § 4.4(5).] 

64. Ifa>0, aia 2 ...a„=Z”, then 

(1 + ai) (1 + 02 ) ••• (1 H"®n) > (1 + Z)”, 
unless all the a are equal. 

[Chrystal (1, 51). Example of Theorem 40.] 

65. If a and b are positive and p > 1 or p < 0, then 

unless (a) and (6) are proportional. The inequality is reversed if 0<p < 1. 
[Radon (1, 1351): transformation of Theorem 13.] 

66. If a > 0 then Sa Sa"^ > unless aU the a are equal. 

[From Theorems 7 or 9 or 16 or 43.] 

67. S(a + 6)S^<SaS6, 

unless (a) and (6) are proportional. 

[Milne (1).] 
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68. S(a + 6 + c)S 


bc+ca+ab 
a + b + c 


"‘bc+ca+ab 


unless (a), (6), (c) are proportional. 


69. IfO<r<sand 

then -LMr {a, b) 1.M_r (a, b) < SM , (a, 6) {a, b) <I,allb, 

unless (a) and (6) are proportional. 

70. If 0 < & < 1 and 
for all 6, then Sa* 

[This is an analogue of Theorem 15 for the case 0 < 7c < 1 (when k'<0). 
If all a are positive, define b by 

ab = a^‘, 6 = a*="i, b^'=a^‘, ^ 

when 

(i) Sa*=^JL(Sa*=)i7*=', 

If all a vanish, A must be 0 and there is nothing to prove. If some but 
not all vanish, suppose that a > 0 in a set iS7 of /i members and a = 0 in 
the complementary set GE of v=n — [i members; and define 6 as above 
in E, and by 6 = (? in CE. Then 

= Safe > J. (Sa*^ + vG^'yl^'=A{ZaJ ^ + 

E 

Making (? -> oo we obtain (i) again.] 


71. If0<7iga„^H, 0<X!^&„g^,then 

[See Polya and Szego (1, i, 57, 213), where the conditions for equality 
are given.] 

72 . lim«aW = SK„(a). 

r-XK. W,{a) 

If all the a are positive, there is a similar theorem for — oo. 

i6. it =€<1, 

the means being formed with unit weights, then 


where $ is the negative and the positive root of the equation 
(l+a;)e-“=(l-e)« 

[See Polya and Szego (1, i, 68, 215).] 
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74. If En'— y*]. 

for all values of the variables involved, then 

[yi', ...,y//. Si', •..,Sj']^[yi,...,ys,Si, ...,Sz]. 

[It follows from the first hypothesis, and the defiboition of the sums, that 
[yi'» • • • j y/. 8i] ^ [yi , . . . , yfc. Si] ; 
and hence, by repetition of the argument, that 

(i) [yi'. •••>y/.Si,...,8i]^[yi,...,yft,Si,...,S2]. 

Similarly, using the second hypothesis, 

(ii) [yi',-.-,y/»Si', ...,S/]g[yi' y/,Si, ...,Sj]. 

The result follows from (i) and (ii).] 

75. If (a‘')-<((a) and the a and a' are in decreasing order, then there is 
a greatest non-negative 8 for winch 

(i) ( jS) = (a/ -f 8, tta', -8) -< (a). 

If 8 has tl2s value then 

(ii) «.“«') 

• and 

(iii) (^ 1 , ...,/3&)-<(ai, ..., a&), (^;.^.i, ..., ^J-<(ai.^i, ..., ccj 
for some k between 1 and n — ■ 1 inclusive. 

[It is plain from the definitions (a) that (i) is true for 8 = 0, (6) that the 
set of 8 for which it is true is closed, (c) that, if it is true for a positive 8, 
then it is true for any smaller positive 8. Hence there is a Tna.vimmTi 
non-negative 8 for which (i) and (ii) are true. 

If 8 has this value then either (a) j3„ = a„' — 8 = 0, or 

(6) ^1 ■+■... -f pfc=ai'-f ... -{-a/-F8 = ai-|-... -fa* 
for a k<n; for otherwise we could increase 8 without disturbing (i). In 
case (a) 

""S oc,.^ia^=S a„ 

1111 1 

and so ^i + ..- + ^„^i=(x.i+... + oc„_i, which is (6) with k=n — l. Hence 
(6) is true in any case; and then (iii) follows from the definitions. 

Dr R. Rado, who conomimicated Theorems 74 and 75 to us, uses them 
to obtain a new and elegant proof of the sufficiency of Muirhead’s criterion 
(Theorem 45). The result is true for n=2 by Lemma 1 of p. 47; let us 
then suppose that w> 2, that the conditions (2.18.1), (2.18.2), and (2.18.3) 
are satisfied, and that the result is true for any number of variables less 
than n. Then, by the inductive hypothesis, 

[ai',a„']g[ft,^„3, [^i,...,/8J^[ai,...,ai,], [^j+i, ...,^„3^[a,+i, 

Hence, using Theorem 74 twice, wre obtain 
[a/, . . ., a„'] = [a/, ^„_i , a„'] ^ [^i , . . 

= [pi , . . . , , ^s+i ^ ttfc , aj+i , a J . ] 
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76. If a > 0, and r and s are positive integers, then 


a/S- 


Qf-^ (X^ • ■ • Q/f 

unless all the a are equal. 

[Generalisation of Theorem 66. By Theorem 45, 


[r, r, ... (s times), 0, 0, ..., 0]>|^^, ", ..., 


Form the corresponding inequality with r and s interchanged and a 
replaced by 1/a, and multiply.] 


77. A necessary and sufficient condition that 

where Pi , . . . are defined as in § 2.22, and the a are positive, for all positive 
a, is that 

a„/+2«'„j^i+... + {w— m + l)a/>a„j + 2a„i^i + ...+(w — w+l)a„ 
for 1 ^ m g n, with equality when m = 1. 


[The stifficiency follows from Theorem 51 ; the necessity may be proved 
on the lines of § 2. 19 ( 1 ). Dougall ( 1 ) gives a proof for integral a based on an 
identity. For certain special cases, such as 

P^~xP,^+K^Pp^->cP^+>c {0<K<X<(J^), 

see Kntikos (1).] 


78. The means [f, 0, 0, ..., Ojand [f j i? 0, ..., 0] are not comparable, 

[Example of Theorem 45 and illustration of Theorem 48.] 

79. If a>0, and is the arithmetic mean of the /xth roots of the 
products of /n different a, then 

unless all the a are equal. 

[Smith (1,440). Example of Theorem 45 : 

[l,0,0,...,0]>[i,i,0,...,0]>[i,J,i,...,0]>....] 

80. If 0, and x, y, z are positive, then 

x>^ (x -y){x—z)+ yv- {y—z) (y - a;) + s'* (2 - x) {z—y)> 0, 
unless x-=y=z. 

81 . If 1 / ^ 0, 8 > 0, and the a are positive and not all equal, then 

[v + 28, 0, 0, a^, .. .] — 2 [v + 8, 8, 0, ttj, ...] + {p, S, 8, • . .] > 0. 

[This result, communicated to us by Prof. I. Schur, is not a consequence 
of Theorem 45, but follows from Theorem 80, with v/S.] 



CHAPTER III 


MEAN VALUES WITH AN ARBITRARY 
FUNCTION AND THE THEORY OF 
CONVEX FUNCTIONS 

8.1 . Definitions . The means 50^^ {a) and @ {a) are of the form 

(3.1.1) = 
where {x) is one of the functions 

x^, logo; 

and ffie inverse function. It is natural to consider more 

general means of the type (3.1.1), formed with an arbitrary 
function 4> subject to appropriate conditions. The most obvious 
conditions to be imposed upon ^ are that it should be continuous 
and strictly monotonic, in which case it has an inverse which 
satisfies the same conditions. 

We require the following preliminary theorem. 

82. If (i) <f> (x) is continuous and, strictly monotonic in H£xS A, 

(ii) {v~l,2, ...,n), 

(iii) q^>0, Sg^=l, 

then (1) there is a unique M in {H, K)for which 

(3.1.2) 4^{m)==T>q^{a), 

(2) Wl is greater than some and less than others of the a, unless 
the a are all equal 

Since ^(rr) is continuous and increases or decreases from 4>{H) 
to ^(A) when a; increases from H to A, and Ilqf){a) lies between 
these limits, there is just one SJl which satisfies (3.1.2). Also 
S^tf(m)~^(a)}=0 

and some terms must be positive and some negative, unless all 
are zero. Hence lit— a is sometimes positive and sometimes 
negative, unless it is always zero. 

We have assumed ^ {x) continuous in the closed interval 
[H, A). The argument is still valid if <f>{x) is continuous and 
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strictly increasing m H <x<K, while when x-^H, 

or ^ (str) 4- 00 when x-^K, provided that we then interpret <j) (H) 
as meaning — oo, or ^ (K) as meaning + oo, and SDZ as being H 
when Sg ^ (a) = - oo or Z when (a) = + oo. Here H may be 
— 00 or iC may be + oo ; a particularly important case is that 
in which H—0,K—+oo. In the definition which follows, and 
in all the discussion of the properties of later in this chapter, 
it is assumed that ^ is strictly monotonic and is either con- 
tinuous in the closed interval or behaves in the mamier Just 
explained. 

We write^ 

(3. 1.3) = ms {a) = {a, q) = <}>-^ {^q^} = («)]}• 

The weights q are arbitrary positive numbers whose ^um is 1, 
and when we compare two means it is to be understood that the 
weights of the means are the same. For ^{x)==x, log a? and a;’', 
reduces to % @ and 2)1;. respectively. 

3.2. Equivalent means. The mean is determined when 
the function 4> is given. We may ask whether the converse is 
true : if — 2)1;^ for all a and q, is ^ necessarily the same function 
as X? This question is answered by the theorem which follows. 

83.^ In ord&r that 

(3.2.1) m^{a)=^m^{a) 

for all a and q, it is necessary and sufficient that 

(3.2.2) y = + 

where a and ^ are constants and a 4= 0. 

In the argument which follows we assume ^ and x continuous 
in the closed interval {H, K) . It is easy to see that it applies with 
trivial variations in the exceptional cases mentioned in § 3.1. We 
shall actually prove more than we have stated, viz. that (3.2.2) 
is a sufficient condition for (3.2.1) to be true for all a and q, and 
that it is a necessary condition for (3.2.1) to be true for all sets of 

S' In this chapter we define 911^ dh'ectly, and deduce its properties from the 
definition. In Ch. YI (§§ 6,19-6.22) we shall show how 9Ji,|, may be defined ‘asio- 
matically’, that is to say by prescription of its characteristic properties. 

Knopp (2), Jessen (2). 
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two variables and weights. Later (§ 3.7) we shall prove still more, 
viz. that (3.2.2) is necessary for the truth of (3.2.1) for all sets 
of two variables and a fixed pair of weights. 

(i) If (3.2,2) is satisfied 

X (a)} = Sg'x (a) = {<4 ifl) + 

= a*A{%(a)} + i3=x{%(^)K 

and so Hence the condition is sufficient. 

(u) In proving the condition necessary, we assume only that 
(3.2.1) is true for ail sets of two variables and weights. 

In (3.2.1) take 

\ u rr K~t t~H 

n=2, a^=H, a^=K, ai=YZH’ 

where H<t<K. Then 

(3.2.3) 

for H<t<K; and this is also true for t—FI and t — K. If we 
denote the common value by x then, as t varies from H to K, 
X assumes aU. values in {H, K) and 








xim+ 


^(Z)-^(H) 


xm 


= <4 {x) 4 - i 8 , 


where a and ^ are independent of x. Hence 


for aU X in (H, K); and this is (3.2.2). This completes the proof 
of Theorem 83. 

One corollary of Theorem 83 which is sometimes useful is this. 
Since - ^ is a linear function of and — ^ increases if ^ decreases, 
we may always suppose, if we please, that the ^ involved in 
il}t^(ir) is an function. 
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Theorem 83 also enables ns to elucidate the apparently exceptional 
status of = © among the means 9K, of Ch. II. Since 

is a linear function of a:’', for r+0, we have, by Theorem 83, 

This equation is still valid for r = 0, since (f>Q {x) — log x. 

3.3. A characteristic property of the means 9)1^. It is 
natiirai to ask whether there is any simple property of the means 
of Ch. II which characterises them among the more general 
means considered here. 

84.^ Suppose that ^ {x) is continuous in the ope^i interval (0, co), 
and that - « 

(3.3.1) m^{Jca) = JS'R^{a) 

for all positive a, q, and h. Then is In other words, , 

the means 93^;. are the only homogeneous means 

Naturally (3.3.1) does not imply ^ = £c'‘ (or logo;); for, by 
Theorem 83, we can replace ^ by + without changing 9)i&^. 

That (3.3.1) is true when <f) — x^ or ^ — loga; is obvious. We 
now assume (3.3.1) and deduce the form of (j). After Theorem 83, 
we may suppose that 

(3.3.2) <i6(l)==0; 
for we may replace f}{x)'bj(l}{x) — (f}{l). 

We write (3.3,1) in the form 

{a) = {lea) = hr^-^Hqcl, {ha)} = 9k^ {a), 

where ^ (rr) = ^ {kx ) . 

It follows from Theorem 83^ that 

(3.3.3) <j>{hx)~a.{h)f){x)^-^{h), 

where a{k) and ^{k) are functions of h, and a(&)4=0; and from 
(3.3.2) and (3.3.3) that 

(3.3.4) 

® Nagnmo (1), de Einetti ( 1 ), Jessen ( 4 ). Tte following simple version of de 
Pinetti’s proof was communicated to us by i)r Jessen. 

’t' If we used one of tbe more precise forms of Theorem 83, referred to after its 
enunciation in § 3.2, we should obtain a more precise form of Theorem 84, in which 
homogeneity was only assumed for restricted classes of variables or weights. 
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If we substitute from (3.3.4) into (3.3.3), and write y for h, we 
find tbat 

(3.3.5) <j>{xy)=-of,{y)ij>{x) + <f>{y) 

for all positive x and y. 

Similarly 

(3.3.6) (l){xy) = a{x)(f>{y)-^<f>{x); 
and (3.3.5) and (3.3.6) give 

c/.{x)-~ 1 _a(y) — 1 ® 

<l>{x) ~~(f>{y) '' 

Each of these functions must reduce to a constant c, so that 
a (y) = 1 +^C(f) (y). It then follows from (3.3.5) that , 

(3.3.7) {xy) = c<i^ (») ^ (y) + {x) +<f>{y). 

In discussing this functional equation, we must distinguish two 
cases. 

(1) If c = 0, (3.3.7) reduces to the classical equation 

^{xy) = ^{x) + 4>{y). 

The most general solution, continuous for a; > 0, is*^ ^ — Ologx, 

(2) If c 4= 0, we put c (x) + 1 —fix), 
and the equation reduces to 

f{xy)=fix)fiy), 

whose general solution is /= x^. Hence 


3.4. Comparability. Our general remarks on the ‘com- 
parability’ of functions of the a, (§ 1,6) suggest the following 
problem: givm two functiom ip md y, emh continuous and strictly 
monotonic in {H, K), are and comparable', i.e. is there an 
inequality 
( 3 . 4 . 1 ) 

®' Provided .t:#*!, S' 4=1’ Since ( 3 , 3 . 7 ) is plainly true 'when x ot y m 1, the ex- 
ception is irrelevant. 

Cauoliy (1, 103-105), 
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{or one in the opposite sense) valid for all a and q\ Tlieorem 16 
tells us that the answer is affirmative when xfj and x powers. 

W e write x 

Then ^ is continuous and strictly monotonic, and has the inverse 
We also write 

x = ^{a), a=if)-'^ix). 

Then the x are arbitrary numbers between ^{H) and and 

(3.4.1) takes the form 

(3,4.2) (f>(Eqx)S^q<j>ix) 

(for all q) if x is increasing, the reversed form if x is decreasing. 
We thus obtain ^ 


85. If i/t and x continuous and strictly monotonic, then a 
necessary and sufficient condition that and should he com- 
parable is that should satisfy (3.4.2), or the reversed 

inequality. 

In what follows, we examine this class of functions ^ in detail. 

For arbitrary weights p, (3.4.2) becomes 


(3.4.3) 



'^p4>i^) 

-Ep 


3.5. Convex functions. The function ^ of §3.4 was the 
resultant of two monotonic functions, and therefore itself mono- 
tonic; but now we consider a <(& subject to (3.4.2) only. 

The simplest case of (3.4.2) is 

(3.5.1) 

A function which satisfies (3.4.2) satisfies (3.5.1), but the class 
of functions satisfying (3.5.1) is more general. We shall however 
show that the two inequalities are equivalent for functions sub- 
ject to certain not very restrictive conditions. 

A function which satisfies (3.5.1) in a certain interval is called 
convex in that interval. If — ^ is convex, (f> is concave. We may 
also define convexity or concavity in an open interval. It is 
often convenient to admit infinite values at the ends of the in- 
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terval; it is obvious that such values must be positive for convex 
and negative for concave functions. 

The foundations of the theory of convex functions are due to 
Jensen (2).®' Geometrically, (3.5.1) means that the middle point 
of any chord of the curve y — (j){x) lies above or on the curve; 
here a curve means any, not necessarily continuous, graph. The 
inequality 

(3.5.2) 4> (gia^i + q^x^) ^ ^ (rtq) + 

(for ail q) asserts that the whole chord lies above or on the curve, 
and the general inequality (3.4.2) asserts that the centre of 
gravity of any number of arbitrarily weighted points of the curve 
lies above or on the curve. It is geometrically intuitive that, 
when tlid^curve is continuous, the weakest conditionlmplies the 
stronger, and we shall find that much more than this is confirmed 
by our analysis. We might have taken (3.4.2) or (3.5.2) as our 
definition of convexity, but we have followed Jensen in starting 
from the weakest definition. The most natural definitions are 
perhaps (3.5.2) and another which we discuss in § 3.19. There is 
some logical interest in assuming as little as possible. 

It is sometimes useful to have a definition of the convexity or con- 
cavity of a finite or enumerably infinite set of numbers. We shall say that 
the set ai , . . . , is convex if 

2a,, ^ (v = 2, 3,...,n— 1), 

i.e, if the second differences of the set are non-negati%’^e. 

Thus we can state Theorem 51, in the les.s exact form with ‘ g by 
sajung that the set logp is concave ; the full theorem i.s that logp is strictly 
concave (see § 3.8) imless the a are equal. When two products of powers 
of the p are comparable, the inequality wMch holds between them may 
be deduced (substantially as Theorem 52 was deduced from. Theorem 51) 
from the concavity of logp. This is the kernel of Theorem 77. 

3.6. Gontiniious convex functions. "We now proceed to 
investigate the simplest case in which (3.4.2) and (3.5.1) are 
equivalent. 

li^{x) satisfies (3.5.1), we have 

g 2^ (5l+s) + 24 , 

Tkougli Holder (1) had considered the inequality (3.4.2) before Jensen. 
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and so on. We tiins prove 

(3 6 1) A + + — + + + 

' ' ■ n n 

for a particular sequence of values of n, viz. n — 2^. 

To prove (3.6.1) true generally, it is enough to prove also 
that, if it is true for n, it is true for n—l,^ Suppose then that 
(3.6.1) has been proved for n numbers, and that Xn_-^ 

are given. Taking to be the arithmetic mean 91 (with equal 
weights) of the n—l numbers, and applying (3.6.1), we obtain 

n ] ^\ n 

r ^ (l> (X^) -h (f> (X^) + •••+((> {X^_l)+<f){%) f: 

^ ^ 


5lW = ^| 


and so .^ (%) < ^ ^ , 

n—l 

which is (3.6.1) with n—l for n. Hence (3.6.1) is true generally. 

Next, supposing that, in (3.6.1), the rr form appropriate groups 
of equal numbers, we obtain (3.4.2) for any commensurable q. 

Finally, if ^(x) is continuous, we can prove (3.4.2) without 
restriction on the q) for we may replace the q by commensurable 
approximations and proceed to the limit. We thus obtain 

86. Any continuous convex function satisfies (3.4.2). 

As an application, we may consider Theorem 17. If s = |(r + ^) 
we have, by Theorem 7, 

(Spa*)^ ^ Spa’’Spa^, 

or {9Jt/{a)}2^3}t/(a)m/(a), 

or logm/(a) ^ |{logi»t/(a) +logm/(a)}. 

In other words 

87 . log Sft/ (a) = r log 91?:^ (a) is a convex function of r . 

From this, by appealing to Theorem 86 (or repeating the 
argument by which this theorem was proved), we deduce Theorem 
17 (apart from the specification of the cases of equality). 

Here we follow the lines of § 2.6 (ii). For a proof following Cauchy’s argument 
more directly, see Jensen (2). 
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3.7. An altemative definition^. We characterised a convex 
function (a;) in § 3.5 by the fact that the middle point of a chord 
of the curve y~^{x) lies above or on the curve. Eiesz and Jessen 
have made an observation which is interesting and sometimes im- 
portant in applications viz. that, when ^ (a;} is continuous, it is 
sufficient to require that some point of the chord should lie above 
or on the curve. 

88. If (j) {x) is continuous, and there is at least one point of every 
chord of the curve t/ = ^ (a:), besides the end points of the chord, which 
lies above or on the curve, then every point of every chord lies above 
or on the curve, so that ^ {x) is convex. 

Suppose that P<9 is a chord, and B a point on the chord 
below thb curve. Then there is a last point 8 on PR and a first 
point T on BQ in wdiich the curve meets the chord: 8 may be P 
and T may be Q. The chord 8T lies entirely below the curve, 
contradicting the hyqDothesis. 

This remark gives us an alternative proof of Theorem 86. If 

(x) is convex, the middle point of any chord lies above or on the 
curve. Hence, as we have proved, every point of the chord lies 
above or on the curve. That is to say 

<f> ^ + 72 ^ (‘>^ 2 ) 

if q-^ > 0, gg > 0, gi + Q '2 = 1 j but qi and are otherwise arbitrary. 
We may then proceed by induction. If + 3^2 + 73 — ^ben 

(3.7.1) <l>(qiX, + q,x, + q,x,)^^ |gi% + {q, + q ,) ^ | 

< gt ^ 4- (q, + q,) <t> (— 

72 + 73 

= 7i'5^(^i) + 729^W+73^Wi 
and so generally. 

A corollary of Theorem 88 is 

89. If 4>{x) is Gontinumis, and every chord of y — f>{x) meets the 
curve in a point distinct from its e7id-points, then <j>{x) is linear. 

a M. Eiesz (1), Jessen (2). See, for example, § 8.13. 
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By Theorem 88, every point of every chord lies on or above the 
curve. But Theorem, 88 remains true if ‘above’ is replaced by 
‘below’ ill hjpiothesis and conclusion. Hence every chord of the 


curve coincides with the curve. 

From Theorem 89 we can deduce the refinement on Theorem 83 
referred to in § 3.2. Suppose that 

0-1 {^10 (%) + {^iX K ) + ^^X (^ 2 )} 

for fixed and arbitrary a. Writing ^{a)~Xi 

a — ifi~'^{x), we obtain 

<f>{qiXi + qzX^)==qi<f>{Xi) + qz(l>M, 
so that one point at any rate of every chord of y = 0 (x) lies on 
the curve. It follows from Theorem 89 that 0 is linear. 


3.8. Equality in the fundamental inequalities. Ve now 
suppose 0 {x) continuous and convex, and consider when equality 
can occur m (3.5.1), (3.5.2), or (3.4.2). 

Suppose that x^ < x^ < x^ , that x^ = qiXi + q% , and that P^, 
Pg,... are the points on the curve y=^{x) corresponding to 
a'l , .Tg , . . . . If 0 {x) is not linear in {x-^ , x^^ there is an x^ in (^i , x^ 
such that P4 lies below the fine P^ P2 . Suppose for example that 
x^ lies in (rr^ , x^. Then x^ lies in {x ^^ , ajg), and P3 lies on or below 
P4P2, and therefore below PiP%> Hence (3.5.2) holds with 
inequality. It follows that equality can occur m (3.5.2) only when 
j>{x) is linear in {xi,x^. 

This conclusion is easily extended to the general inequality 
(3.4.2) . Suppose, for example, that there is equality when n — 3, 
and that Xj^<Xz<x^, Then aU the signs of inequahty in (3.7.1) 
must reduce to equality, and 0 {x) must be linear in each of the 
intervals / , \ 

(-..“Jr), 

and therefore over (.'KijiKg). 

We have thus proved 

90. If (f>{x) is continuous and convex^ then 

(3,8.1) (j>(Zqx)<'Zq^{x), 


(3.8.2) 




Sp0^ 

’ 
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unless either (i) all the x are equal or (ii) {x) is linear in an interval 
including all the x. 

91. Any chord of a continuous convex curve lies entirely above 
the curve, except for its end-points, or coincides with it. 

We may say that <f){x) is strictly convex if 

(3.8.3) 

for every unequal pair x,y. Since a strictly convex function 
cannot be linear in any interval, any such function, if continuous, 
satisfies (3.8.1) and (3.8.2), unless all the x are equal. 


3.9. l^estatements and extensions of Theorem 85.^ We 
may restate Theorem 85 in the form 

92. If ijj and x continuous and strictly monotonic, and % is 
increasing, then a necessary and sufficient condition that 99?:^ ^ 991 , 1 , 
for all a and q is that ^ = should be convex^. 

We shall say in these circumstances that x is convex with respect 
to rjj. Thus t^ is convex with respect to F when 5 ^ r > 0. 

The curve y = {x) has the parametric representation 


x-=^{t), y==x(0- 


The chord through the points on the curve corresponding to 
t = t-^ and t = ^2 is 

x=^{t), y=ift^it), 


where 
is the function 






which assumes the values xil-d x(^ 2 ) t = t^ and t — t^. We 
may call y — ip’^ {x) the j/r-chord of y==x i^)‘ order that y should 
be convex with respect to tfs, it is necessary and sufficient that 
X ^ tp*, i.e. that every point of any ^-chord of x should lie on or 
above the curve. 


» Jessen (2, 3). 

We haTe actually proved more in. regard to the necessity of the condition; see 
our remarks on Theorem 83. 
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Theorem 92 may be generalised as follows. Suppose that 

is a function of m variables Vg, and that 

is the result of taking means with respect to , Vg ? • • • % succes- 
sion. 

93. Suppose that and Xfi continuous and strictly mono- 
tonic, and that is increasing. Then, in order that 

m7^>-MiAa)^wtZ...ml{a) 

for all a and q, it is necessary and sufficieni that every should he 
convex with %espect to the corresponding ifi^. ^ 

It is understood, of course, that the weights involved in the 
operations and are the same, though they will generally 
vary with p. That the conditions are sufficient follows at once 
from Theorem 92. To see that they are necessary, we have only 
to suppose a to be a function of a single . 

3.10. Twice differentiable convex functions. We postpone 
to § 3.18 any further discussion of the general properties of convex 
functions, and consider now a particularly important sub-class 
of such functions, viz. those which possess a second differential 
coefficient. 

94. Suppose that f {x) possesses a second derivative {x) in the 
open interval (H, K). Then a necessary and sufficient condition that 
^ (x) should he convex in the interval is 

(3.10.1) f'(a;)^0.a 

(i) The condition is necessary. Replacing \ {x-{-y) and l^ix — y) 
by t and h in (3.5.1), and supposing that x>y, so that h>0, we 
obtain 

a The important case in practice is that in which (as stated in the theorem) 
exists in the open interval. We usually wish, however, to assert convexity in the 
closed interval. Since ^ 0, <f>' and ^ are monotonic near the ends of the interval 

and tend to finite or infinite limits; may tend to - « at the left-hand end and to 
4- CO at the right-hand end, and ^ may tend to -f- co at either. The function will be 
convex in the closed interval if its value at each end is not less than its limit at that 
end. 
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(3.10.2) (j>{t-i-h) + (f>{t-h)-2>f>{t)^0 

for all t, h such that the arguments lie in the interval. 

Suppose now that (t) < 0. Then there are positive numbers 
8and^suchthat {t-u)< -Bu 

f 01 ()<u^h. Integrating this inequality from 'W = 0 to it = A, we 
obtain ^ + /j) + ^ ^ (t) < - 

in contradiction with (3.10.2). 

(ii) The condition is sufficient. We prove that 96 satisfies (3.4.2). 
In fact, if X = Sg.u, we have 

<f> M = 9& (Z) + {X, - X) cf>' (X) + -I {X, - X)2 {Q 

for some’*|p between X and Xj, , and so ^ 

T.q^x)^4>{X)^4>{T.qx). 

If ix) > 0, there can be equality only if every x is equal to X. 
We have therefore proved 

95. **- If (f)" (a?) > 0, then (f> {x) is strictly convex and satisfies (3.8.1) 
and (3.8.2), unless all the x are equal. 

3.11. Applications of the properties of twice differenti- 
able convex functions. The following theorem, which follows 
from Theorems 95 and 85,^ will be found particularly useful in 
applications. 

96 . If »/r and % monotonic, y increasing, f) = 

then Wij, < , unless all the a are equal. 

Examples. (1) If9^=loga;,;)( — a;,theu9^ = y^“^ = e®.Theorem96 
reduces to Theorem 9. 

(2) lift — x'^,x — ir®, where 0 < r < s, then <56 = > 0. Theorem 

96 gives Theorem 16 (for positive indices). The other cases of 
Theorem 16 may be derived similarly. 

(3) Suppose that (f) — x^, where k is not 0 or 1. Then ^ is convex 
in (0, 00) if < 0 or & > 1, concave if 0 < ^ < 1 . Supposing ^ > 1, and 

Holder (1). 

More strictly, from Theorem 95 and the proof of Theorem 85. By Theorem 95, 
(3.4.2) is true with inequality, and so unless the a are equal. 
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applying Theorem 95, we find 

or Hpx < 

unless all the x are eq^ual. If we write px = ab, px^ — a^, we obtain 
Theorem 13 , for h> I . The other cases follow similarly. 

( 4 ) Suppose that ^ = log(l + e®), so that 

and that the abscissae and weights in ( 3 , 8 , 1 ) are log(a2/%), 
log (62/61), and a, jS, ... . We obtain 

ai“6/ . K + ^2)“ (63. + 62)^ . . . (^1 l^)^, 

unless a2/®i = ^2/^i= (Theorem 40 : H for any number of sets 
of two numbers). 

(6) Suppose that (l) = {l + x^yi^, where r is not 0 or 1, and 
that the abscissae and weights in ( 3 . 8 . 2 ) are ajai, 62/63, ... and 
% , 63 , .... In this case <f) is convex if r > 1 and concave if r < 1 . We 
find, for example, that 
{((*3 + 63 + . • . + liY + {<^2 + 62 + . . • + 

< («/+«2T’’+ + ... + + 

if r > 1 and a^ja^, 62/63, ... are not all equal (M for any number of 
sets of two numbers). It will be remembered that both H and 
M can be extended to sets of more numbers inductively. 

(6) 97 . If a>0, p>0, then 

Siia 

j ^ w ^ “p ’ 

unless all the a are equal. 

We write this with p instead of q for the sake of symmetry. 
The first inequality is ( 3 . 8 . 2 ) reversed, with ^(£B) = logflj, a 
concave function. It is equivalent to G- (Theorem 9 ). The second 
inequality is ( 3 . 8 . 2 ), with ^{x)==x\ogx, a convex function. 

3 . 12 . Gonvexfunctions of several variables. Suppose that 
D is a convex domain in the plane of {x, y), that is to say, a domain 
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wMcb. contains the whole of the segment of a straight line which 
connects any two of its points^. A function (cc, y) is said to he 
wnvex in D if it is defined everywhere in D and 

{3.12.1) 

for all (a’l, yi) and y^) of D.t> The definition asserts more than 
convexity in x and y separately; thus xy is a convex function 
of X for every y, and a convex function of y for every x, hut it 
is not a convex function of x and y. 

It is often convenient to use an alternative form of the defini- 
tion Just given. Suppose that x, y, u, v are given, and consider 
the valu^ of t (if any) for wMch (x+tit, y + vf) be|,ongs to D. 
Since D is convex, these values form an interval (winch may be 
nul). Then we say that <1> (a;, y) is convex in D if 

(3.12,2) + y+wO 

is, for every x, y, u, v, a convex function of t throughout the 
interval of t in question. The definition is equivalent to that which 
we gave before, since, if 

x+ut^ — Xi, y+?^^i=yi, x + ut^^x.^,, y-bvtQ=y2, 

(3.12.1) becomes 

x(^-^)mx(k)+x(h}}. 

® is said to be concave if — O is convex. 

If z=<!>{x,y) is the equation of a surface in rectangular Car- 
tesian coordinates, (3.12.1) asserts that the middle point of any 
chord of the surface lies above or on the corresponding point of the 

It would be sufficient to consider rectangular domain.?, but convexity is the 
natural limitation to impose on D. It is not part of our programme to consider 
questions of analysis situs connected with convex or general domains. 

There is a wider generalisation of the notion of a convex function of a single 
variable which is important in the theory of functions but %vith which we shall 
not be concerned. The function <h(.r, y) is svbhurmonic if its value at the centre of 
any circle does not exceed its average over the circumference. In particular # is 
■subharmonic if it is twice differentiable and 

For the theory of subhannonio functions see F. Riesz (5, 9), Montel (1), 
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surface. If the surface is continuous we can deduce that the whole 
chord lies above or on the surface, and that the centre of gravity 
of any number of arbitrarily weighted points of the surface lies 
above or on the surface. This is what is asserted in the following 
theorem. 

98. //<!) (x, y) is convex and continiums, then 

( 3 . 12 . 3 ) (^(Zqx,'Zqy)-^'Lq<b{x,y). 

The proof is the same as that of Theorem 86, except for the 
obvious changes of notation. 

There is also a theorem corresponding to Theorem 88; it is 
sufficient to assert that no chord of the surface lies (except for its 
end-points| entirely below the surface. AU the other remarks of 
§ 3.7 remain true with the obvious changes. 

A theorem corresponding to Theorems 94 and 95 is 

99, If <I) [x, y) is twice differentiable in an ppen D, then a neces- 
sary and sufficient condition that it should be convey in D is that the 
qmdratioform 

should be positive^ for all u, v and all (x, y) of D. 

If Q is strictly positive"^, then (3.12.3) holds with inequality, 
unless all the x and all the y are equal. 

(1) The condition is necessary. If {x, y) is in D, then 
defined by (3.12.2), is convex in a neighbourhood of i = 0. Hence, 
by Theorem 94, yf' (0) ^ 0, i.e. Q ^ 0. 

(2) The condition is sufficient. If 

Sg=l, X^-Lqx, Y=^i:qy 

then 

€) (X, 7) + (.r,-X)0/+ {y,- 7)0/ 

where the index 0 indicates the point (X, 7) and the index 1 some 
point on the line joining this point to {x^, yf). It foUo-ws that 

Sg $(»,?/)>$ (X, 7) =$ (S^£c, Sg?/). 

If Q is strictly positive, and there is equality, then Xj,~X, 
y^—Y for aU v. 


^ 0 except for 'w=t;=0. 
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We notice that Q is positive if and only if 
(3.12.4) <l)„„ao, 

and strictly positive if and only if 
(3.12.6) 

It is negative if (3.12.4) holds with the signs of the first twO' 
inequalities reversed. 

The extension of the definitions and theorems of this section to 
functions of more than two variables may he left to the reader- 

3.13. Generalisations of Holder’s inequality. We may 
ivrite Holder’s inequality in the form 

(3.13.1) 
or 

(3.13.2) 'Zqab S F-'^{^qF{a)] G~^{i:.qO{b% 

where F (a;) = ai’’ (r > 1) and G {x) = x^', r' being as usual the index 
conjugate to r in the sense of § 2.8. If we write 
(f) = F-^, i}f=G~^, F{a) = x, G{b)==y, a-(f){x), b = ifj{y), 
we obtain 

(3.13.3) 'Lq^{x)xlj{y)S<f>{^qx)xl>{^qy). 

The simplest case of this is 

I (^i) ^ iVi) + ^ ^ {I (% + ^ {h iVi + 2/2)}» 

which expresses the fact that <j> (x) tjj (y) is a concave function of 
X and y. When, as here, <f> and xp are continuous, it is equivalent to 
the more general inequality (3.13.3). Hence, reversing the argu- 
ment (with general (f> and ip), we obtain 

100. If F and G are continuous and strictly monotonic, then a 
necessary and sufficient condition that % {ab) should be com^parable 
with SKji (u) SSKfj! (6) is that F~^{x)0~^{y) should be a concave or 
convex function of the two variables x and y ; in the first case (3.13.1) 
is true, in the second the reverse inequality. 

As an example we may take F {x) — x'', G (y) = i/®. It then follows 
from Theorems 100 and 99 that 

U(ab)^mr(a)WM 

ifr>l,s> 1 and (r— 1) (s — 1)^ 1. If ?*< 1, s< 1, (1 ~r) (l~s) ^ 1, 


HI 



82 MEAN VALUES WITH ARBITEABY ETTNOTIONS 


the inequality is reversed. These are the only cases of com- 
parability^. The argument excludes the cases r = 0 and s = 0, 
but they may be included by using an exponential instead 
of a power. 

We might look for a more straightforward generalisation of 
Holder’s inequality. Holder’s inequality asserts that (3.13.1) 
holds iff{x) and fir (a;) are inverse positive powers of x, and either 
(a) F{x) = xf(x), 0(x) = xg(x}, 


or 

(6) F{x)= f G{x)=( g{t)dt; 

Jo Jo 

and we might expect that it would hold for other pairs of inverse 
/and g. The theorem which follows shows that no such^xtension 
is possible. 

101. Suppose that f{x) is a continuous and strictly increasing . 
function which vanishes for a; = 0 and has a second derivative con- 
tinuous for a: > 0 , and that g (x) is the inverse function {which has 
necessarily the same properties). Suppose further that F{x) and 
Q{x) are defined either by {a) or by (6), and that (3.13.1) is true 
for all positive a, b. Thenf is a power of x and (3.13.1) is Holder’s 
inequality. 

We consider case (a).'^ If, as in the proof of Theorem 100, we 
write 4> and ip for F~^ and then (j>{x)\jj{y) must be a concave 
function of x andy. Itfollows from Theorem 99 and (3.12.4)° that 

^ 0, ^ 0 and 

(3.13.4) {^'{x)rp'{y)f^<j>{x)p{y)<p''{x)ifs"{y) 

for all positive x and y. 

If ^ (a;) = 0 (a;) = ?;, we have 


g. = j^(u)=uf{u), ~=f{u), u = g(~], 


and so 
(3.13.5) 


= i/f {x) = V, 


(f>{x)>fs{x) — x. 


a Compare Theorem 44. See Cooper (4) for case (b). 

0 With the appropriate chaagea of sign. 
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Hence (f>" (a?) ^ (x) + 2^- (x) iff' {x) + ^ {x) xjs" {x) ~ 0, 

and sOj by (3.13.4), 

(f ' + #")2 = 4f ^ 4#9S"i/r", 

all the arguments being x. This is only possible if 
iff = — (f}' , <l>"iff + (f)' iff' = 0, 

or (jf'rfi is constant. Hence, by (3.13.5), x<f>'lc^ is constant, in which 
case ^ and the other functions are powers of x. 

3.14. Some theorems concerning monotonic functions. 
We collect here some simple theorems which will be useful later. 
The first characterises monotonic functions as (3.4.2) characterises 
continuous convex functions. 

102. ^ Jh necessary and sufficient condition that 

(3.14.1) (Sp)^(Sa;)^Sp^(£i;), 

* for all positive x and p, is that (f) (x) should decrease {in the wide 
sense) for x>0. The opposite inequality is similarly characteristic 
of increasing functions . 

There is strict inequality if (x) decreases strictly and there is 
more than one x. 

(i) If ^ decreases, <f>{'Zx)^^{x), whence (3.14.1) follows. 

(ii) If in (3.14.1) we take n — 2,x-^^ — x,x^=h,Pi~l,p^~p,-we> 

obtain (l+p)^{z+h)£i{x)+pi{h). 

Making p 0, w^e see that <f>{x+h)S<f>{x). 

The case (f> (x) = x°‘~^ (0 < a < 1), p = a;, gives Theorem 19. 

103. A sufficient condition that 

(3.14.2) /(Sa;)^S/(a3), 

for all positive x, is that x~'^f{x) should decrease. There is strict 
inequality if x~^f{x) decreases strictly and there is more than one x. 

For if we write f{x)=x<f>{x), then (3.14.2) becomes (3.14.1) 
with p = x. The condition is not necessary, since (3.14,2) is 
satisfied by any f{x) for which 

f{x)>0, Max/(a;)^2Mm/(a;); 
for example /(a;) = 3 + cos a;. 

S' Jensen (2): Jensen does not refer to the necessity of the condition. 
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104. If 

(3.14.3) (f)(Lpx)^'Zp<f){x) 

for all positive x and p, then <f> (x) is a multiple of x. 

If we take n = 2, Xj^ = x, x^==y, pj_ = yl2x and p^^^in (3.14.3), 
we obtain 

iM<iM 

y - X ' 

Since we can interchange x and y, (f)jx is constant. 

3.15. Sums with an arbitrary function : generalisations 
of Jensen’s inequality. We may define ‘sums’ involving an 
arbitrary function <f> as weU as means. We write 

©^(«)=^-ns<ii(^)}- ^ 

Here ^{x) is continuous and strictly monotonic, as in § 3.1 ; but 
it is necessary now to assume rather more, since S^(a) is not, 
like Sg^^(a), a mean of the values of ^(a), and so necessarily a 
possible value of<f){x). We therefore assume that <f>{x) is positive 
for all positive x and tends to oo either when x-^0 or when 
a5-»oo. We shaU also assume that the a are all positive, leaving 
the reader to make the modifications appropriate when any a 
is zero‘d. 

105. ^ If ip and x continuous, positive, and strictly monotonic, 

then and are comparable whenever ( 1 ) ^ and x opposite 

directions, or (2) tp and x direction and xl^ 

monotonic. 

In case (1), 

(3.15.1) ©^^0^ 

if ip decreases and x increases. In case (2), (3.15.1) is true if xl^P 
decreases. There is equality in case (1), and, if is strictly mono- 
tonic, also in case (2), only when there is only one a. 

a Suppose, for example, that j>{x)=x^, where r>0 (the case of §2.10). Then 
^(0) = 0, and we need make no distinction between two such systems of the a as 
(1, 1) and (1, 1, 0). If (^(0) were positive it would be necessary to distinguish, and 
the ^Bcrimination of the cases of equality in Theorem 105 would become tedious. 
li <j>{x)-^oo when a;-^0, then S^(a) = 0 whenever any a is zero. 

The substance of this theorem is due to Cooper (2). 
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In case (1), when % increases, 

(a) > x~^ {x (Max a)] = Max a 
and similarly {a) ^ Mn a. 

In case (2), suppose that ^ and % increase, and write 
iP{a) = x, a=tls~^{x), 

Then (S.15.1) reduces to (3.14.2), and is true if x-‘^f{x) decreases, 

(^)} x(^) 

ilf{x) i(s{x) 

decreases. If iff and x decrease, (3.15.1) reduces to (3.14,2) 
reversed, and is true iff/x increases, or if decreases. 

The reader wdll have no difidculty in distinguishing 1}he cases of 
equality. The case — gives Theorem 19. 

We may also define weighted sums analogous to those of §2. 10 (iv), viz. 

where the p are arbitrary positive numbers. reduces to SUtif, if Sp= 1, 
to if every is 1. 


3.16. Generalisations of Minkowski’s inequality. If 
^ (a;) — X’', where r > 1, we have 


(3.16.1) 


(3.16.2) 


(3.16.3) 


all these inequalities being essentially equivalent and included 


in Theorem 24. 

The inequalities are not equivalent for general all of them 
are of the form 

(3.16.4) + 

but the differences between the weights p are now significant. 
In (3.16.1), IIp= 1; in (3.16.2), p= l; in (3.16.3), the p are any 




86 MEAN VALUES WITH ABBITBAEY EUNOTIONS 
positive mimbers. We call these three cases the cases (I), (II), 
and (III). In discussing them, we shall suppose that 


^ > 0 , < f >'>0 

for£c>0. 

The inequality (3,16.4) asserts that (a;)} is, for given 

p, a convex function of the n variables or, after 


§3. 12, a that 


Xit)=^cl>-^{l.p<f>{x+ut)}, 


where the x, p, u are fixed and the x and p positive, is convex in t 
for all % for which dRx+ut are positive. If <l> is twice differentiable 
this condition is, by Theorem 94, equivalent to ;j(;"(0)^0. A 
straightforward calculation shows that 


(3.16.5) " 
where 


(3.16.6) = 


and y" = pj;"(0). We have therefore to consider in what circum- 
stances 


( 3 . 16 . 7 ) 

It is easy to see that (3.16.7) cannot be true generally without 
restriction on the sign of Suppose for example that > 0 and 
that is continuous and sometimes negative. We can then 
choose Xi and x^ so that (f>" {Xi) < 0, (x^) < 0, and and so 

Pj^U^if}' {Xj)+p^U2(f>' {x2)=0. 


In this case (3.16.7), for ??- = 2, reduces to 

ix)}HPiUi^" M +p.u^^" (x^)} k 0, 
which is false. We shall therefore suppose in what follows that 
(f)>0, (f>'>0, (f)" > 0. 

We can write (3.16.7) in the form 


(3.16.8) 




We take for granted the oh-vions extensions of § 3,12 from two to n variables. 
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Now, by Theorem 7, 

(3.16.9) 

Hence (3.16.8) is certainly true for all x, u if 

(3.16.10) ^(x)as;,i|M'=sp^(*), 

for aU X. Further, there is equality in (3.16.9) if 

(^=1^2, ...,w), 

so that (3.16.10) is both a sufScieiit and a necessary condition for 
the truth, of (3.16.8), Finally, if we write y = ^{x) aijd 

(3.16.11) a)(y)=54(*)=^{^-i(j,)}=ffi^||}!, 

(3.16.10) assumes the form 

(3.16.12) <l>(Si9y)^Sp<D(y). 

We now consider the three cases (I), (II), (III) separately. 

(i) In case (I), (3.16,12) is true if and only if O (y) is a concave 
function of y. 

(ii) In case (II), (3.16.12) is (3.14.2), reversed and with y, $ for 
x,f. A sufficient (though not a necessary) condition is that is 
an increasing function of y or, what is the same thing, that 

is a decreasing function of x. 

(iii) In case (III), (3.16,12) is (3.14.3), with the appropriate 
variations. It can be true generally only when €> (y) is a multiple 
of y, or when (f}(})" is constant, in which case ^ is of one of the 
forms 

(3.16.13) {ax + by {a>0,G>l^), 

In these cases it is true. 

There are alternative forms of the conditions (i) and (ii) which 
show better their relations to one another. We shall suppose 
continuous, as we may do without affecting seriously the interest 
aSmce^">0. 
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of the results. Then from 




we deduce 






1 (f>^ix) 

^'{x)dx^ ^"{x) * 


Hence <E) (y) is concave if and only if (oj) [(f>" (cc) is concave, or, 
what is the same thing, if is increasing. These are 

alternative forms of (i), and an alternative form of (ii) is 
is convex ^ 

Summing up our conclusions, we have r 


106.^ Suppose that <f>"" is continuous and that <^ > 0, ^' > 0, 
> 0. Then 

(i) it is necessary and sufficient for (3.16.1) that l<j>" should 
he ccmcave^ or jt' increasing] 

(ii) it is sufficient {but not necessary) for (3. 16,2) that should 

be convex, or decreasing] 


(iii) it is necessary and sufficient for (3.16.3) that should be 
one of the functions (3.16.13). 


We leave it for the reader to formulate the variations of this theorem, 
when (for example) ^>0, ^'<0, ^">0, or when the ineqnahties axe re- 
versed.. It is instructive to verify that (i) is satisfied (from a certain x 
onwards) when (f) = x^flog x, where p>l, but not when ^ = x^ log x, while 
for (ii) the situation is reversed. 

3.17. Comparison of sets. Theorem 105 asserts that 


©^(a)^6^(a) 

for a given pair of functions ^ and x and all a. The theorems 
of this section are of a different type, involving given sets (a) 
and {a') and a variable function We consider the conditions 
under which ^ ^ / \ 


«■ The first results of this character are due to Bosanquet (1): Bosanquet con- 
siders case (II), 
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or, what is the same thing for increasing 

(3.17.1) 

^ {%0 + ^ (<^2') + . . . 4- ^ {a-n) ^ ^ (e^i) + (f) {a^) + . . . + (a^) 
for given a and a' and all (5^ of a certain class. 

1 07 . Suppose that the sets (a) and {a’ ) are arranged in descending 
order of magnitude. Then a necessary and sufficient condition that 

(3.17.1) should he true for all continuous and increasing (f> is that 

af (v= 1,2, ...,n). 

The sufficiency of the condition is obvious. To prove it neces- 
sary, suppose that af > a^ for some y, that a^<b< af, and that 
<f>* (x) is defined by 

"" cf^{x) = (i {x^b), cf>*{x)=:l {x>b). 

Then (a') > /^ > /x - 1 > (a). 

Hence (3.17.1) is false for ^*, and therefore also false for an 
appropriately chosen continuous increasing approximation to (f>*. 

Our next theorem is connected with the theorems of §§ 2. 1 8-2.20. 

108. In order that (3.17.1) should be true for all continuous 
convex <f>, it is necessary and sufficient either that (1) (a')-^(a), 
i.e. that {a') is majorised by {a) in the sense of § 2.18, or that (2) (a') 
is an average of {a) in the sense of § 2.20. 

If these conditions are satisfied, and (x) exists for all x, and is 
positive, then equality can occur in (3.17.1) only when the sets {a) 
and {a') are identical^. 

We have proved already (Theorem 46) that the two conditions 
are equivalent. It is therefore enough to prove that the first is 
necessary and the second sufficient. We may suppose {a) and [a') 
arranged in descending order. 

(i) Condition {!) is necessary. Condition (1) asserts that 

(3.17.2) af + af + ...-^-af SO‘i + a^ + ...■\-a^ [v=^l,2,...,n), 
with equality in the case v = n. 

The functions x and ~x are both continuous and convex in any 

Schur (2) proves that (2) is a sufficient condition, and the remark concerning 
the case of equality is also due to him. For the complete theorem, see Hardy, 
Littlewood, and Polya (2). Karamata (1) consider condition (1). 
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interval. Hence, if (3. 17.1) is true, Sa' ^ Sa and S ( - a') ^ S ( - 
i.e. Sa' = 2a, winch is (3.17.2) for v=? 2 -, with equality. 

Next, let 

^(a;) = 0 <f>{x)—x—a^ {x>a^). 

Then ^ (a:) is continuous and convex in any interval, and ^ {x) ^ 0, 
(f) (ic) ^x — a^. Hence 

+a/— (a') («) = «! 4-^2+ ... + 

which is (3.17.2). 

(ii) Condition (2) is sufficient. If {a') is an average of (a), we have 

n n 

where . Sp^^=l ^ 

n.= l V=1 

for all y, and v. If ^ is convex, then 

(3.17.3) (a/) SPf,i <f > (%) + ... +P^n ^ K)> 

and (3.17,1) follows by summation. 

(iii) If there is equality in (3.17.1), there must be equality in 
each of (3.17.3). 

If (j)" {x) > 0, and every is positive, then it follows from 
Theorem 95 that all the a are equal, in which case all the a' are 
also equal and the common values are the same. 

In general, however, some of the will be zero. We shall say 
that and are immediately connected Hp^^ > i-®* ^f % occurs 
efiectively in the formula for a^'i and that any two elements 
(whether a or a') are connect^ if they can be joined by a chain of 
elements in which each consecutive pair is immediately con- 
nected. 

Consider now the complete set (7 of elements connected withal . 
We may write this set (changing the numeration of the elements 
if necessary) as 

{C) a^,a^,..,,as‘, 

the a' of C involve the a of C, and no other a, and no other a' 
involves an a of G. Hence, using the sum-properties of the p, 
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SO that G contains just as many a’ as a. It follows from Theorem 
95, and from the equality in (3.17.3), that aU a immediately 
connected with an a' are equal to that a' . Hence all connected 
a and a" are equal, and G contains r elements of each set, all 
equal to % . 

We now repeat the argument, starting from , and we con- 
clude that both (a) and (a') consist of a certain number of blocks 
of equal elements, the values of the elements in corresponding 
blocks being the same. 

Incidentally we have proved 

109. If<f>"{x) > 0, 0, 1, 1, and 

n V V 

then ’ 

(3.17.4) S<^(a')<S^(a), 
unless all the a and a' are equal. 

If all the a' are equal, (3.17.4) is a special case of Theorem 95. 

A special case of Theorem 108 which is often useful is 

110 . If j>{x) is continuous and convex, and { | ^ | ^ |, then 

(3.17.5) f>{x--h')-i-<j>{x-\~h')<^{x~h) + f){x-\-h). 

3.18. Further general properties of convex functions. We 
have assumed since § 3.6 that ^{x) is continuous. We shall now 
discard this hypothesis and consider the direct consequences of 
(3.5.1). The general lesson of the theorems which follow will 
be that a convex function is either very regular or very irregular, 
and in particular that a convex function which is not ‘entirely 
irregular’ is necessarily continuous (so that the hypothesis of 
continuity is a good deal less restrictive than might have been 
expected). 

111. Suppose that (/> (x) is convex in the open interval {H, K), and 
hounded above in some interval i interior to {H, K). Then j>{x) is 
continuoits in the open interval {H, K). Further, <f> (x) has everywhere 
left-hand and right-hand derivatives-, the right-hand derivative is 
not less than the left-hand derivative-, and both derivatives increase 
with X. 
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It follows that a discontinuous convex function is unbounded 
in every interval. 

We prove first that ^{x) is bounded above in every interval 
interior to {H, K). The kernel of the proof is this. The argument 
of §3.6 shows that 

for any rational q\ it was only in the passage to irrational g' that 
we used the hypothesis of continuity. Suppose now that i is 
(h, h) and that the upper bound of ^ in i is (?. It is enough to 
prove <j> bounded above in (?, Ji) and {h, m), where I and m are any 
numbers such that H <l<h<h<m<K. If a; is in (Z, ^), we can 
jSnd a I in i so that x divides {I, |) rationally, and then ^ (a;) must 
lie below 8f bound depending on ^{l) and G, and so bounded 
above in {I, h). Similarly, it must be bounded above in {h, m). 

To state the argument precisely, let h be the left-hand end of i . 
and G the upper bound of ^ in i, and suppose that 
H<l<x<h. 

We can choose integers m and ?^ > m so that 
lies in i, and then 

Hence (f){x) is bounded above in (Z, h). 

In proving the remainder of the theorem we may restrict our- 
selves to an interval {H' , K') interior to (H, K), or, what is the 
same thing, we may suppose ^ bounded above in the original 
interval. Suppose then that <f){x)SG in {H, K), that H<x<K, 
that m and n>m are positive integers, and that S is a number 
(positive or negative) small enough to leave a; -|- wS inside (H, K). 
Then 

1 / , , {m{x + nh) + {n~m)x] n-m , , , 
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(j>{x-}-nh)-(f>{x)^<f>{x+md)~(j>(x) , 

or ^ ^ (m<n). 

71 m ^ ' 

Replacing 8 by — S, and combining the two inequalities, we 
obtain 

(318 1) ^{^+nZ)-^x) ^ ^{x-\-7nZ)~-<j>{x) 

^ ' n ~ m 

^<j>ix) — ^{x—mS)^(f>{x) — (f}{x — nS) 

^ m n 

(the central inequality following directly from the convexity of 
If in (3.18.1) we take m=l, and remember that 4>^G, we 
find that 

(3.18.2) '' 

a ^ (» + 8) - (*) a ^ (») - ^ (® - 5) > ^^2^. 

We now suppose that 3 -» 0 and n-^oo, but so that a: ± ^2.3 remains 
inside the interval. It then follows from (3.18.2) that (a; + 3) and 
^{x — B) tend to (f) (x), and so that ^ is continuous. 

We next suppose S>0, and replace 3 in (3.18.1) by S/n. We 
have then 

(3.18.3) g ^ 

^<f){x)~(l>(x-B')^(f>{x)-^{x-B) 

B' = 3 ’ 

where B'^mBjn is any rational multiple of 8 less than 8. Since ^ 
is continuous, (3.18.3) is true for any S' <3. It follows that the 
quotients on the extreme left and right decrease and increase 
respectively when 3 decreases to zero, and so that each tends to a 
Mmit. Hence ^ possesses right-handed and left-handed derivatives 
<f)/ and (f}/, and ^ 

Finally, we may write a; — 8' = , a;== iKg > ^ + 3 = rUg (or rr — 8 == , 

x = x^, a; + 8' = ajg), when (3. 18.3) gives 

^ (%) ~ ^ (^2) (^2) ~ ^ 

Xq — a?g X2 
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A fortiori, if Xi<x^<Xq<x^, we have 

<f> (a; 4 ) - {xf) ^ ^ (xf) - (f> {x^) ^ 
x^-x^ ~ x^-x^ 

Making x^-^x^, x^-^x^, we obtain 

(3.18.4) <j>; {xfi ± f>{ {xfi ^ {xf) ^ {xf), 

wMcb completes the proof of the theorem. 

It is plain from what precedes that 

(3.18.5) 

‘t'S ~ -^2 

if Xi ^X2<X^^X^. 

Theorem 111 asserts nothing about the existence of an ordinary 
differentia! coefficient (x). It is however easy to provd^that (j>' (x) 
exists except perhaps for an enumerable set of values of x. The 
function 4>i {x), being monotonic, is continuous except perhaps 
in such a set. If it is continuous at x^ then, by (3.18.4), f>f{xf) 
hes between 4>i{x-f) and f>i'{xf}, which tends to ^/(tUi) when 
a ;4 a?! . Hence (j)f (a’l) = (ajj), and {x) exists for a; = ajj . 

It is also plain from (3.18.5) that, if ^{x) is continuous and 
convex in an open interval (a, b ) , then 
U{x')-cf>{x) \ 
x'—x 

ft. 

is bounded for aU x and x' of any closed sub-interval of (a, b ) . 

3.19. Further properties of continuous convex functions. 
We now suppose {x) convex and continuous. It follows from 

(3.18.5) that if H<i<K and 

then the line 
(3.19.1) 

will lie wholly under (on or below) the curve. In other words 

112. If <f){x) is convex and continuous then there is at least one 
line through every point of the curve y ~<j> ix) which lies wholly under 
the curve. 
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A line through a point of a curve which lies wholly on one side of the 
■curve (under or over) is called a Stutzgerade of the curve. If j,{x) is con- 
cave, then the graph of ^ (a?) has at every point a Stutzgerade over the curve. 
If ^{x) is both convex and concave the two lines must coincide and (j>{x) 
must be linear. 

It is easy to see the truth of Theorem 112 directly. If and 

P, Q> Q' are the points on the curve corresponding to x, x', then PQ lies 
under PQ', and the slope o£ PQ decreases as x approaches and so tends 
to a limit v. Similarly, if .'c< ^ and x tends to the slope of QP increases 
to a limit /x. If /x were greater than u, and , x^ were respectively less than 
and greater than and sufficiently near to then P would lie above 
PjPg, in contradiction to the convexity of the cxxrve. Hence and 
(3. 19. 1) lies imder the curve if A has any value between g, and v inclusive . 

In this proof we do not appeal to Theorem 111, but the proof depends 
on just those geometrical ideas which underlie the more formal and 
analytical ajjgument of § 3.18. , 

Suppose now, conversely, that ^{x) is continuous and has the 
property asserted in Theorem 1 12. If and are two values of x, 
Pi and Pg the corresponding points on the curve, and P the point 
corresponding to then both P^ and Pg lie over a 

certain line through P, and the middle point of P 1 P 2 lies over P. 
Hence j){x) is convex. 

We have thus proved that the property of Theorem 112 affords 
a necessary and sufficient condition for the convexity of a con- 
tinuous function, and might be used as an alternative definition 
of convexity. That is to say, we might define convexity, for con- 
tinuous functions, as follows: a continuous function f> (a;) is said to 
be convex in {H, K) if to any | of {H, K) corresponds a number 
^ = such that ^(J)+A{x-|)S^(a:) 

Sorattxof(H,K). 

This definition of a convex function is quite as ‘natural’ as that impHed 
in (3.5.2), and it is interesting to deduce some of the characteristic pro- 
perties of continuous convex functions directly from it. For example, the 
inequality (3.4.2) may be proved as follows^ 

Writing as usual 91(6) = 236 , 

and taking | = 91 (a), a value which lies in the interval of variation of the a, 
<;6{9l(a)}-hA(a-a^^(a) 
a Jessen (2). 
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for a certain A= A(|) and all a. Performing the operation 31 on each side;, 
■we obtain ^{3l(a)}+A{3l(a)-^}^3l{^(a)}, 

or ^ {31(a)} g 31 

which is (3.4.2). It is instructive to compare this argument with that of 
§3.10(ii). 

3.20. Discontinuous convex functions. Discontinuous con- 
vex functions are, by Theorem 111, unbounded in every interval, 
and their existence has not been proved except under the 
assumption of Zermelo’s Axiom or (what is for our purpose equi- 
valent) the assumption that the continuum can be well-ordered. 
If 

(3.20.1) f{^+y)=-f{^)+f(y), 

then ' f{2x)-2f{x) ^ 

and + =/(a?) +f{y)- 

Thus a solution of (3.20.1) is certainly convex. 

It was proved by Hamel (1)^ that, if Zermelo’s Axiom is true, 
there exist bases [a, j8, y, . . .] for the real numbers, that is to say, 
sets of real numbers a, jS, y, . . . such that every real a is expressible 
uniquely in the form of a finite s-um 

X = acc ... -\-lX 

with rational coefficients a,b, If we assume this, we can 
at once write down discontinuous solutions of (3.20.1); we give 
f{x) arbitrary values /(a), /(jS), ... for x — a, jS, ..., and define 
f{x) generally by 

fix)=^afia) + bm+... + lf{X). 

Then, if y = a'a -h • . . , we have 

f{^ + y)==f{{a + a')a+.,.} = {a + a')f{a) + ...=f{x)+f{y). 

For more detailed study of the properties of convex functions, of 
the solutions of the equation (3.20.1) and of inequahties associated with 
it, we may refer to Darboux ( 1 ), Frechet ( 1 , 2 ), F. Bernstein (1), Bern- 
stein and Doetsch (1), Blumberg ( 1 ), SierpMski (1, 2), Cooper (3), and 
Ostrowski ( 1 ). Blximberg and Sierpihski prove that any convex measurable 
function is continuous, and Ostrowski obtains a still more general result. 


See also Hahn ( 1 , 581). 
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MISCELLANEOUS THEOREMS AND EXAMPLES 

113. If a is a constant, a 4= 0, and x = then 

S,(a)=S^(a), Z^(a} = Z^(a). 

[The corresponding property of SOI is included in Theorem 83.] 

114. An increasing convex function of a convex function is convex. 

115. If every chord of a continuous curve contains a point which lies 
above the cmve, then every point of every chord, except the end-pointSj, 
lies above the curve. 


116. If ^ (as) is convex and continuous, a < 6 < c, and j>{a) — j, (6) = (c) > 
then is constant in (a, c). 

117. If all the numbers are positive, then 

a; log I + 2 / log I > (a; + 2 /) log 

unless x/a=yjb. 

[(cclog£c)">0.] 


118. If f{x) is positive and twice differentiable, then a necessary and 
sufficient condition that log/(a3) should be convex is that^'"'— 

119. If ^ (») is continuous for .a; >0, and one of the functions a ^(.u) and 
9 ^ ( 1/fB) is convex, then so is the other. 

120. If <l){x) is positive, twice differentiable and convex, then so are 

(s^l), eJ«^(e-®) 

(the first for po,sitive x). 


121 . If ^ and x continuous and strictly monotonic, and x increasing, 
then a necessary and sufficient condition that 

m (%) - rti^n)}^x-^ («i) ... {«„)}, 

for all a and q, is that 

<f>iy) = log{xf!>-^(e'«)} 

should be convex. 

[Compare Theorem 92.] 

122. Suppose that 

(i) <ji (Xi) (Xg -x^)+<^ (.Xa) (Xi - Xg) + (^ (Xg) (Xg - .xj ^ 0, 

or (what is the same thing) 


1 Xi ^(Xj) 

(ii) I 1 oss ^(Xg) ^0, 

1 Xg ^(Xg) 

for all Xi , Xg , Xg of an open inteiwal I for which Xj < Xg < Xg . Then (f>{x) is 
continuous in I, and has finite left-handed and right-handed derivatives 
at every point of J. 


7 
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If (ji{x) is twice differentiable, tben (i) and (ii) are equivalent to the 
differential inequality 

[(i) and (ii) are alternative forms of (3.5.2), and ^(a?) is convex, so that 
the theorem is a restatement of parts of Theorems 111 and 94.] 

123. Suppose that 

(i) ^(aji) sin (tCg - cca) + sin {x^- ajg) +^(073) sin {x^ - Xj^) ^ 0, 
or (what is the same thing) 

cosa?! sina?! ^(aji) 

(ii) cos.'Ta sinaJa ^(* 2 ) =0, 
coSiCg sin 0:3 <l>{x^) 

for all Xi , aJa , x^ of an open interval I for which % < ajg < < % + tt. Then 

(j>{x) is continuous in I and has finite left-handed and right-handed 
derivatives at every point of I. ^ 

If ^{x) is twice differentiable, then (i) and (ii) are eqixivalent to the 
differential inequality 

cf>"{x)+<f>{x)^Q. 

[The result is important in the study of convex curves and of the 
behaviour of analytic functions in angular domains. See Polya (1, 
320; 4, 673-576).] 

124. A necessary and sufficient condition that a continuous function 
^{x) should be convex in an interval I is that, if a is any real munber and i 
any closed interval included in I, then ^ (cc) -I- aa; should attain its maximum 
in ^ at one of the ends of i. If also x and ^(a?) are positive, then a necessary 
and sufficient condition that log^(a3) should be a convex function of logx 
is that x'^4>i^) should have the same maximal property. 

[For applications of tins theorem, wliich results immediately from the 
definitions, see Saks (1).] 

125. A necessary and sufficient condition that a continuous function 
^{x) should be convex in (a, 6) is that 

1 

(i) = 

for aSx--h<x<x+h^b. 

[Tins is a corollary of Theorem 124. If ^(cc) satisfies (i), so does ^(a;) -f- ax ; 
and it is plain that any continuous function which satisfies (i) must possess 
the property of Theorem 124.® 

Theorem 125 may also be proved independently; and there are various 
generalisations. In particular we need only suppose (i) true for every x and 
arbitrarily small /^=^(^c).] 

® For a formal proof, use Theorem 183. 
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126. If 4> (oe) is convex and eontinuotis for aE x, and not constant, tlien 
(f) (a?) tends to infinity, for one or other approach of x to infinity, in such a 
manner as to be ultimately greater than a constant multiple of | aj | . 

127. If > 0 for x > 0, and ^ (0) ^ 0, then (f)jx increases for a; > 0. 

[This follows at once from the equations 

128. If <j>" > 0 for a: ^ 0 and 

lim {xcj)'— eff)<0, 

x~><xi 

then ^jx decreases (strictly) for x>0. 

[The limit certainly exists, since increases. The result foEows 

from the equations used in pro\dng Theorem 127. The eases considered 
in Theorer^ 127 and 128 are the extreme eases possible when ^">0; if 
neither condition is satisfied, ^/x has a minimum for some positive a?.] 

129. If > 0 for aE a;, ^(0) = 0, and ^/a; is interpreted as ^'(0) for a? 5=0, 
then ^jx increases for aE x, 

130. If the set ax,a^, ..., cr2n+i is convex in the sense of § 3.5, i.e. if 

a,, 5= a,. — + a„+2 ^ 0 ( v = 1 , 2, . . . , 2w - 1 ) , 

then «i 4- c/s + • • • + azn+i > <^ 2 + ^4 + ••• +%„ 

n+1 ~ n * 


with inequality except when the numbers are in aritlimetical progression. 

[Nanson (1). Add up the inequalities 

r (n— r+ 1) A2a2r_i^0, r{n—r) A^aa^gO. 

Theorem 130 may also be proved as an example of Theorem 108 : the set 
formed by the nu m bers 2, 4, 2^^, each taken n+1 times, is majorised 
by that formed by the numbers- 1, 3, .. ., 2w-f 1, each taken n times.] 

131. If 0<aJ< 1, then 

1 — a;”+i 1— £»" . 

[Put x — y^ and a„ = y^m Theorem 130.] 

132. G is the centre of a circle and Aq Aj . . . Aq an inscribed polygon, 
whose vertices lie on the circle in the order indicated. C, Aq , An are fixed 
and Ax, As, ..., A„_x vary. Then the area and perimeter of the polygon 


are greatest when 


AgAi—,AiAs-- ... -—An^iAn, 


[Let Ay^x • Since (sin x)" < 0 for 0 < a; < v, we have, by Theorem 
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mless all the av are equal, aad a similar inequality in which is replaced 
by loij,. These inequalities give the two parts of the theorem. When 
coincides with Aq, they reduce to familiar maximal properties of regxilar 
polygons.] 

138. Suppose that / and g are continuous increasing inverse functions 
which vanish at the origin, that F—xf, G—xg, and that g satisfies the 
inequality g{xy)^g{x)g{y). 

Suppose further that Hah SAB for all positive a and h such that 
HO{b)SO{B). Then 

[Cooper (3). The result is included in Theorem 15 when / is a power 
of iC.] 

134. If 4> is convex and continuous for a; ^ 0, v = 1 , 2, 3, . . . , and the 

ttp are non-nbgative and decreasing, then # 

156 (0) + S (na„) — «„]} S ^ (Sa„). 

If also is a strictly increasing function, there is equality only when 
the a„ are equal up to a certain point and then zero. 

[Hardy, Littlewood, and Pblya (2). Write 

5o = 0, s^ = ai + a2+ + (rSl), 
and Sy + (v— l)ai/~Sv_i + ray=2aJ, 

Sy~{v — l)a^—2h, — ku,, = 2/i'. 

It is easily verified that \h'\Sh, with equality only if = 0 or 

" {3^2 ^ — Oip • 

It follows from Theorem 110 that 

^ (vay) 1) ap) S {Sp) - 4> 

and the result follows by summation.] 

135. If g> land decreases, then 

S {x-3 -{v~ 1)8} ^ 

[Example of Theorem 134.] 

136. Suppose that a is a function of vi , vg , . • • , 5 h j/'s > • • • » V is 

a permutation of the numbers 1, 2, ..., m; and that the ^ and x s-r© con- 
tinuous and strictly monotonic and the x increasing. Then, in order that 

501^^ . . . Sm;; (a) ^ (a) 

for all a and q, it is necessary that 

( 1 ) is convex with respect to , for p, = 1, 2, . . . , w; 

(2) X\ is convex with respect to , if A > p and A and p correspond to an 

inversion in the permutation % , > • • • , V (i.e. if the order is . . . p, . . , , A, . . - 
in the series 1, 2, ..., wbut ...A, ...» p, ... in%, i^). 
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187. In order that 

. . . mil - ^ 2 “ • • • 

for all a and q, it is necessary and sufficient that (1) ^ and (2) 

(the range of fi and A being defined as in Theorem 136). 

[Jessen (3). The most important cases are; 

(i) m=^l, T<s. 

(ii) m=2, (%,'i2) = (2, 1), 52 = ^2 ^%=^i* 

The two cases correspond to Theorems 1 6 and 2 6 . The kernel of the theorem 
is contained in the statement that, whenever the two sides of the in- 
equality are comparable, the inequality may be proved by repeated 
application of the special cases corresponding to (i) and (ii).] 

138. A continuous curve y=<j>{x) defined in an open interval, say 
0<a3< 1, l!!Kis the following property: through every point* of the ciurve 
there is either (a) a line which lies under the curve, or (&) a line which lies 
over the curve. Then one and the same of (a) and (6) is true at all points 
of the curve, and the curve is convex or concave. 

[It is easy to show that if 8a and Bj, are the sets of values of x for which 
(a) or (6) is true, then 8 a and 8^ are closed (in the open interval). But a 
continuum cannot be the sum of two non-nul closed and exclusive sets.] 

1 39 . Suppose that ^ (a;) is convex and bounded below in{H,K), and that 
m{x) is the lower boimd of ^{x) at x (the limit of the lower bound of j,{x) 
in an interval including r). Then m{x) is a continuous convex function; 
and either (i) ^{x) is identical with m{x), or (ii) the graph of ^(a?) is dense 
in the region H^x^K, y^m(x). 

If ^ (x) is convex and not bounded below, its graph is dense in the strip 
H^x^K. 

[Bernstein and Doetsch ( 1 ).] 


CHAPTER IV 

VARIOUS APPLICATIONS OP THE CALCULUS 


4.1. Introduction. Particular inequalities arising in ordinary 
analysis are often proved more easily by some special device than 
by an appeal to any general theory. We therefore interrupt our 
systematic treatment of the subject at this point, and devote a 
short chapter to the illustration of the simplest and most useful 
of these devices. The subject-matter is arranged according to the 
methods and instruments used rather than the character of the 
results. • 


DIFPERENTIAL CALCTJLITS: FITECTIONS OE ONE 
VARIABLE 

4.2. Applications of the mean value theorem. Our first 
examples depend upon a straightforward use of the mean value 
theorem 


(4,2.1) f{x + Ji)—f{x) = hf'{x + dh) {0<d<l), 

or its generalisations with higher derivatives. It is a corollary of 
(4,2.1) that a function with a positive differential coefficient 
increases with x. 

(1) We have 

log(a;+l)-loga; = i, 

where x<i<x+l, when a; > 0. It follows that 

~ [x (log (a? + 1) - log x}] = log (a: + 1 ) - log x - > 0, 

^ [(a; -M ) {log (a: -I- 1 ) - log a:}] = log (ic -i- 1 ) - log a; - i < 0 . 


Hence 



increases with x, while 


(1-1 — decreases. 

\ */ 
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l--j , where y=x^-l>l, we 

obtain 

140. ^ ^ j increases for x>0; decreases for ic> 1 , 

This is substantially the same as Theorem 35. 

(2) If a; > 1, r > 1, we have 

x^=l + r{x-l) + lrir-l)i^-^{x-l)^ 
where 1 < | < a;, and so 

141. l + f(a;— l) + |?*(r— (a;>l, r>l). 

This inequality was found, in a less precise form, in § 2.15. 

(3) If aj 4= 0 we have 

(4.2.2) e*=l + .T+|-a:2efe 

where 0 < (9 < 1, and so 

142. e^>l + x (a3=i=0). 

We can deduce another proof of Theorem 9. If 
Sg==l, 'Lqa=% 

and the a are not all equal, we can write a= {I where 
Sga; = 0 and the x are not all zero. Then 1 + a; g e®, with inequality 
for at least one x, and 

Hu® = 21 n ( 1 + a;)3 < 91 = 51 = Sgcj. 

The argument is a special case of that used at the end of § 3.19. 

(4) The function f{x) = e^ — l — x— \x^, 

and its first two derivatives, vanish for a: = 0. There is no other 
zero of f (aj), since this would (by repeated application of Rolle’s 
Theorem) involve the existence of a zero off'" {x) = e'“. Hence 
e^> l + a; + |a;2 (coO), e^<l+x + lx^ {x<0). 

The same argument may be applied to any number of terms of 
the Taylor series of various functions. When the function is e®, 
we obtain 
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143. If n is odd then 

(4.2.3) + (aJ4=0). 

Ifn is even then (4.2.3) is true f(yrx>0 and the reversed inequality 
for x<0. 

4.3. Further applications of elementary differential 
calculus. In this section we give some applications of a less 
immediate character. 

(1) Repeated application of Rolle’s Theorem leads easily to 
the following lemma a: if 

f {x, y) = + Ciaj™-!?/ + . . . + = 0 

has all its roots xjy real, then the same is true of all non-identical'^ 
equations obtained from it by partial differentiations with respect 
to X and y. Further, if E is any one of these equations, and has a 
multiple root a, then a is also a root, of multiplicity one higher, of 
the equation from which E is derived by differentiation. 

We use this lemma to prove a theorem proved aheady in a 
less complete form in § 2.22. 

144. C If ai,a^, ...,a^^ are n real, positive or negative, numbers, 
Po = 1 j amd p^ is the arithmetic mean of the products of y different a, 

P^-iPi,+i<P/ (^= 1.2 

unless all the a are equal. 

We suppose that no a is zero, since the specification of the 
cases of equality becomes more troublesome when zero a’s are 
admitted. 

Let f{x,y)=:^{x+a^y){x + a^y)... (a;+a.„,2/) 

=PQX'^+{^p^x^~'^y + p^x'^-^ ••• 

Since no a vanishes, + 0 and x/y=0 is not a root of /=0. 
Hence xjy — <} QBimot be a multiple root of any of the derived 

^ Maclaurin ( 2 ). See Polya and Szego ( 1 , n, 45-47 and 230-232), 

^ That is to say, all equations whose coefiScients are not all zero, 
e Newton (1, 173). For further references, see § 2.22. 
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equations ; and therefore no two consecutive p, such as and 
p^+i, can vanish. Hence the equation 

p^_ix^ + 2Pf,xy = 0, 

which is obtained fromf{x,y) = 0'hj a series of differentiations, 
is not identical; and therefore its roots are real, so that 
p^-iP^+i&Pi? ■ 

Finally, the roots of the derived equation can be equal only if 
all the roots of the original equation are equal. 

It wili be observed that the a need not necessarily be positive, 
as they were in § 2. 22. a 

(2) Suppose that ^{x) = log(2pa^), and (what is no real 
limitation^ that the a are all positive and unequal. Then 

,, Hipa^loga ,,, S;pa®S;pa®(loga)2 — (Spa®logfj)^ 

>0 

(Theorem 7). An easy calculation shows that, if a^. is the 
greatest a, then 

(j) (0) = log lip, lim {x<f)' -<f))= - logp ^ . 

x-^oo 

It follows from Theorems 127 and 129 that increases for a; > 0 
if ^ 1, and for all a; if Sp = 1. In the last case 

^=logaR^(a), Hm^=f (0)=log@(a). 

X x-^Q X 

We thus obtain further proofs of Theorems 9 and 16. 

If, on the other hand, p^^l for every v, cf>lx decreases, by 
Theorem 128. In particular (Sa.(a)== decreases (Theo- 

rem 19). The general case gives part of Theorem 23. 

(3) The following examples have applications in ballistics. 

145. log sec CK< I sin a; tan a; (0<a;<|-7r). 

146. The function ^ Slogseca; 

’ 

where 9(x)=l (l + sec^)d!^=a;+log(seca;+tana;), 

Jo 

decreases steadily from 1 to Q as x increases from Oto 
j^Use Theorem 145 to show that ^(g'^/j'cota;) < 0 and so p' < O.J 
Except in Theorem 65. For positive a, see Theorems 51, 54, 77, and § 3.5. 
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14*7. The function 


a{x) 


(1+secOlogseei d 


log sec X 


;["(! + 

J 0 


sec t) dt 


increases steadily from to as x increases from 0 to ^v. 

There is a general theorem which will be found useful in the proof of 
Theorem 147. 


148. Iff, g, andf'jg' are positive increasing functions, thenfjg either 
increases for all x in question, or decreases for all such x, or decreases to a 
minimum and then increases. In particular, if f{0)=gi0) = 0, thenfjg 
increases for a; > 0. 

To prove this, observe that 

and consider the possible intersections of the curves y=flg, y^f'jg'- At 
one of these intersections the first curve has a horizontal and the second 
a rising tangent, and therefore there can be at most one intersection. 

If we take g as the independent variable, write f{x) = f (g), and suppose, 
as in the last clause of the theorem, that 

m=gi0) = 0, 

or ^ ( 0 ) = 0, then the theorem takes the form : if f{0) = 0 and (f>'(g) increases 
for g > 0, then f/g increases for g > 0. This is a slight generalisation of part 
of Theoreml27. Theoreml48 should also be compared with Theorems 128 
and 129. 


4.4. Maxima and minima of functions of one variable. 
A very common method for the proof of inequalities is that of 
finding the absolute maximum or minimum of a function 0 (a?) by 
a discussion of the sign of {x). 

(1) Since —xe^, 

the function {l — x)e^ has just one maximum, for a; = 0. Hence 

149. - (a;< 1, a’+O). 

\~x 

This is also a consequence of Theorem 142. 

(2) Since ^(loga;— £r+l)=^— 1 

the function logx — x+ 1 has one maximum, for a? = 1. Hence 

150. loga;<a;-l (a:>0, a;#:!). 
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More generally logx<n - 1), for any positive n, since we 
may write for x in Theorem 150. This result is also a 
corollary of Theorem 36. 

(3) Let <^{x)^l + xy~{l+x^Yl^{l + yf^'Yi^’, 

where ^>1, £c>0, y>0. It is easily verified that <j}{x) has a 
unique maximum 0 for x^ = y^' . 

This gives another proof of Hq (Theorem 38), and so of H 
(Theorem 11). 

(4) If x and y are positive, and ^>1, then the function 

, , , x^ 

(f>{x)=xy—j~^ 

has the derivative y — and attains its maximum 0 for = y^\ 
We deduce^ Theorem 61 (and so Theorems 37 and 9)1 
(6) The function 

(f> {x) = xy — X log X — 

where x is positive, attains its maximum 0 for a; = e^“^. We deduce 
Theorem 63. 

4.5. Use of Taylor’s series. lff{x) — 'La^x^''aln.dg{x)==Ilb^x”' 
are two series with positive coefficients, and S K every w, 
we say that /(a:) is majorised hyg{x), and write /-<g. It is plain 
that/-< g and/iK 9i i“iply//iK 99i, and so on. 

To illustrate the use of this idea in the proof of inequalities, we 
prove 

151. J/ 5,2, = + Ug + . . . + <»^ , where n>l and the a are ^positive, 
then 2 o n 

(l + %)(l + t?2)... (l + aj< + + 

In fact 1 + so that 

n(l+aic)-<e®ft® 

The result follows by adding up the coefficients of 1, a;, x ^, . . . , x'^, 
and observing that there is strict inequality between the co- 
efficients of x^. It may also be proved by writing the left-hand 
side in the form 

, n{n~-\) 

(so that and using Theorem 52. 
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DIPPERENTIAL CALCULUS! PUNCTIOFS OP 
SEVERAL VARIABLES 

4.6. Applications of the theory of maxima and minima of 
functions of several variables. The most 'universal’ weapon 
for the discovery and proof of inequahties is the general theory 
of maxima and minima of functions of any number of variables. 
Suppose that we wish to prove that two functions cj) and ifj of the 
continuous variables x^, x^, are comparable; let us say, to 
fix our ideas, that ^ — This will be so, if ^ — i/f has a minimum, 

if and only if this minimum is non-negative; and this is a question 
W’hich can always be attacked (at any rate when the functions 
are differentiable) by the standard arguments of the theory of 
maxima and minima. * 

The method is attractive theoretically, and always opens a 
first line of attack on the problem; but it is apt to lead to serious ' 
comphcations in detail (usually connected with the ‘boundary 
values’ of the variables), and it will be found that, however 
suggestive it may be, it rarely leads to the simplest solution. We 
illustrate these remarks by considering its application to the 
fundamental inequalities G and H. 

(1) To prove G, consider 

/ (a?! , ajg , . . . , = Xj^tx^^-i . . . xjin , 


where 


yin 




-yin- 


o=i^= 


in the closed and bounded domain ..., Xy^'^Q. It is con- 

tinuous, and therefore attains a maximum, which is not on the 
boundary (where/ vanishes). At the maximum 

and so the x are all equal to 9(. In this case no serious complication 
is introduced by the boundary values®-. 

(2) We may use H (for two sets of variables) as an illustration 
of the ‘method of Lagrange’. Consider 

f •••,Xy^ = h-j^x-^-\-b,^x^-\- ••• -{-byyXy^y 

^ Compare § 2.6 (i). 
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where b^>0, subject to the condition that 

...,a;J = a:/ + a;/« + ... + a;/ (/^> 1) 
is a positive constant X. The {n— l)-dimensional domain defined 
by a’ ^ 0, <5?> = X is closed and bounded, and some x vanishes at 
every point of its boundary. 

If the maximum is attained at an internal point, then, at that 



is independent of v; and an elementary calculation shows that 

There remains the possibility that the maximum should be 
attained atli boundary point, where some x, say x^^, is zero. This 
possibility may be excluded by an inductive argument, since, if 
we assume that the inequality has been proved already for n — l 
variables, and that x^= 0, we have 

n~l /n-1 \llk /n-1 \llk' 

/= S b,x, / S bA < 

The weakness of the method is that, if we are to argue by induc- 
tion at aU, it is better to prove the whole theorem inductively, 
and then we come back to one of the proofs of H given already. 

(3) It is quite usual that the method should, as in case (2), 
prove troublesome when developed in detail; but even in such 
cases it is very useful as indicating a possible solution of the 
problem. 

A great many of our theorems assert inequalities between two 
symmetric functions / (a?! a;^) and g{xj^,x^, homo- 

geneous of the same degree and positive for all positive x. This 
is true, for example, of Theorems 9, 16 and 17 (for unit weights, 
the crucial case), Theorem 45 (in the case of comparability) and 
Theorems 51 and 52. 

When we use Lagrange’s method, we must consider the maxi- 
mum of / for constant g, say for 9^ = 1. Lagrange’s equations are 

dXj, dx^ 


(v=l,2, ...,?i). 
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These equations have always a solution with — 
and A is the value of / for this system of values of x. If A is a 
strict absolute maximum off, then Ag, and there is inequality 
except when all the x are equal. 

All this is in fact true in the cases mentioned, but there are 
other cases in which the solution does not give the maximum 
of /. This happens for example in Theorem 45, in the case of 
non-comparabihty. 


INTEGRAL CALCHLIJS 

4,7. Comparison, of series and integrals. There are many 
inequahties which are proved most easily by arguments based on 
the integral calculus; and often, by consideration «)f areas or 
volumes, in an ‘intuitive’ way. We give here a few of the most 
useful general theorems, in which the integrals considered are of 
the elementary Riemann or Riemann-Stieltjes type. In Ch. VI 
we shall consider inequalities between integrals systematically, 
and there we shall use the general Lebesgue and Lebesgue- 
Stieltjes integrals. 

The theorems which follow immediately are due in principle 
to Maclaurin and Cauchy®. 

152. If f{x) decreases for x^O, then 

/(l)+/(2) + ...+/WsJ”/(a:)&S/(0)+/(l) + ...+/(m-l). 

There is inequality if f{x) decreases strictly. 

r I'+i 

In fact /(r+1)^ f{x)dxSfiy) 

(with inequality if f{x) decreases strictly) . 

Further theorems of the same type, which we state without 
proof, are: 

153. J/Gq < % < Ug < ..., andf{x) decreases for x>aQ, then 
S {a^-a^_f)f{af)S f 'f{x)dxS S 

I ’— 1 J Oo ■'=“1 

a Maclaurin (1, i, 289); Caucty (2, 222). 
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154. Iff{x)>0, and f{x) decreases in (0, |) and increases in 
(I, 1), where 0 ^ 1, then 

155. Iff{x,y) is a decrmsing function of x for fixed y and a 
decreasing function of y for fixed x, then 

tn n , fm rn n—ln—1 

S f{x,y)dxdyS 'Z Z f(fi,v). 

M==l >^=1 J 0 J 0 jut=0 ^=0 

Applications of these theorems, particularly to the theory of 
the convenience of series, may he found in any t&tbook of 
analysis. 

4.8. An inequality of Young. The simple but useful theorem 
which follows is due to W. H. Yomig^ and is of a different type. 

156. Suppose that ^(0) = 0, and that (f){x) is continuous and 
strictly increasing for a? ^ 0; thatrj}{x) is the inverse function, so that 
^ {x) satisfies the same conditions ; and that a ^ 0, 6 ^ 0. Then 

ab^ f (f){x)dx+ I* i/j{x)dx. 

Jo Jo 

There is equality only ifb = <j> {a). 

The theorem becomes intuitive if we draw the curve y=^{x) 
or a? = 0 (y), and the Mnes x = 0,x=a,y=Q,y=b, and consider the 
various areas bounded by them. A formal proof is included in that 
of the more general theorems which follow. 

A corollary of Theorem 156 is 

157. If the conditions of Theorem \5f} are satisfied, then 

ab^a(f>{a) + biff{b). 

Theorem 157 is weaker thanTheorem 156, but often as effective 
in applications. 

We pass to more general theorems which include Theorem 156. 
a W. H. Young (2). 
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158. Suppose that v= 1, 2, n; that a^'^O; that f^{x) is con- 
tinuous, non-negative, and strictly increasing) and that one of the 
/^(O) is zero. Then 

r n f^{x).dMxy, 

and there is equality only if a-^=a^ — ...=an.^ 


The inequality may be made intuitive by considering the curve 
=/j, {t) in %-dimensional space, and the volumes bounded by the 
coordinate planes and the cylinders which project the curves on 
these planes. 

To obtain a formal proof, put 


(O^xSa^), F^{x)=f^{a,) (x^a,), 

so that Fy{x) ^f^ {x). If we suppose, as we may, that a^ is the 
largest of the a ^, , then, since (0) = 0, we have 

n/,K)=ni^,K)= T n F^{x).dF,{x) 

Jo V J Q 

=s r n F^{x).dUx)^i:r n f^{x).dfM) 

V J 0 /Ji^V V J 0 /A=t=v 

and there is inequality unless every is equal to . 


159 Suppose that g,, (x) is a system of n continuous and strictly 

increasing functions each of which vanishes for x=0; that 
(4.8.1) ngr^~^(£t5) = a:; 

and that ^ 0. Then 


Jo X 

There is inequality unless g-j. (af) — {af^ = . . . = . 

If we put 

gj-'^{x) = Xv{^)^ K=9 v{%), o,v=^gv~^{K) = Xv{K) 


and apply Theorem 158 to the system (a?) — Xv {^)> obtain 


Oppenheim ( 1 ), The proof is by T. G. Cowling. 
Cooper {!). 
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A system of n fiuiotions 


4>v¥)= 


X 


connected by (4.8.1) is a generalisation of a pair of inverse 
functions. For suppose that %=2, g^{x) = x<:f>{x), g^{x) — xif}{x):, 
and write (4.8.1) in the two forms 


Then 


grH^) 






^gr'^{^)’ 


^ (a:) = = gf-^ {g^ (x)}, ^ (x ) = ^ = g^-^ {g^ {x)], 


and g-C^g^ inverse; and the functions (j) and ^ of 

Theorem 1#6 can always be represented in this form. Hence 
Theorem 159 includes Theorem 156. 

If in Theorem 159 we take gj,{x) — x^K, where ^ 2 '^,= 1, then 
(4.8.1) is satisfied, and we obtain 

which is Theorem 9. If in Theorem 156 we take ^ (x) — where 

Zj > 1, we have ijs (x) = x^‘'~\ and we obtain Theorem 61 . If we take 
^(x) = log(x+l), ^(y) = e^-l, 

and write u, v for a + 1 and 6+1, we obtain Theorem 63, for 

1 , v^lP 

We pointed out above that Theorem 156 is intuitive from 
simple graphical considerations. If instead of reckoning areas we 
count up the number of lattice-points (points with integral 
coordinates) inside them, we obtain 
160. If ^{x) increases strictly with x^ ^(0) = 0, and iJj{x) is the 
function inverse to j> {x), then 

m n 

^ S [^(p,)] +11 [^(v)], 

0 0 

where [?/] is the integral part of y. 

This theorem is less interesting in itself, but illustrates a type 
of argument often effective in the Theory of Numbers. 


Actually the result is true for tt>0 and all v. See § 4.4 (5). 


CHAPTER V 
INFINITE SERIES 


5.1. Introduction . Our theorems so far have related to finite 
sums, and we have now to consider their extensions to infinite 
series. The general conclusion will be that our theorems remain 
valid for infinite series in so far as they retain significance. 

Two preliminary remarks are necessary. 

(1) The first concerns the interjjretation of our formulae. An 
inequality A < F (or X ^ Y), where X and Y are infinite series, is 
always tof-be interpreted as meaning ‘if Y is convergiint, then X 
is convergent, and X< F (or X^ F)’. More generally, an in- 
equality of the type 

(5.1.1) X<YAYK.,Z^ 

(or X-^YAY^ ••• F")? where Y, ...,Z are any finite number of 
infinite series, S is a finite sum, and A, 6, ... , c are positive, is 
to be interpreted as meaning ‘if F, ..., F are convergent then 
X is convergent, and X satisfies the inequahty’. Neglect of this 
understanding would lead to confusion when it is ‘ ’ which 

stands in the inequahty. We could read ‘ F ’ as ‘ oo ’ in the case 
of divergence; then ‘X^oo’ would convey no information, but 
‘X < cx)’ would imply the convergence of X, and this imphcation 
would usually be false. 

Some inequalities will occur which are not of the form (5.1.1). 
These are usually secondary, and should be reduced to the form 
(5.1.1) if there is any doubt about their interpretation. Thus 
X«<AF6 

should be interpreted as 

which is of the form (5.1.1); and X> F should be interpreted 
as F<X. 

There is one important inequahty, viz. 

(5.1.2) Sa6>(S#)i/*(S6*')i/^', 
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llo 


wJiere &<1, wMch we have written deliberately in a 

form unlike (5.1.1). We might have written it as 

(5.1.3) Sa*<(Sa6)*(S6*')-*/?‘=' 
when 0 < /^ < 1, or as 

(5.1 .4) S6^' < {Hab)^' 

when Jc<0. These are of the form (5.1.1), and are the forms 
which arise primarily in the proof of Theorem 13. We prefer the 
form (5.1.2) for formal reasons, and because it shows clearly 
the contrast between the two cases of the theorem, but we 
must use the other forms if we wish to show explicitly and 
exactly the imphcations about convergence. 

There a^ a few cases where the mequahty asserted is not one 
between two infinite series but involves the results of other limi t 
operations. Thus, when we extend the inequality d) {a) < Max a 
(Theorem 2) we obtain an inequality between an infinite product 
and the upper bound of an infinite set. Such an inequality 
''Z< r’ is to be interpreted in the same way, viz. as ‘if 7 is 
finite then X is finite and Z < 7 ’. 

(2) The second remark concerns method, and should be read in 
conjunction with §1.7. Suppose, for example, that we wish to 
prove the inequality (2a6)2 ^ 

for infinite series. We know the inequality for finite sums 
(Theorem 7) and, everything being positive, our conclusion 
follows by a passage to the hmit. 

We cannot extend Theorem 7, in its complete form, to infinite 
series in so simple a manner, since in the limiting process ‘ ’ 

degenerates into ‘ ^ and we are unable to pick out the possible 
cases of equahty. Here and elsewhere, we must avoid hmiting 
processes; instead of deducing the infinite theorem from the 
finite one, we must verify that the proof given for the finite 
theorem remains valid, with that minimum of change required 
by the new context, in the infinite case. For example, either 
proof of Theorem 7 given in §2.4 may be extended to the infinite 

a, (2.8.4) of Tlieorem 13. 
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case by the addition of a few obvious comments concerning 
convergence. 

It win not be necessary to retrace the path followed in Cb. II 
systematically. The few new points which arise are neither 
difficult nor particularly interesting, and, in so far as they are 
important, recur in a more interesting form in Ch. VI. We shall 
therefore arrange the substance of this chapter informally, illus- 
trating and commenting upon the new possibilities, and ending 
with an enumeration of some of the more important theorems 
of Ch. II which remain valid with the new interpretation. 

5.2. The means We begin by some comments on a new 
point which arises in the definition of the means SOI,. . We have 
now an infinity of terms a and weights p, and there a|e two cases 
to consider, according as Sp is convergent or divergent. 

(i) If Sp is convergent we may suppose that the sum is 1 and 
write qioTp. In this case SOJ,. is defined, for r > 0, by 

(5.2.1) mAa)=^(Lqa^)^lr, 
andmayberegarded as a ‘mean’ in the sense of § 2.2 or a ‘weighted 
sum’ in the sense of § 2.10 (iv) . It is finite or infinite according as 
Hqa^ is convergent or divergent. 

(ii) If Sp is divergent, we can still define 90^,. as a hmit, e.g. by 

( 6 . 2 . 2 ) 

«,-5-00\l 1 / 

or as the corresponding upper limit Mm. The latter definition is 
not particularly interesting, though it would preserve most of 
our theorems. If we define by (6.2.2), we are met by a 
difficulty : the existence of Mr for a given r does not ensure its exist- 
ence for any other r. In fact we can determine the a so that 931,. shall 
exist for a given set rj^, ^ 2 , ..., of values of r and for no others. 
We shall therefore confine our attention to case (i). 

For the general question of the existence of iOi,., see, for example, 
Besioovitch (1). We may illustrate the point by showing briefly how to 
find a so that either of the limits 

lim^ (ai + a 2 + ... +a„), lim ^ -f + . . . + 

may exist without the other: here p = 1. 
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Take first two sequences 

«!, ag, a^, ai, ag, ... 

with period m. When a=a, both limits exist and have the values 

_ «l + «2+--- + «^ _ «l^ + a2^+ ••• + «-ar^. 


A = 


and when a = j8 they have the corresponding values 
Kow take the a as follows: 


aj, ag, a-tir (repeated iVi times), 

Pi, ^Sg, Pro- (repeated JVg times), 

aj, ttg, atD- (repeated Wg times), 


It is easy to see that, by supposing the sequence Ni , , NJNz .... to 

tend to infinity with great rapidity, we can make {ai + ...+an)/n and 
(ai^+ ... +a„®)/n oscillate between A^, and Aq, B^ respectively. The 
conditions convergence will then be A^^ B^ and A^, = respectively, 
and we can obviously choose the a and ]3 so that either of these conditions 
shall be satisfied without the other. 

We therefore restrict ourselves to case (i). We define for 
positive or negative r, by (5.2.1), with the convention that 
501^ = 0 if r is negative and an a zero or divergent. We 
define (§) (and by 

(6.2.3) (Si (a) = Wq (a) = Ha® = exp (Sglog a), 

with the conventions that ^=oo if Ha® diverges to oo (i.e. if 
Sgloga diverges to +oo), and @ = 0 if Ha® diverges to 0 (i.e. if 
Sgloga diverges to —oo). It is to be observed that log a may 
have either sign, and that the definition of fails if Sgloga is 
oscillatory. In this case @ is meaningless. 

It follows from Theorems 36 and 150 that 

(5.2.4) log t< ^ ” ^ ^ (0<r<5, ^>0), 

unless i5 = 1, when there is equaKty. We define iog+ 1 and log“ t by 
log+^==log^ (^>1), log+i=0 (0<i^l), 
log-^=log# (0<i<l), log-i=0 (^>1), 

so that 

log+ ^ ^ 0, log~ tSO, log t = log+ 1 + log- 1, log - 1 = — log+ ^ . 

It then follows from (5.2.4) that 

OS^q log+ aS-'^'q (a^“ 1) ^ 1), 
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where S' denotes a summation extended over the a which ex- 
ceed 1. Hence, if (a) is finite for some positive s, then 9)1,. {a) is 
finite for 0 <y< 5 , and Sglog+a is convergent. We can prove 
similarly that, if is positive for some positive s, then 

{a) is positive for - 5 < — r < 0, and Sg log- a is convergent. 
In the first case is positive and finite or zero, in the second 
it is positive and finite or infinite. If Sgloga oscillates then 
Sglog+a and Sglog-a are both divergent, and this is only 
possible when {a) = oo for all positive r and SOI,, (a) = 0 for all 
negative r. It is only in this case that the definition of @ {a) 
can fail. 

There is one new point which, as we shall see in § 5.9, affects 
the specification of the cases of equality in some of or® theorems. 
This point arises from the possibility that, when f^O, Wr{a) 
may be zero although no a is zero. If r > 0 then, as in Ch. II, 
501,. (a) can be zero only if (a) is nul, in which case 50?:,,(a) = O for 
all r. But when r^O there is a difference. The 502:,.(a) of Ch. II 
was zero, for such an r, if and only if some a was zero, and then 
5I!JJ,.(a) was zero for all r ^ 0. It is now possible, when r ^ 0, that 
51!Jlg(a) should be zero for s<r and positive for or zero for 
s-^f and positive for s > r. 

Thus in Theorem 1 there were two exceptional cases ; 

Min a < 5111,. (a) < Max a, 

unless either all the a are equal, or else r< 0 and an a is zero. 
All that we can say now is ‘ unless either all the a are equal (in 
wMch case both inequahties reduce to equalities) or else r < 0 and 
Wr (a) = 0 (in which ease Mm a = 0 and the first mequaiity reduces 
to an equality) ’. Substantially the same point arises in connection 
with Theorems 2, 5, 10, 16 , 24 and 25 (to quote only cases 
referred to in our summary in § 6.9). 

5,3. The generalisation of Theorems 3 and 9. We use 
the inequalities (5.2,4), and the equation 

lil3ri^~^=logL 

r ->0 ^ 
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Taking t = aJ'Lqa — al%, r = 1 in (5.2.4), we have 
loga-log9t^~-l, 

log@)-logS( = i;2(loga-log9t)^ 1- 1 = 0, 
with equality only if every a is SC. This proves the analogue of 
Theorem 9. 

Suppose now that Ws is finite for some positive s. Then ^ is 
positive and finite or zero: the proof below applies to either case®'. 
Griven e > 0, we can choose N so that 

(5.3.1) S glog£i<log(@ + e), 

n^N 

(5.3.2) '' S 

n>N * 

. and then Tq so that OkTqKS and 
CL^—l 

(5.3.3) S q < S glogct+e 

n^N n^N 

for 0<f <rQ. We have then 

log @ (a) = i log @ («’■) S i log a (an S 


^ a^-l , „ a^-l „ , _ a®-l 

= S q h S q < li qloga + €-{- S q 

n^N ^ n>N ^ n^N n>N ^ 

<log((Sl + e) + 2e. 


Hence 


log9)i,(a)=-logSC(a’*)^log@ (a) 


when r-»- +0. We leave it to the reader to prove that, if Wtris 
positive for some negative r, then when r->— 0. 


5.4. Holder’s inequality and its extensions. The proofs of 
Holder’s inequality, and other theorems of the same type, given 
in Ch. II apply equally to infinite series. We may observe in 
passing that the series may be multiple series. Thus 


a It is modelled on the proof by S’. Riesz (7) of the corresponding integral 
theorem: see § 6.8. 
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For example, suppose that and Sv/ are convergent, and 
take 




Since SS (p. 4 -v)“ 2-28 jg convergent, it follows that 


'(/Lt+v)i+S 


is convergent. This is an imperfect form of a theorem to be 
proved later (Theorem 315). 

The theorems concerning 531^ deduced fromH51der’s inequality 
(Theorems 16 and 17) are unchanged, except that the statement 
of the second exceptional case of Theorem 16 must Ife modified 
in accordance with our remarks at the end of §5.2. Here we 
must say ‘unless 5^0 and H)tg(a) = 0 ’. 

One new point of greater interest arises in connection with 
this group of theorems. There is a theorem, suggested by Theorem 
15 but not a coroUary of it (even when it has been extended to 
infinite series), which has no analogue for finite sums. 


161.3- If h>l and Hab is convergent for all h for which is 
convergent, then Su* is convergent. 


We deduce this from another theorem due to AbeF, which is of 
great interest in itself. 


162. If is divergent and 

=aj^-i~a2-i- ... + a^, 


^ Landau (1). 

>5 Abel (1). There are theorems of the same type involving an arbitrary function 
f(x). Thus, if Ea„ is divergent, f(x) is positive and decreasing, and 


=/: 


f(x)dx. 


then the convergence of I involves that of Ea,j/(A„), and the divergence of J in- 
volves that of see, for example, de la Vallee Poussin (1, 398-399), 

Littlewood (1). TMs theorem, though of a more general character, does not actually 
include Theorem 162: it is not true that the divergence of I necessarily involves 
that of Ha^ f(A^). For an example to the contrary take 


/(*)=; 


a: log a; 
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SO that J.^->co, then 

(i) S ^ is divergent, 

(ii) S — is convergent for every positive S. 

(i) We have 

^n+l t ®%+2 , I ^n+r t 

-t- . . = . — i . , 

■"51+1 "7i.+r ■^'n+r 

which tends to 1 when n is fixed and r-xx), and is therefore 
greater than for any n and some corresponding r. This proves (i) . 

(ii) We may obviously suppose 0 < 3 < 1 . Then 

^ S / I 1 

^71-1 _v / ^ 

^ ~ [a^J AJ 

is convergent. By Theorem 41, the numerator on the left is not 
less than 8 A.jf-'^ (A,,^ - A,i,_i) — 8 a^A^f-K It follows that 



is convergent. We prove in fact a little more than (ii). 

To deduce Theorem 161, write 

a^=u, ab = uv, b^' = uv^'. 

We then have to prove that, if is divergent, there is a v^ 
such that is divergent and convergent. We take 

«;^=1/Z7^, where ?7^ = % + «t 2 + ••• and the conclusion 

follows from Theorem 162. 

5.5. The means 9)2:,. {continued). There is little to be added 
about the means 9)2,., but one or two further remarks are re- 
quired. We begin with a remark concerning the generalisation of 
Theorem 4. This theorem, in so far as it concerns positive r, 
must be interpreted as follows : if the a are hounded, and a * = Max a 
is their upper hound, then 

9)2,->9)2«=a*, 

when r~^+co;ifthea are unbounded, but 9)2,. is finite for all positive 
r, then CO. 
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The question of the continuity of 50?:^ for a finite positive or 
negative r is no longer quite trivial. We state a comprehensive 
theorem, but give no proof, since all the points involved arise in 
a more interesting form in Ch. VI (§ § 6.10-6.11). 

If G, Wtr= C for ail r (whether C be ]30sitive or zero). We 
exclude this case, and also the case in which @ is meaningless, 
when 90 ^^ = 00 for r > 0 and 31^^ = 0 for r < 0. We write 
S, (a) = log 911, (a) 

(with the conventions log oo = + oo, log 0 = — oo) . 

163. Apart from the cases fust mentioned, the set of values I for 
which 2r (®) finite is either the nul set or a closed, half-closed, or 
open interval {u, v), where —co^uSi^^ +oo, which has r — Q as 
an internal or end-point, so that w^O'^v, hut is otherwise arbitrary 
(and in particular may include aU real values or none), ^^is + oo 
to the right, and —oo to the left, of I; is a continuous and strictly 
increasing function of r in the interim' (if it exists) of I ; and tends, 
when r approaches an end-point of I from inside I, to a limit equal 
to its value at the end-point. 

5.6. The sums ©, . The definition of given in § 2.10 is un- 
changed, and there is little to be said about the theorems concern- 
ing it, though those which involve continuity in r are naturally 
less immediate. Theorem 20 must be interpreted as meaning ‘if 
is convergent for some (sufficiently large) r, then it is convergent 
for all greater r and . . .’, and Theorem 21 as meaning ‘if ©, is con- 
vergent for all positive r (however small) then. . . ’ . The extension 
of Theorem 20 may be proved as follows. If is convergent for 
a positive M, then and (3, is convergent for r>R. There 

is a largest a, which we may suppose on grounds of homogeneity 
to be 1, and we may suppose the a arranged in descending order. 
If then % = = 

we have + + 

for r>R. The series here lies between 1 and. 

^+4+i + <+a + -. 

from which the theorem follows. 

There is one new theorem (trivial in the finite case). 
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164. If^ji is convergent, then is continuous for r> E and con- 
tinuous on the right for r=E. //©j 2 is divergent, hut convergent 
for r > R, then ©,.->00 when r->E. 

The proof may be left to the reader. 

5.7. Minkowski’s inequality. The main arguments of 
§§2.11-2.12 require no alteration. Theorems 24-26 suggest a 
further generalisation, with both summations infinite’. 

165. a If r>l and is not of the form , then 

n m m n 

The inequality is reversed when 0 < r < 1. 

There is lo real loss of generality in supposing p = 1,'g' == 1, and 
the proof goes as before. Similarly, corresponding to Theorem 27, 
we have 

166 . 

n m VI n 

if r>l (with a reversed inequality if 0<r<l), unless, for every n, 
^vin = ^ vn save one. 

5.8. Tchebychef’s inequality. As one further illustration 
we take Tchebychef’s inequality (Theorem 43). 

We may suppose Sp = 1. The identity 

n n n n n n 

Sp^Sp,a^6^- Sp^fl^^Sp^6^= IS Sp^p, 

show’s, provided of course that neither (a) nor (6) is nul, (i) that 
if (a) and (6) are similarly ordered then the convergence of Spah 
implies that of Spa and Sp6, and (ii) that if (a) and (6) are 
oppositely ordered then the convergence of Spa and Sph implies 
that of Spa5. In either case we may put ? 2 ,=oo in the identity, 
and our conclusions follow as before. 

5.9. A summary. The theorem which follows is substantially 
an enumeration of the principal theorems of Ch. II which remain 
valid, with the glosses which we have explained in the preceding 
sections, for infinite series. 

a Here, as in Theorem 26, we abandon onr nsual convention about g. 
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167 . Theorems 1 , 2, 3 , 4 , 5 , 7 , 9 , 10 , 11 , 12 , 13 , 14 , 15 , 16 , 
17 , 18 , 19 , 20 , 21 , 22 , 24 , 25 , 27 , 28 and 43 remain valid 
when the series concerned are infinite, 'provided that the inequalities 
asserted are interpreted in accordance with the conventions laid 
down in § 5 . 1 , and that the statement of the exceptional cases in 
Theorems 1 , 2 , 5 , 10 , 16 ,* 24 and 25 is modified in the manner 
explained in ^6.2. 

It may be worth while to supplement the last clause of the theorem 
by a more explicit statement. The last words of the theorems must be 
replaced by ‘or eZse y<0 and m,(a) = 0’, 

(2) ‘or(5(o) = 0’, 

(5) ‘or r^O and S)lr(a) = 0’, 

. (10) ‘or (2) (5(a+6 + ... + Z) = 0’, «« 

(16) ‘or ago and 501a(a) = O’, 

(24) ‘or r^O and 5)Jly(a+6 + ... +Z) = 0’, 

(25) ‘or r<0 and (S(a + 6 + ... +Z)’')^/’'=0’. 

We may add also that (as is explained in § 6.4) most of the theorems 
referred to in Theorem 167 (especially those concerning SR,.) may be 
derived by specialisation from the corresponding theorems for integrals. 
In Ch. VI, however, we often ignore negative values of r. 


MISCELLANEOUS THEOREMS AND EXAMPLES 

The theorems which follow are for the most part connected with 
Theorems 156 and 157. We suppose in Theorems 168-175 that /(a;) and 
g{x) are inverse functions which vanish for 03= 0 and increase steadily as 
X increases, and that 

F{x)—f f{u)du, G{x)=[ g{t)dt. 

Jo Jo 

168. If 'ZF{an) and J!,0{bn) are convergent, then Sa„6„ is convergent, 

Sa„6„^SJ'(a„) + S(?(6„). 

[Corollary of Theorem 156.] 

169. If Ila„/(a„) and S&„g(6„) are convergent, then Sa,j6„ is convergent, 

Sa„6„^Sa„/(a„) + S6„g(6„). 

[CoroUary of Theorem 157.] 

170. It is possible to choose/ (and so g, F, (?) and a„ in such a manner 
that Sj^(a„) is divergent, but Sa„6„ is convergent for all for which 
S(?(6„) is convergent. 

171. It is also possible to make Sa„/(a„) divergent, but Sa„6„ con- 
vergent whenever Yb^gih^ is convergent. 
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converse of Holder’s inequality and the convergence test deduced from it. 
Theorem 171 is proved by Cooper (3), and Theorem 170, which includes 
Theorem 171 and is a little stronger, may be proved in the same manner.] 

172. If S ^ is convergent, then S is convergent. 

[Cooper (3); Theorem 172 is used in Cooper’s proof of Theorem 171.] 

173. If g{x) satisfies the inequality 

and if is convergent whenever is convergent, then 

HanSidn) is convergent. Similarly, if is convergent whenever 

SC(6„) is convergent, then is convergent. 

[See Cooper (3) for the first form, which in this case is stronger, the 
second form being a corollary.] 

174. If is convergent whenever S(7(6„) is convergent, then there 
is a nmnber ^=A(a), depending upon the sequence (a), for which SJ’(Aa„) 
is convergent. 

175. If the conditions of Theorem 174 are satisfied, and F{cx)-^ kF{x) 
for small a?, a c> 1, and some le, then 'ZF^a^) is convergent. 

[For the last two theorems see Birnbaum and Orlicz (1).] 

176. If and 6„ tend to zero, k is positive, and 

S. — Ze-^K 

log (IK) 

are convergent, then is convergent. 

[Use Theorem 169.] 

177. If aj>0, and f(x) — Za^x^, th.enf{x) is a convex function 

of X and log /(a:) of logo?. 

[Plainly /"'(a!)^0. To prove the second result, let x=e~^, f{x)=g{y). 
Then gg"-g'^ = Za„e-^yZn^a„e-^v~{Zna^e-^v) 2 ^ 0 , 

by Theorem 7. The result follows from Theorem 118.] 

178. If A„>A„_i^0, and /(a;) = Sa„e“^«®, then logf{x) is a 

convex function of cr. 

179. If > 0 and A« , , • . . , , a;, i/, . . . , 2 are real, then the domain D 

of convergence of the series 

+’'*=/( 33, y, ..., s) 

is convex, and log/ is a convex frmetion oix,y,...,zinD. 

[Becav^e (by the extension of Theorem 11 to infinite series) 

Here our conventions concerning convergence are important.] 

180. Sa„2 < 2 (Swaa„a)* (S (a„ - a„+i)2)*, 
imless a,j = 0 for aU n. 

[See Theorem 226.] 
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INTEGRALS 

6.1. Preiiminary remarks on Lebesgue integrals. The 
integrals considered in tliis chapter are Lebesgue integrals, except 
in §§6.15-6.22, where we are concerned with Stieltjes integrals. 
It may be convenient that we should state here how much know- 
ledge of the theory we assume. This is for the most part very 
little, and all that the reader usually needs to know is that there 
is some definition of an integral which possesses the properties 
specified below. There are naturally many of our theorems which 
remain significant and true with the older definitions, but the 
subject becomes easier, as well as more comprehensive, if the 
definitions presupposed have the proper degree of generality. 

We take for granted the idea of a measurable set, usually in one 
I>ut occasionally in more dimensions. The sets which we consider 
be bounded or unbounded. The definition of measure applies 
in the fixst instance to bounded sets: an unbounded set is said to 

measurable if any bounded part of it is measurable, and its 
measure is the upper bound of the measures of its bounded 
components. 

We shall generally assume, without special remark, that any 
set E with which we are concerned is measurable. We denote the 
measure of E by mE or sometimes, where there is no risk of 
ambiguity, simply by E. If E is unbounded, mE may be oo. 

We also take for granted the idea of a measurable function. 
Sums, products, and limits of measurable fmictions are measur- 
able. All functions definable by the ordinary processes of analysis 
are measurable, and we shall confine our attention to measurable 
functions; we shall not usually repeat explicitly that a function 
which occurs in our work is assumed to be measurable. 

Next, we take for granted the definition of the integral, of a 
bounded or unbounded function, over any (bounded or un- 
bounded) interval or measurable set of points. A bounded measur- 
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able function is integrable over any bounded measurable set. 
We call tbe class of (bounded or unbounded) functions integrable 
over tbe interval or set E in question the class L or, if it is desir- 
able to emphasise the set in question, the class L {E). If/ belongs 
to I/, we say that ‘f is L\ and write / e L (and similarly for other 
classes). 


If/=1 then 



Iff € L, then \ f\eL. If/+ and/- are the functions equal to/ 
when / is positive and negative respectively, and to zero other- 
wise, so that 

/+=Max(/,0), /-=Miii{/.0), /=/++/-, 1/1=/+-/-, 


then/+ € LmRdf~ e L, and^ 

!fdx==Jf+dx+Jf-dx, !\f\dx=jf+dx-jf-dx. 

If/^0, and (/)jj=Min(/,92.), then 

^fdx= hm J if)ndx 

(substantially by definition). 

If / € and (g is measurable and) 1 9^ 1 < 1 / 1 , then g e L. 

IffiJz, Lthen 

! Mi + a ajf) dx = % J f^dx +a^lf^dx + ... + aj f^dx. 

Ifp > 0 and (/is measurable and) \f\^eL,we say that/belongs 
to the Lebesgue class IP, ov fe IP. These classes are most im- 
portant when p ^ 1 . IP is identical with L. 

If the integration is over a finite interval (or bounded set), then 
L'^ includes every L® for which q>p; fe implies feL^. A 
bounded function belongs to every These propositions are not 
true for an infinite interval; /may belong to L'^, in (0, co), for one 
value of p only. 

If the interval is finite and/ei®, p<q, then l/|®<l + i/l®j so that 
feLK 

If the interval is (0, a), where a< 1, then (a) belongs to for 
every 8 > 0, but not to i®; (6) ) belongs to JG®, but not to 

S' We state the results for one variable and omit explicit reference to the range or 
set of integration. 
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jjP+s . ^ 0 ) log ( 1 /x) belongs to every ; and (c?) belongs to no L^. If the 
interval is (0, 00 ), then cc'"^ (1 + 1 logo: |)~^ belongs to but to no other 
class i®. 


6.2. Remarks on nul sets and mil functions. A set of 
measiire zero is called a nul set. Nnl sets are negligible in the 
theory of integration. If /= g except in a nul set, we say that 
/ and g are equivalent, and write /s g. Equivalent functions have 
the same integral (if any). 

If /= 0, we call / a nul function, and say thsAf is nul. 

Similarly, we define ‘equivalent in , ‘nul in ’ : / is nul in E if 
/= 0 at all points of E except the points of a nul set. In such cases 
we shall not repeat the reference to E when the context makes ih 
obviqus, as for example when we are considering integrals over E. 

If a property P (x) is possessed by all x except the x'bf a nul set, 
we shall say that it is possessed by almost all x, or that P{x) is 
true for almost all x, or almost always. Thus a nul function is 
almost always zero. 

We shall generally assume that our functions/, g, ... are almost 
always finite ; but there will be occasions when we have to consider 
functions infinite in a set of positive measure. Thus if/ is generally 
positive , but zero in a set JS' of positive measure, and r < 0, then we 
must regard/^ as infiinite in E, and I fdx as having the value 00 . 

If E is nul then c 

fdx-0 
J E 


for aU /. We shall assume without special remark that a set E 
over which an integral is extended is not nul. 

///^ 0, then a necessary and sufficient condition that J fdx = 0 is 
that / should be nul. 


It may be worth while to call attention exphcitly to the theorem which 
replaces this in the theory of-Riemann integration. We denote the class 
of Riemaim integrable functions by B. A necessary and sufficient con- 
dition that / should be B is that / should be bounded and that its set of 
discontinuities should be nul. 

If f is B, and then a necessary and sufficient condition that 

I fdx ~ 0 is that f=0 at all points of continuity off. 

For (1) if the condition is satisfied, then/= 0 and so jfdx=0. And (2) if 
it is not satisfied, then there is a point of continuity ^ at which /(^) > 0, 


INTEGRALS 129 

and an interval including | throughout which so that 

J/da;>0. 

This theorem enables us to specify the cases of equality in our inequalities 
when they are restricted to functions of It. Txi fact most of our theorems 
have a dual interpretation. The primary interpretation is that in which 
the integi’als are Lebesgue integrals and ‘nuT and ‘equivalent’ are in- 
terpreted as in the theory of Lebesgue. In the secondary interpretation 
integrals are ‘Riemahn integrals’, a ‘nul fmction’ is a function which is 
zero at all its points of continuity, and ‘equivalent functions’ are functions 
whose difference is nul in this sense. 

6.3. Further remarks concerning integration. What has 
heensetontin §§6.1 and 6. 2 is a sufficient foundation for most of the 
subseqi^ent theorems; for example, for the most complete forms 
of Holder’s and Minkowski’s inequalities (Theorems 188 and 
198). Ther#will he a few occasions on which we shall have to 
appeal to more difficult theorems, and we enumerate these here. 

(а) Integration by ^arta. The theorem required is: iff and g are 
integrals {absolutely continuous functions), then 

-J f'gdx. 

(б) Passage to the limit under the integral sign. The two main 
theorems are 

(i) If j s^ (a:) 1 < ^ {x), where and s^{x) tends to a limit s {x) 
for all or almost all x, then 

J (a;) dx J s {x) dx. 

(ii) If s^ (a;) e L for every n, s^ {x) increases with n for all or almost 

all x, and ^ ^ 

then fsj^{x)dx-^fs{x)dx. 

In (ii) the integral on the right may be infinite, when the result 
is to be interpreted as fs^^{x)dx->co', in particular this happens 
if 5 (a?) = 00 in a set of positive measure. In each of these theorems 
n may be an integer which tends to infinity or a continuous 
parameter which tends to a limit. 

It follows from (i), as is shown in books on the theory of functions of 
a real variable, that a function /(jc) whose incrementary ratio 
f{os + h)-f{x) 

H 


HI 
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is boixaded (and which, therefore has a derivative almost everywhere) is the 
integral of its derivative. Combining tliis remark with that at the end of 
§ 3.18 we see that a continuous convex function /(a;) is the integral of its 
derivative /'(.<e), or of its one-sided derivatives// (a;), It is therefore 
the integral of an increasing function. On the other hand, if f{x) is the 
integral of an increasing function g{x), and h> 0, then 
Ix+h fx 

f(a; + h}~f(x)= g(u)du^l g(u)du=f{x)-f{x~h), 

} X J x-h 

so that / (x) is convex. Hence the class of continuous convex functions is 
identical with that of integrals of increasing functions. 

An increasing function belongs to i?, so that the integrals in question 
exist as Riemann integrals, and the theorem could be proved without 
any use of the theory of Lebesgue. 

(c) Substitution. The standard theorem is: if f and g are in- 
tegrable, 0, G is an integral of g, and a— G{ix), h then 

(6.3.1) fix) dx = J ''f{G{y)} g (y) dy. 

Here any of a, b, a, jS may be infinite. 

This theorem covers all cases in which we shall require the rule 
for transformation of an integral by change of the independent 
variable®'. But we shall generally use only trivial substitutions 
such 3.S, x = y-\-a ox x — ay, when the validity of the rule follows 
at once from the definitions. 

id) Multiple and repeated integrals. The only theorem appealed 
to is ‘Fubini’s Theorem’. If fix,y) is imeasurable and) non- 
negative, and any one of the integrals 

(•A rB cA rB CB CA 

fdxdy, dx fdy, dy fdx 
J a J b J a J b J b J a 

exists, then the other integrals exist, and all are equal. Here the 
limits are finite or infinite, and the case of divergence is included; 
if one integral diverges the others diverge. 

a We may add two additional remarks concerning the formula (6,3.1). 

(1) If we suppose, as in the text, that g is non-negative and integrable, hut 
assume only the measurability (and not the integrability) of/, then the existence 
of the right-hand side of (6.3.1) is a sufficient, as well as a necessary, condition 
for the existence of the left-hand side, i.e. for the integrability of /. 

(2) The integrability oi f(x), though it implies that of f{0{y)}g{y), does not 
imply even the measurability of /{<? (p)}. 
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Suppose then that f{x,y) is measurable and non-negative. 
The double integral is zero if and only if f{x,y) is nul, i.e. if 
the set in which f{x,y) > 0 has measure zero. The first repeated 
integral is zero if and only if/ (a;, y) is, for almost ah. x, nul in y, and 
the second iff{x, y) is, for almost all y, nul in x. Hence these three 
senses of ‘a nul non-negative function of two variables’ are 
equivalent. 


6.4. Remarks on methods of proof. Inequalities proved for 
finite sums may often be extended to integrals by the use of 
limiting processes, but something is usually lost in the argument. 
We may illustrate this by considering the analogue for integrals 
of Theorem 7. ^ 

Suppose first that/(a:) and g {x) are non-negative and Riemann 
integrable in (0, 1); and take 



in Theorem 7. Dividing by n^, we obtain^ 

and, making n-^co, 

(6.4.1) S j J^dx ^ ^g^dx. 

If we use the Lebesgue integral we must argue differently^. 
Suppose that / and g are non-negative and in (0, 1), and that 

is the set in which 


r— 1 




-1 


Then 


g‘^<" (f,s = l,2,3,...). 

SS -- . 


by Theorem 7. Now 

^r-1 


SS — Bfg — SS — - -}- ss - 




“ It is iiere that ‘homogeneity in S’ (§ 1.4) is essential. 

^ The precise form of argument used here was suggested to us by Mr H. D. UrseU. 


9-2 
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and there is a similar inequality involving g. Hence, making 
n-^oo, we obtain (6.4.1). 

In either case our final result is imperfect. Even if we can use 
Theorem 7 with ‘ this will degenerate into ‘ ^ ’ when we pass 
to the limit, and we shall lose touch with the cases of equality. 

The passage in the opposite direction, from an integral in- 
equality to an inequality for sums, is much simpler, and can be 
effected by suitable specialisation. Consider, for example, the 
inequality 

(6.4.2) exp |J^log/(ic)cZa;| < ^ J{x)dx 

(§6.7, Theorem 184). If 

and we define /(a’) by 

f{x) = a^ + + + 

it being understood that + means 0 when v = 1, we 

obtain Theorem 9. The conditions under which inequality de- 
generates into equality in Theorem 9 also follow immediately 
from the corresponding conditions for (6.4.2). 

This method of proof is often useful, since integrals are often 
more manageable than series. We shall meet with examples in 
Ch. IX. 


6.5. Further remarks on method: the inequality of 
Schwarz. We meet the difiSculty of § 6.4, as in our treatment 
of infinite series, by going back to the proofs of the theorems of 
Ch. II, and observing that, with the obvious changes, they can 
be applied to integrals of the most general type. We may illustrate 
the point here by considering ‘Schwarz’s^ inequality’, the ana- 
logue of Theorem 7. 

181 . ilfgdx)^ < ^Pdxl g^dx, unless Af= Bg, where A and B are 
constants, not both zero. 

Here, and later, we suppress the limits of integration when 
there is nothing to be gained by showing them explicitly; they 

“Or Buniakowsky’s (see p. 16). 
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may be finite or infinite, or the integrals may be over any measur- 
able set E, in which case of course Af^ Bg means Af= Bg in E. 
We also adopt conventions corresponding to those of §5.1: 
'X<Y’ means ‘if Y is finite then X is finite and X<Y'; and 
inequalities of other forms like those mentioned in § 5. 1 are to be 
interpreted similarly. Thus every inequality contains implicitly 
an assertion about ‘ convergence which we shall only make ex- 
plicit occasionally. For example, Theorem 181 asserts implicitly 
that ‘if Jf^dx and / g^dx are finite, then ffgdx is finite ; if / and g 
are L^, then/gf is Jj’. 

The proofs corresponding to those of §2,4 run as follows. 

(i) We h|,ve ^ 

IPdxlgHx-iUgdxY 

^l!P{^)dxl9Hy)dy+l^gHx)dx^f{y)dy 

- Uix) g {x) dxjfiy) g {y) dy 
= if # J [fix) g{y)-g {x)f{y)}Hx ^ 0. 

It remains to discuss the possibility of equality. In the first 
place, there is certainly equality if Af=Bg. Next, if there is 
equality, and g is nul, then Af= Bg with = 0, JS= 1. We may 
therefore assume that g is not nul, so that the set E in which 
gr(y) ={= 0 has positive measure. If 

J dy!{fix)g{y)-g{x)f{y)Ydx=:^ 0 

then 

(6.5.1) Kfi^)giy)-gWiy)Ydx=^o 

for almost all y, and therefore for some y belonging to E. We 
may therefore suppose that gr(yo)4=0 and that (6.5.1) is true for 
J = But then /(*)<,(y„)-sf (*)/(*,„) = 0 

for almost all x, and this completes the proof. 

(ii) The quadratic form 

J (¥+ Mfdx = X^lfHx -1- ^Xulfgdx + g^dx 

is positive. We can now complete the proof as in § 2.4. 

The analogue of Theorem 181 for multiple integrals may be 
proved similarly. We shall not usually mention such extensions 
explicitly, but we shall occasionally take them for granted. It 
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is to be understood that, when we do this, the extension may be 
proved in the same manner as the original theorem. 

We can translate the proof of Theorem 8 in the same manner, 
and so obtain 

182.'*' Sf^dx ^fgdx ... jfhdx >0, 

^hfdx \Jigdx ... ^h^dx 

unless the functions f, g, ..., h are linearly dependent, i.e. unless 
there are constants A, B, .,., C, not all zero, such that 
Af + Bg + . . . + Gh = 0 . 

' MEANS Mrif) 

6.6. Definition of the means Wrif) when r=#0. In what 
follows the sign of integration, used without specification of the 
range, refers to a finite or infinite interval {a, 6) or to a measurable 
set f{x) is finite almost everywhere in E and non-negative; 
p{x), the ‘weight function’, is finite and positive^ everywhere in 
E, and integrable over E, The parameter r is real and not zero. 

Our hypotheses involve 0<lpdx<co. It is often convenient 
to suppose lpdx=l: 

in this case (cf. § 2.2) we write q for p. 

We write 

({'oPdxVf^ 

(6.6.1) = = (»' + 0), 

(6.6.2) 9l(/) = 9Jli(/), 
so that 

(6.6.3) $»i,.(/) = {t(/0F- 

with the following conventions. If J pf^dx is infinite, we write 
^pfdx = co, Wr{f) = ^ (^*>0), 3Jt,.(/) = 0 (f<0). 

^ Gram (1). 

^ When r>0 -we can reduce every case to that of the interval ( - », oo), by 
supposing /=0 in the set complementary to E. 

c The hypothesis p>0, instead of 2) > 0, would lead to slightly different results 
concerning the cases of equality {e.g.pf=pG instead of /=(?). This case could be 
reduced to the apparently more special case by replacing E by the sub-set o£ E isx 
which p > 0. 
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In particular (/) = 0 if *' < 0 and /— 0 in a set of positive 
measure. If we agree further to regard 0 and oo as reciprocals of 
one another, we have 

(6.6.4) = . 

This formula enables us to pass from positive to negative r, and 
we shall simplify the following theorems by restricting ourselves, 
for the most part, to positive r. 

If /= 0, 5!)?:,. {/) = 0 for all r. If /= (7, where G is positive and 
finite, then SDl,. (/) == G for aU r. If /= cx),^ then (/) = oo for all r. 
Apart from these cases, = is possible only 'when r>0, 
and if) = 0 when r < 0. 

We definsMax/, the ‘effective upper bound’ of/, as th^argest 
I which has the property: 

‘if € > 0, there is a set e (e) of positive measure in which/ > | — e’ . 
If there is no such we write Max/=oo. For functions con- 
tinuous in a closed interval. Max/ is the ordinary maximum. 
Min /is defined similarly; IVIin/^ 0 and 

(6.6.5) ^^^•^"Max(l//)* 

Equivalent functions have the same Max and Min. 

Suppose for example that the range of integration is (0, co), and that 
f{x) and q{x) are the step functions defined by 

f{x) = an, ?(*) = ?« in—lSx<n, n= 1, 2, 3, ...). 

Then 2rt.(/) = = 2R, (a), 

according to the definition of (5.2.1). Similarly 

Max/ = Max a, Min/=Mnct, 

and (if we anticipate the definition of § 6.7) ©(/)=:© (a). This specialisa- 
tion enables us to include many theorems of Ch. II and Ch. V in the 
corresponding theorems of this chapter. 

Alternatively we might (as in § 6.4) suppose that the range of integration 
is (0, 1), and define f{x) and q{x) by 

/(®)=a„ (?i+... + g'„-i^a;<g'i + ...+?„), q{x) = l. 

In this case also Wlr{f) reduces to S0l,.(a). 

a To admit this case is to abandon momentarily the understanding of § 6.2, that 
/ is assumed to be finite almost everywhere. 
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183. // r #= 0 aThd (/) is finite and 'positive, then 
Min/<50i,(/)<Max/, 

unless f^G. 


Here r is of either sign. The proof is like that of Theorem 1. 
Suppose first that r = 1. Then, using a weight function q{oc), we 

J'S(/-3I)*=0. 


Hence either /= % or/-- St is positive and negative, each in a set 
of positive measure. This proves the result for f — 1, and we extend 
it to the general case by use of (6.6.3). 

If we wish to state Theorem 183 in a form corresponding more 
exao%ito that of Theorem 1 and its extension in Ch. V^, we 
must say ‘ IMin /< (/)< Max/ unless f^G or else r <0 and 
9Jlr(/) = d’. We have then two cases of equahty corresponding 
exactly to those distinguished in §5.2, the ‘primary’ case in 
which /= G, in which both inequahties reduce to equaHties, and 
the ‘secondary’ case, occurring only for f<0, in which one 
inequality only reduces to an equality. This distinction recurs 
in many of our theorems, when r < 0, as it recurred in Chs. II 
and V ; but it is less conspicuous here because we often ignore 
negative values of r. 


6.7. The geometric mean of a function. We define the 
geometric mean ^ (/) by 

(0.7.1) ©{/) = ©(/, = 

or 

(6.7.2) log(3i(/) = 91(log/), 

so that, in particular, if p = q, ^ qdx=^l, we have 

(6.7.3) ^{f)=^'^og(B{f)=Jqlogfdx. 

Certain preliminary explanations are necessary. 

Since log /is not necessarily positive, the possibilities concern- 
ing the convergence of ^ are more complex than those which we 
have considered hitherto. 


See §6,2. 
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If we denote by and the integrals formed with log+/ and 
log”/, as ^ is formed with log/,®' then there are four possibihties : 
(a) and both finite, (6) finite, —co, (c) = oo, 
3“ finite, (d) = 00 , — 00 . The four cases are exemplified 

by the functions 

X, exp sin 

in (0, 1), with g'(a;) = 1. 

If 3)1,. (/) is finite for some r > 0, then, since 

log+fS Max j fij > 

;^+ (/) will be finite, and we shall be concerned only with Qpses {a) 
and (6). In case (a), ^ (/) exists as a Lebesgue integral, and ® {/) 
is positive and finite. In case (6) we write 
^(/)=-a), @(/) = 0. 

Similarly, if Wril/f) is finite for some r > 0, we are in case {a) or 
case (c); in the latter we write 

^(/) = cx), @(/) = a). 

In case (d) the symbol @ (/) is meaningless. In this case SOi,. (/) 
and Wr{llf) are infinite for every positive r, and 3)2:,. (/) = 0 for 
every negative r. 

In case {a) we have 

®( 7 )= 4 ’ 

both sides being positive and finite ; and a moment’s consideration 
shows that this equation holds in all cases, if we adopt the same 
convention about 0 and 00 as in (6.6.4), and the additional con- 
vention that one side of the equation is meaningless if the other 
is meaningless. 

We now prove the analogue of Theorem 9. 

184. If %{f) is finite then 
(6.7.5) W)<%Ul 

® See §3.2 for the definitions of log+ and log“. 
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unless f^O, where G is constant. More generally, if 50l^(/), 
where r > 0, is finite, then 

(6.7.6) ^{f)<mf), 
with the same reservation^. 

Suppose first that r=l, 9K,.=91. If 9l(/) = 0, /=0, and so 
^{f)= - 00 , @(/) = 0 = 9l(/). Wemaythereforesuppose9l(/)>0. 
Since, by Theorem 150, 

(6.7.7) logif<^-l, 
if ^ > 0, i 4= 1, we have 

log/~log9l(/)^ J^-1, 

9((log/)-log3l(/)^||i|-l = 0, 

log@(/) = 9r(log/)^log3r(/). 

Equality can occur only if/s 91 (/). 

The result for general r now foUows from (6.6.3). 

In Theorem 184 we have stated the hypotheses ‘if 9C(/) is 
finite’, ‘if ‘iUlrif) is finite’ explicitly. As we have explained in 
§§ 5.1 and 6.6, we shall often save space by omitting such hypo- 
theses in accordance with our conventions. We shall also denote 
constants hj 0, A, B, a, b, ... without explanation, when there is 
no danger of ambiguity. Two d’s occurring in the same con- 
nection will not necessarily be the same. 

We add two' corollaries (extensions of Theorem 10). 

185. (S(/) + ®(g')<®(/+9'), unless Af^Bg, where A, B are not both 
zero, or <5{f+g) = Q. 

We may suppose that ® (/+ g) > 0. Then, by Theorem 184, 

The addition of the two inequalities of this type gives the result. 

More generally 

186. ® (A) + ® (A) + © (A) +...<© (A +A +/3 + • • • ) 

(the series being finite or infinite), unless f„= or @(SA) = 0. 

S' For the proof which follows see T. Riesz (7). 
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6.8. Further properties of the geometric mean. Our 
next theorem corresponds to Theorem 3 (for positive r). 

187 . If Wtr (/ ) is finite for some 'positive r, then 

(6.8.1) mr(f)->(3{f) 

when r-» + 0. 

It should be observed that @(/) may be finite even when 
9)1^ (f) = 00 for all r > 0. This is so, for example, if f{x) = exp 
^ (x) = 1, and the range is (0, 1). 

When E is B,. closed interval or set, and / is continuous and 
positive, the proof is immediate. In this case /^8>0, log /is 
bounded, and - 

[1 + rlog f+0{r^ {log f)^}]qdcr " 

= l + r^+0{r^), 

lim log 50^,. = Km ilog {1 + + 0 (r 2)} = ^. 

There is some difficulty in extending this argument to the 
general case. The difficulty can however be avoided as follows^'. 
By (6.7.6) and (6.7.7), we have 

(6.8.2) log@{/)Sloga»,(/) = iloga(r) 

When r decreases to zero, (F~ l)/r decreases (by Theorem 36) and 
tends to the Kmit log t. Hence^ 

(6.8.3) (/') - 1} = « (log/) = log @ (/), 

the right-hand side being finite or — oo. Combining (6.8.2) and 

(6.8.3) we see that 

log @ (/) ^ lim log (/) ^ Em log 9)1,. (/) ^ log 0) (/), 

which proves the theorem. 

6.9, Holder’s inequality for integrals. Weconsider next the 

a F. Riesz (7). Other, less simple, proofs have been given by Besioovitch, Hardy, 
and Littlewood: see Hardy (7). 

See § 6.3 (6) (ii). 



140 


INTEGRALS 


theorems for integrals which correspond to Theorems 1 1~15. It is 
convenient to introduce another definition which enables ns to 
shorten our statements of cases of equality. Two functions f, g 
will be said to be effectively proportional if there are constants 
4, B, not both zero, such that Af^Bg. The idea has occurred 
already in Theorems 181 and 185. A nul function is effectively 
proportional to any function. We shall say that/, g, h, ... are 
effectively proportional if every pair are so. 

188. Jf a., X are positive and a.+ + then 

(6.9.1) ^f°^g^..J^dx<{^fdx)°^{fgdx)P.,. Uldx)^, 

unless one of the f unctions is nul or all are effectively proportional. 

ASfetrmsng no function nul, we have, by Theorem#9, 

(•/ / Y( 9 Y /_L\b. 

{lfdx)«{fgdx)f...(Sldxy' }\Sfdx) [fgdxj '"\sidxj 

= j (j/S + + • • • + Jia) ^ ’ 

with inequality unless 

=_i__ 

jfdx ^gdx ^Idx' 

As a corollary*^ we have 


189. If Jc>l then 

(6.9.2) Ifgdx < {Iffdxfl^ {Ig^'dxf^' 
unless ff and g^' are effectively proportional. 

If 0< 7c <1 or 7c <0 t7ien 

(6.9.3) !fgdx>{lpdxfi^ ilg^dxf^' 

unless either {a) /* and are effectively proportional or (6) fg is 
nul. 


The second half of the theorem requires a little explanation. 

Suppose first that 0<^< 1 and that ^g^dx is finite, so that g 

is almost always positive. If then we write l^ljh, so that 

I > 1, and £ , M 7 

f={my, g^v~i, 

fg==u7, g^'=:v^', 

Compare § 2.8. 


so that 
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then u and v are defined for almost all a;, and 
J 'mdx < (J uhlxf-^^ (J v^'dxy-^^' 
or dx < iSfg dxf {/ dxf-^, 

unless u^, v^' are effectively proportional or, what is the same 
thing, unless /*, gf*' are effectively proportional. Since jg^'dx is 
finite and not zero^ this is (6.9.3). 

If = then 

(since ^'<0). Hence the right-hand side of (6.9.3) is zero, and 
there is inequahty unless jfgdx—0, or fg is nul. 

When Je<0, 0<h'< I, and the argument is substantially the 
same. » 

As we have explained in §§ 5.1 and 6.5, the theorem contains 
implicitly an assertion about convergence or finitude ; if two of 
the integrals involved are finite, then so is the third. The 
integral which is finite if the other two are finite is ^fgdx when 
/c> 1, J pdx if 0 < /c < 1, and J g^'dx if /c < 0. 

The theorem corresponding to Theorem 161 is very important 
and, like Theorem 161, is not a direct corollary of preceding 
theorems. 

190 Iflol and fg belongs to Lfor every g which belongs to V^\ 
then f belongs to L*. 

We consider first the case in which {a, b) is finite (or mE finite), 
and suppose that J/*da;=oo. We can find a function/* which 
(1) has only an enumerable infinity of values and (2) satisfies 
/* ^/</* 4- e. Since /* does not exceed a constant multiple of 
(jp—/* )*^ Tjy Theorem 13, we have J/**daj = oo. Hence, if 

is the set in which/* = % , 

Sa/e^=co. 

It follows from Theorem 161, taking 

^ Sg^'dx~0 woTild involve sf*^ = 0 and so oo, and tins possibility is excluded 

by the understanding of § 6,2. 

^ F. Riesz (2). 
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that there is a 6^ such that is convergent and 21% e, = oo . 

We take g (tc) = in (for all i). Then 

is convergent, but 

J/*grdaj = S%6 = CO, 

and hence = CO, contrary to the hypothesis. 

If the integrals are over an infinite range, say (0, oo), we can 
write 



when 

rfgdx=: i^FGdt, ("g^'dx^ 

j j 0 Jo Jo Jo j 0 

where 

J {«) = (! -«)-“/(—), = 

The theorem is thus reduced to the finite case. 

191. If k>l, then a necessary and sufficient condition that 
F is that J/g^ da? ^ F'^l^ for all g such that J gr*' dx%G. 
The condition is necessary, by Theorem 189. If it is satisfied, 
then das is finite, by Theorem 190. If J/*da: > F, we choose g 
so that g^' is effectively proportional to /*, and then, by Theorem 
Sfgdx = iSpdxyl^ (J g^'dx^i^' > F^^ 0^1^'. 

The theorem may also be stated with ‘ < ’ for ‘ ^ ’ in the first 
two inequalities: in order that ^f^dx<F, it is necessary and 
sufficient that J/gdir < F^l^‘ whenever J g^'dx g G. 

We can prove Theorem 191 without appealing to the more difficult 
Theorem 190. If J/*da3>jP then ^{f)fdx>F for sufficiently large n. 
Then, choosing g effectively proportional to we have 

!fgdx>!if)„gdx = U{f)n’‘dxy'’‘GV^'>F^i’‘0^^^^^ 
in contradiction to the hypothesis of the theorem. 

Another proof of Theorem 190 (and of the associated Theorem 161) 
has been given by Banach (1, 85-86). 

An example of the use of Theorem 191 appears in § 6.13, in the proof of 
Theorem 202, and others in Ch. IX.® In § 6. 13 Theorem 202 is proved in 
a See in particular §§ 9.3 and 9.7 (2). 
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two different ways, of which one depends explicitly on Theorem. 191 while 
the other does not nse it, and the logical status of Theorem 191 in proofs 
of this character is explained in detail. 

6 . 10 . General properties of the means {/) . We shallnow 
prove a number of theorems which include the analogues of those 
of §2.9. The properties to be investigated are a little more com- 
plex than they were there, and we shall require some additional 
conventions before we can state them comprehensively. We 
suppose first that r > 0 ; the theorems which we prove in this case, 
with those which we have proved concerning (31 (/), will give us 
the substance of what is required, and we shall be able to state 
the results for unrestricted r more summarily, leaving most of 
the details of verification to the reader. « 

192. If 0<r<s and iOlg is finite, then 

unless /= G. 

Hr— so,, so that 0 < a< 1, we have, by Theorem 188, 

J qf dx==S (J qf^dx)°‘(J qdx)^~'^ = {J qfHx)’^, 

unless qp= Gq. Since s' > 0, this is the result required. 

193. If 911^ is finite for every r, then Mr-^M.a,xf when oo. 

(i) Suppose ix — 'M&xf finite. Then («) ft, and (6) f>ix~€ 

in a set e of positive measure so that 

J qdx = i>0, S!R,6(p-€)C»fr, 

(ii) Suppose Max/= co. Then, for any (? > 0, /> (r in a set e of 
positive measure, and, as above, lim9R^^ G. 

From (6.6.4), (6.6.5) and Theorem 193 it follows that 

whenr-> — 00 . 

194;. 1/ 0<s<oo and finite, then 9)1,, is continuous for 
0<r<s and continuous on the left for r—s. If == oo, but 9)1,. is 
finite for 0<r<s, then when r-^s. 

(i) Suppose 9)^3 finite. Then 

qf^<q'M.a,x{l,f^), 
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a maj Grant of class L independent of r; and the results follow 
from §6.3 (6) (i) a 

(ii) Suppose 30^g = oo. We can choose so that 

But (<?/*'), j, is a continuous function of r, and so^ 

^W)ndx>lQ 

for r > 5 - e. Hence J qfdx >\0, which proves the theorem. 

6.11. General properties of the means W^if) {continued). 
In the preceding sections we have, in the main, confined our atten- 
tionJ]o means for which r ^ 0, leaving it to the reader to deduce 
the con'esponding results for means of negative order from the 
formulae (6.6.4) and (6.6.5). In this section we consider the 
means more comprehensively. We write, as is natural after 
Theorems 187 and 193, 

(6.11.1) ®(/) = 9)^o(/). Max/=91V^(/), Min/=iOi_«, (/). 

SOlo (/) may be meaningless, but only if 50?:,. {f)~oo for all r > 0 and 
(/) = 0 for all f < 0. 

We begin by disposing of two exceptional cases. 

(A) If/= (7 then Mr—O for all r, and this is true even in the 
extreme cases 0 = 0 and 0= oo.® 

(B) We may have 

Wtr=0 {r <0), ^0 meaningless, = oo (r > 0) . 

These cases we dismiss. We then leave it to the reader to verify 
the truth of the assertions in (1) and (2) below, which cover all 
oases other than the exceptional cases (A) and (B). 

( 1 ) Mr<MsfoT —(X)^r<sS CO, unless {a) (which 

can happen only if r^O), or (6) a)f^^=5!)ig=0 (which can happen 
onlyifs^O). 

a Gontimiity for ?•< 5 can also be deduced from Theorems 111 and 197 (see §6.12). 
By g 6.3 (b) (i). 

« Strictly, the second case is excluded by the understanding of § 6.2. 
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(2) We denote by and $01^+0 limits (wMcb. always 
exist) of 3)^j( when i{->r from below and from above respectively. 

If f>0 then 9 K^_o= 9JI:,.5 and except when $01,. is 

positive and finite but SOlf == oo for t > r, in which case 
$0i,+o = oo>^r. 

If f<0 then $0l,..,.o = 3[)^r5 S0l,._o==50l,. except when $01,. is 

positive and finite but ^t=Q for t<r, in which case 
$0J,_o = O<$!)l,. 

If r=0 there are exceptional eases corresponding to each of 
those indicated above. If $0lo is 0 or co then either (a) $0l_o and 
are each equal to SOJqj or else (6) 

® $0i_o=3)lo = O, $0f+o-oo 

or $0l_o = 0, $10lo = 501+0 = °o* 

If $)0lo is positive and finite, then each of $01:_o and $0 ?:+q , if also 
positive and finite, is equal to $0io; but $0l_o may also be 0 or $0t+o 
may be co. 

Finally, all possibilities not explicitly excluded may actually 
ocour^. 

The results may be stated more symmetrically and concisely in terms of 
i>,=logSlR,: 

we agree that logco=+oo and logO=— oo. We put aside the eases 
corresponding to cases (A) and (B) above, viz. 

(o) /= C (where 0 may be 0 or oo), when fiy=log G for all r; 

(&) S.Q meaningless, when = + oo for r > 0 and &^= — co for r < 0. 

195. Apart from the cases just mentioned, the set of values of r for which 
£,.=log5Dl,. is finite is either the nul set or a closed, half -closed, or open in- 
terval lor {u,v), where — oo<w<t;^oo, which includes the point r — Q (so 
that uAQAv), hut is otherwise arbitrary (so that, for example, u may be 
-- 00 and v be + oo, or « and v may both be 0). is -k- oo for values of r to 
the right of I and — oo for values to the left. 

Inside I, 2^ is continuous and strictly increasing. If r tends to an end- 
point of I through values of r interior to I, then tends to a limit {finite 
or infinite) equal to its value at the end-point in question. 

6.12. Convexity of log $01/ . In this section (as in Theorem 1 7 ) 
we suppose r > 0. 

A See Theorem 231. 


HI 
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196. If(}<r<s<ty mid is finite, then 

unless f= 0 in a part of E andf^ G in the complementary part. 

The proof is based on Theorem 188, and is the analogue of 
that of Theorem 17. For equaKty, 

<!r^GqfK 

As a corollary, we have 

1 97 . log 2)1/ (/) = r log 2)1,. (/) is a convex function of r. 

Compare Theorem 87. The reader will find it instructive to 

dechico^he continuity of 2)1,. (Theorem 194) from Theorem 197. 

6.13. Minkowski’s inequality for integrals. The inequali- 
ties of the Minkowski tjq)e are derived in substantially the same • 
way as in §2.11. The ordinary form of Minkowski’s inequality 
for integrals is 

198. If h> I then 

(6.13.1) {l{f+g+... + lfdxY^<{lf‘dxfl ^+ ... + {^PdxY^^, 
and if Q<h<l then 

(6.13.2) {J(/+g+ ... +lfdxY^>{lfdxf^^.,. + ill^dxfl^, 
unless f, g, I are effectively proportional. 

The inequality (6.13.2) is still true generally when k<0, but 
there is a second case of exception, when both sides of the inequality 
vanish. 

We deduce this from Theorem 189 much as we deduced 
Theorem 24 from Theorem 13. Since the cases of equality are 
a little puzzling, we write out the proof of (6.13,2) in detail. 

If B =f g -^-l then 

(6.13.3) ^B^dx=^U^^~’^dx+^gB^-Hx+...-¥ll8^^-^dx. 
Suppose first that 0 <&< 1. By Theorem 19, 

Hence, if Iffdx,... are fiboite, jS^dx is finite. Also lB^dx>Q 
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unless S^O and so f,g, are all nul. We may therefore suppose 
JS^dx positive and finite. 

By Theorem 189, 

unless {a) p and /S'* are efiectively proportional or (6) //S*~^ = 0. 
Since /c — 1 < 0, and 8 is finite almost everywhere, the second 
alternative can occur only if / is nul, and so reduces to a case 
of the first. Hence (6.13.3) gives 

(6.13.4) ^8^dx > {(J/*da;)i/*+ ... + {ll^dxp^} ^8^dxfi^\ 

unless/, g, , I are effectively proportional; and the conclusion 
follows. 

The argui^ent goes similarly when k<0, provided -fS^dx is 
positive and finite. If ^8^dx = 0 then, since h<Q, 8 is infinite 
almost everywhere, which is impossible since every / is finite 
almost everywhere. If I8^dx is infinite then (again since h<Q) 
Ipdx,... are all infinite, and both sides of (6.13.2) are zero. 
This is the second exceptional case mentioned in the enunciation, 
and occurs, for example, when 

/=gr=...=Z=0 
in a set E of positive measure. 

We have excluded the cases h—1 and ifc = 0 from the state- 
ment of Theorem 198, The first is trivial and the second is 
included in Theorem 186. We leave it to the reader to state 
Theorem 198 in a form corresponding to that of Theorem 24. 

Corresponding to Theorem 27, we have 

199. If h> I then 

(6.13.6) J (/+ g-\-... + l )^dx>lpdx + . • . + J l^dx, 
and if d<k<l then 

(6.13.6) ^{f+g+...+l)^dx<^Pdx+...+jl^dx, 

unless, for almost all x, all hut one of f, g, .,.,1 are zero. If all of 
f,g, I are almost always 'positive, then (6.13.6) is true also for 
h < 0 . 

Theorem 198, with 1, is a special case of the first of the 
following three more general theorems, in which the series are 


10-2 
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finite or infinite and the ranges of integration arbitrary. We 
confine ourselYes to the case lc>l‘, in general, the sign of in- 
equality is reversed when h<l. 

200. Ifk>lt}ien 

(6.13.7) < 2 

unless f„{x)mO„<l>{x). 

201. Ifk>lthen 

(6.13.8) 

unless fn (a*) = (7^ (a; ) . 

202. If k> I then 

(6.13.9) [J{ J/ (i^;, y ) dyY dxfl^ < J {J {x, y) dx^l^^ dy, 

unless ^ f{x,y)^<l}{x)ifj{y). o- 

In each theorem there is equality in the exceptional case. 
Consider for example Theorem 202 (the least elementary of the " 
theorems). We begin by proving the theorem with ‘ ^ ’. We give 
two proofs, in the first of which we appeal to Theorem 191. In 
each proof the chain of equalities and inequalities which arises 
is to be interpreted in the sense ‘if the right-hand side of any 
equality or inequality is finite, then so is the left-hand side, and 
the two are related as stated’. The inversions of the order of 
integration are Justified by Fubini’s Theorem. 

We write J=J{x>)=Sf{x,y)dy. 

(i) In order that 

(6.13.10) 

it is, by Theorem 191, necessary and sufficient that 

(6.13.11) Pgdx^M 
for ail g for which 

(6.13.12) ^g^'dx^l. 

Now 

(6.13.13) lJgdx=-lg{x)dx^f{x,y)dy 

=^]dy{jg{x)f{x,y)dx)^ldy{\f^{x,y)dxfl^, 
by Theorem 189 and (6.13.12). Hence we may take 
M=ldyqf^dx)»^ 

in (6.13.10), which proves the theorem (with ‘ ^ ’). 
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(ii) = 0, then J = 0 for almost all x, and so (for almost 

all x ) /= 0 for almost all y. Hence, after § 6.3 {d),f{x, y) = 0. 

We may therefore suppose that ^J^dx > 0. Let us assume for 
a moment tladAi^J^dx is finite. Then 

lJkdx=lJ^^-'^dxUdy^ldylJ^-^fdxSldy{{U^dxY^^{lJ^^dxfl^^'} 
= ilJHx)^^ I iU^dxyJ^dy, 

and so 

(6.13.14) {lJ^dxfi^<^{lpdxyi^dy, 

which is (6.13.9), with ‘ ^ ’ for ‘ 

In this proof we have assumed ^J^dx finite, an assumption 
which was not required in proof (i). In order to get rid of the 
assumption, we must approximate to/by some functionf^rwhich 
the assumption is certainly justified. Suppose for example that 
the integrations are over finite intervals or sets of finite measure, 
that {f)n is defined as in § 6.1, and that 
Jn=-!{f)ndy- 
Then ^JJ‘dx is certainly finite, and so 

{!J,^‘dx)^l^^^!{! inj^dxyi’^dy ^Hif’^dxfii^^dy. 

From this (6.13.9) follows, with ‘ ^ by making %->oo. 

The arguments under (i) and (ii) are essentially of the same 
character, the part of the arbitrary g in (i) being played in (ii) by 
the definite function 

jk-i 

which satisfies (6.13.12) is finite. By using this particular 

g, we avoid an appeal to a rather sophisticated general theorem, 
but at the cost of some additional complications. A similar alter- 
native presents itself whenever we make use of Theorem 191. 

It remains to discuss the possibility of equality in (6.13.9). 
There will be inequality if 

fJgdx<M 

for all g sub j ect to ( 6 . 1 3 . 1 2 ) . There is inequality in 
idy{^gfdx)-^]dy{(jf^dxfl^^g^'dxy:l^'}, 

a See the last remark of § 6.9. 
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unless, for almost all «/,/* and are effectively proportional, i.e. 
unless (for almost all y) 

(6.13.15) piy)f^{x,y)=(y (y) g^' 

where a^> 0, for almost all x. If p(y) were zero, for a y for 
which (6.13.15) holds, g{x) would be nul, which is false. Hence, 
in (6.13.15), p(2/)>0, and so 

f{x,y)=^<l>{x)tfs{y), 

where tl> = g^l^, ifj= (cr/p)^/*. This equation holds, for almost all y, 
for almost all x, and therefore, by § 6.3 (d), for almost all x, y. 

The proofs of Theorems 200 and 201 follow similar lines. Thus, in 
proving Theorem 201, we write 
■ * — 

and argue as follows. In order that it is necessary and suffi- 

oient, by Theorem 15,®' that S6„ J„<M whenever 1. Also 

S6„ - S6„ J/„ drc = J (S6„/„) dx ^ /da; (i://)i/*= ^ J da;| 

and so on. The summation under the integral sign is justified by (ii) of 
§6.3{&). 

The analogue of Theorem 26 is 
203. If 0<r<s then 

^^(v) 911,{*)/(a;, y) < mf^^f{x, y), 

unless f{x, y) = 

For an explicit proof see Jessen (1). 

6.14. Mean values depending on an arbitrary function. 
There is a theory of integral mean values involving an arbitrary 
function similar to that developed in Gh. III. We do not set it 
out in detail here because it would be so largely a repetition, in 
a sMghtly different form, of what we have said already. We 
confine ourselves to proving the analogue of Theorem 95.^ 

204. Swp^ose that a^f{x) ^ j3, where a and ^ may he finite or 
infinite, and that f{x) is almost always different from (z and /3; that 
the range of integration and the weight function p (x) satisfy the 

“ Extended to infinite series. 

A number of other analogues of theorems of Ch, III are stated among the 
miscellaneous theorems at the end of this chapter. A fuller treatment of some of 
them will he found in Jesaen’s papers 2 and 3. A good deal of the content of these 
papers has been incorporated, with the appropriate modifi.cations, into Ch. III. 
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conditions 0 / § 6 . 6 ; and that cj)" (t) is positive and finite for a<t<^. 
Then 

whenever the right-hand side exists and is finite; and there is equality 
only when f= C. 

It is possible that Jfpdx—co or ^fpdx— —00; (6.14.1) is then 
still true if interpreted in the obvious manner. It is not possible 
(when the right-hand side is j&nite) that ^fpdx should not exist, 
i.e. J/+pd!a; = oo and lf~'pdx= — co. Eor in this case a= —00, 
j8 = oo, and ^(/), being convex and not constant, must tend to 
infinity, with rapidity at least that of a multiple of | / j , esither for 
large positivS or for large negative values of/, so that f^{f)pdx 
cannot exist and be finite. 

We take p = qy qdx— 1, and suppose first that ’Sk=Jfqdx is 
finite. If/ is not effectively constant, a< ;S. Also / is finite, 
and a </< j8, for almost aU ic; so that, for almost aU x^ 

<f>{f)=f m) + if- m y m ) + i (/- r ly, 

where y lies between / and 9[ft, so that a< ^ Hence 
jcl>if)qdx^cl>m), 

which is (6. 14. 1 ). There is equality only if (/- 9)1)2 (^) = 0; but 
and so f" (/x) > 0, for almost all x, so that then /= 

Next suppose (say) J fqdx = 00, so that fi — 00. Then 
{(/) J q dx, 

by what has been proved already. Since ^ (/) is continuous and 
monotonic for large/, the integral on the right tends to J9& (/) qdx, 
while that on the left tends to f{co). Hence ^(00) is finite, in 
which case ^ is decreasing and 

^M<^(/). 

It follows that 

<!> (co) = cl> {00) J qdx if) qdx, 

with equality only if /. (/) ~ ^ (00), a possibility which we excluded. 
The case in which ^ fqdx= —00 may be discussed similarly. 

a See Theorem 126. 
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It is possible that the left-hand side of (6.14.1) should be — oo. 
The reader will find it instructive to verify that the various cases 
which we have contemplated can all occur. 

If we take ^ (i) = -- log t, we obtain 


exp ^logfdx^S jqfdx, 


i.e.@(/)^91(/) (Theorem 184). Ifwe take (^ = ^^we are led again 
to Holder’s inequality, and other examples may be constructed 
analogous to those of § 3. 1 1 . If we take (f>{t)-t log t, we find 


205. 


!pfdx 

!pdx 


<exp 


( !pflogf dx\ 

\ Spfdx /’ 


unkss C. r 

We can extend the result of Theorem 204 (except for the 
specification of the cases of equality) to any convex and con- . 
tinuous 


206. The inequality (6.14.1) is true whenever </> {t) is convex and 
continuous in (x.<t<^. 

After § 3.19, we have 

mmm+Mf-m, 

where A is any number between the left and right hand deriva- 
tives of ^(^) for 501. Hence 

!mqdx><^m), 

which is (6.14.1). 

STIELTJES INTEGEALS 

6.15. The definition of the Stieltjes integral. We have so 
far considered series and integrals separately, and all the funda- 
mental theorems have appeared in dual form; thus Holder’s 
inequality is contained in Theorems 13 and 189. It is natural to 
look for an extension of these theorems which combines them 
into one, and we can find such an extension by using Stieltjes 
integrals. 

Suppose that (f) (xj increases (in the wide sense) ina^x^b, and 
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that ^ {a) = aL, (f) (6) = /3. We suppose a and ^ (but not necessarily 
I a and b) finite^. The curve 

y^y{x)=^^x) 

is a rising curve which may have an enumerable set of ordinary 
discontinuities or of stretches of invariability. The inverse 
function x==x{y)^x(cf>) 

is defined uniquely except (a) in intervals {y^ , y^) of y corre- 
: spending to discontinuities x~^ of (f) and (b) for values of y which 

f correspond to stretches of invariability of If we agree that 

I ( 2/1 j 2 / 2 ) is ^ stretch of invariability of x{y),m which it has the 

value I, then x{y) is defined except for the values (6), and is an 
; increasing function of y for the values of y for which it is«defified. 

Finally we complete the definition of x{y), as an increasing 
, function of y, by assigning to it, for a value (6) of y, any one of 
the values of x in the stretch of invariability. These values of y 
! are enumerable, and our choice of x {y) for any of them has no 

effect on the definitions which follow. 

We now define the Stieltjes, or Lebesgue-Stieltjes, integral 

I f fix)d<j>{x)=^{ f{x)d<i>, 

I J x=a J a 

» oif{x) with respect to ^ [x), by 

(6.16.1) 

; whenever the integral on the right-hand side exists as a Lebesgue 

1 integral^. 

I The definition (6.15.1), due to Radon (1), reduces the theory 

'I of Stieltjes integrals to that of Lebesgue integrals, and we may 

,! therefore expect that no new difficulties will arise. For full dis- 

cussions of this and older defiboitions of the Stieltjes integral, we 
may refer to Hobson (1), Lebesgue (1), Pollard (1), Young (7). 

If, e.g., &= 00, then j 3 = lini (^(x). 

: SC—}>-CO 

•' ^ If g is any function of bounded variation, then "where ^ and ip are 

increasing functions, and we may define the Stieltjes integral of/ with respect to g by 

1? We shah not require tins more genera! definition here. 



154 


INTEGRALS 


We can define 


f f{x)dcf>> 
J B 


where <f> is an increasing function, and JS a set of values of x, 
similarly, that is to say by the equation 




where € is the set of values of ^ corresponding to E. We must 
assume € measurable. The integral 


f # 

J B 

is the variation of ^ in E. 


6^46.*Special cases of the Stieltjes integral. Jhe simplest 
cases are the following : 

{a) <f> — x. In this case the Stieltjes integral reduces to the , 
ordinary Lebesgue integral. 

{b) <j> is an integral. In this case 

J f{x)d<f> = j f{x)<}>'{x)dx. 


(c) (f> is a finite increasing step-function. 

Suppose that a=a-^<a^< ...<a^ = h, that ^{x) — <x,js, where 
^k<°^ 7 e+i> ^i^k)} when l<k<n, has 

any value consistent with the fact that ^ increases. Then x {y) is 
a step-function with values Gg, and 

(6.16.1) £/(2^ = jy{a:(^)}# 


= («! - a)/ (%) + (ag - aJ/Cug) + (a^_i - a^_ 2 )/K_i) 
+ (^- a«-i)/K) 

-'^Pkfi^k)} 


where pj^ is the saltus of ^ at a; = a* . It is plain that any finite sum 
can be expressed as a Stieltjes integral; thus 


where ^ is a step-function with unit jumps at ctg, and 
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{d) These considerations extend at once to step -functions with 
infinitely many discontinuities, when the Stieltjes integral is 
Uphfiaj.), summed over all the discontinuities. Any convergent 
infinite series may he expressed in this way as a Stieltjes integral. 

6.17. Extensions of earlier theorems. It will now he clear 
that all our fundamental theorems may he extended at once to 
Stieltjes integrals, and that the theorems thus obtained include 
those for Lehesgue integrals and also those for sums. We state 
the most representative of these theorems in the next section. 
Two preliminary remarks will he useful. 

(1) When the Stieltjes integral is written as a Lehesgue 
integral, thc» variable of integration is <f). Our conditions^ for 
equality were always of the type /= g, f— g except in a set of 
measure zero. The exceptional set in our new theorems will he of 
measure zero in <f), and when we state this concept again in terms 
of X it becomes ‘a set of values of x in which the variation of ^ is 
zero’, i.e. a set E such that the corresponding values of ^ form 
a nul set. Our conditions for equality must therefore all be in- 
terpreted in this sense. Thus ‘f is effectively proportional to g’ 

means that . « t, 

Af==Bg, 

where A and B are constants, not both zero, except at the points 
of a set over which the variation of ^ is zero. It will he observed 
that such an exceptional set cannot include any point at which 
<f) (x) is discontinuous. 

A similar point occurs in the definition of Max/ and Min/. 
Thus Max/ is the greatest number ^ such that, for every 'positive e, 
f>^ — &ina setin 'which the variation of <f> is positive. 

(2) Many inequalities ‘'X< T’ are true for Lehesgue integrals 
when their analogues for Stieltjes integrals are true only with 
‘ ^ Suppose, for example, that the integrations are over (0, oo) 
and that Ifdx- 1. Then, by Theorem 181, 

(6.17.1) {jxfdxf<jfdwjx^fdx=fx^fdx, 
unless x^f^Gf or x^ = C, which is imtrue, so that (6.17.1) is true 
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in any case. In the corresponding theorem for Stieltjes integrals 
we have §dcj}~l and 

(6.17.2) {^xd<f>YSS^fl> 

There is equality in (6.17.2) i£x^^G, i.e. if x is constant except in 
a set over which the variation of ^ is zero, or, what is the same 
thing, if <l> varies at one. point only. Thus if 0 = 0 for 0^a;< 1, 
and <j> (x) = 1 for a? ^ 1, then 

(jxd<f>f=l=^!x^dcl,. 

6.18. Tlie means ^)‘ We write 

(.+0), 

®{/; .A)=exp(62|Wj^5j,j_^(jP. 

These definitions presuppose that the integrals involved are 
finite. If J = oo, we agree (following the conventions of § 6.6) 
that 911^ = 00 when r > 0 and 901?:^= 0 when r < 0. The points dis- 
cussed in §§ 6.2 and 6.7 naturally recur here in connection with 
the definition of 

The theorems corresponding to Theorems 183, 184, 187, 189, 
192, 193, 197, and 198 are as follows: we suppose for simplicity 
of statement that r > 0. 

207. Min f<Mj. if) < Max/ unless f~ G, 

208. %[f)< TH,. (/), and in particular (/), unless f^G. 

209. If ^rif)'^^ for some r, then Wlrif)^^if) when 
r-> + 0. 

210. If h> I, then 

luvdf><iluH<f>Y'>^ilv^dj>)^^' 

unless # and are effectively proportional. The inequality is 
reversed' 'when 0<Jc<l or h<0, except when u^ and v^' are 
effectively proportional, or the left-hand side is zero {m which case 
the right-hand side is also z&ro). 
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This is Holder’s inequality; there are naturally corresponding 
generalisations of Theorems 11 (or 10) and 188. 

211. If r<s, then 50*1^ {/) < HKs (/)> unless f^G. 

212. If Wtf (/) is finite for ev&ry positive r, then Wr (/) ->Max/ 
when r-^ +co. 

213. log W/ if) is a convex function of r. 

214. If h>l, then 

unless u and v are effectively proportional. The inequality is in 
general reversed if 0<h<l or Tc<0.^ 

AXIOMATIC TREATMENT OE MEAN VALI:E& ’s 

6.19. Distribution functions. In Ch. Ill we defined the 
mean value S!K^ = ®^{a.g,) = ,^-i{Ss,^(a)} 

directly, and developed its characteristic properties from the 
definition. Here we reverse the process and give the ‘axiomatic’ 
treatment promised on p. 66. It is convenient to use the notation 
of Stieltjes integration, and it is for this reason that we have 
reserved the discussion until now; hut the Stieltjes integrals 
which we use are actually all finite sums. 

In what follows we consider a special class of step-functions, 
defined for aU real Xy which we call finite distribution functions. 
We call F (x) a finite distribution function if 

(i) it is constant in stretches and has only a finite number of 

discontinuities, 

(ii) it increases (in the wide sense) from 0 to 1, so that 

J'(-oo) = 0, ^^( 00 )=!, 

(iii) (a:) = -I { J (a; — 0) 4- (a; + 0)} for all iK. 

The distribution function which has jumps q at the points a 
provides a representation of both the values a and the weights q 
involved in (a) . The simplest such function is 
J^(a;) = |(l-}-sgna:), 

a We leave the specification of the exceptional cases to the reader. 
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■which, has the single j-amp 1 at a;== 0. If we write 
then 

(6.19.1) E{x) = ZqEa{x), 
where 

a^a^, q = q^ (v=l,2, T,q^=l, ai<a 2 < 

is the general finite distribution function with jumps q at the 
points a. Also 

(6.19.2) J” (f>{x)dF{x) = i:qcl){a), 
and the mean value (3.1.3) may be written as 

C<s.w:3) r 

Any finite distribution function is 0 for x<A and 1 for iK > .S, . 
A and B being finite numbers depending on F, In what follows 
we confine our attention to a sub-class of these functions, viz. 
those which satisfy 

(6.19,4) J’(cc) = 0 {x<A), F{x)-l {x> B) 

for a fixed A and B. In these circumstances we say that F belongs 
to%{A,B). 

If j>{x) is continuous and strictly monotonio in the closed 
interval {A,B), then is defined, by (6.19.3), for all F of 

2) (A, 5). The values of ^ (x) outside (A , B) are not really involved 
in (6.19.3), and we may choose them as we please; it is natural 
to choose them so that ^ (a?) is continuous and strictly monotonic 
for — oogcK^oo. 

6.20. Characterisation of mean values. Our object is to 
prove the following theorem. 

215. Suppose that there is a unique real number 2)1 [i'’], cmre- 
sponding to each F of % (A, jB), with the following properties : 

[ 1 ] Wl[E^{x)}=i {A%UBy, 

[2] if F-^ and F^ belong to ®(A, B), F^^F^ for all x, and 
F^ > F^for some x, then 
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[3] if F, F*, G belong to % {A, B), and 

then ^[^i^ + (l-^)G^] = 5Df^[^#* + {l-^)^] 

for 0<t< 1. 

Then there is a function ^{x), continuous and strictly increasing 
in the closed interval (A, B), for which 

(6.20.1) miF}==W^[F]:=:<f>--^^j^ <l>{x)dF{x)y 

Conversely, ifW[F] is defined 6?/ (6.20.1), for a ^{x) with the 
properties stated, then it satisfies [1], [2], and [3], so that these 
conditions are necessary and sufficient for the representation of 
W{F'\inthe;^orni ^ ' 

We begin by proving the converse half of the theorem. If Wl [-P] 
is defined by (6.20.1), then it is obvious that it possesses property 
[1], and all but obvious that it possesses property [3], since 
^{Wl[tF + {l-t)G]) = ti<f>dF + {l-t)^cf>dG 

= tj<l>dF^ + {l~t)J<f>dG=<l>{m[tF^ + {l-t)G]). 

It remains to prove [2]. 

Suppose that F^ and F^ satisfy the conditions stated. Then 
there is a positive number [i and an interval (a, such that 
F^ (x) >F^{x)+y,> F^ (x) 

in (a,^).^ Hence 

^ (® [fj) - ^ (ffit-fj) 

= j"_JF,-F^d^'= 

- £ (-^1- (“)} > 

S' See Nagumo (1), Kolmogoroff ( 1 ), de Finetti ( 1 ), We follow tlie lines of de 
Finetti’s proof. 

^ There is an Zq for which >F^{x^ or 

i - 0) + Fi(a:o + 0)} > i {Fa(a;o - 0) +Fa(aro + 0)}. 

Hence either Fj (»(, - 0) > Fg {a:o - 0) or Fj {^o + 0) > Fg (a;^ +0). In the first ca.se there 
is an interval satisfying the conditions to the left of Xq, in the second case one to 
the right. 

c If we remember our understanding, at the end of § 6.19, about the definition 
of (a-) outside (A, F). 
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6.21. Remarks on the characteristic properties. We 
have still to show that the properties [l]-[3] are sufficient to 
characterise the means . We insert first some general remarks 

concerning the ‘significance’ of the properties. 

(i) [1] asserts that ‘if all the elements of a set have the same 
value, then their mean has that value 

(ii) [2] asserts that ‘3k [i^] is a strictly monotonic functional 

of J” . It would not be sufficient to assert that (under the condi- 
tions stated) i.e. that is a monotonic 

functional’. 

Let us consider some examples. 

(r) Tlie arithmetic mean ^ 

%{a,q) = 'Lqa=^xdF = ^[F] 

is a strictly monotonic functional of F. In this case <j> {x) = x. 

(6) We may define ‘Maxes’ as ‘the lower bound of the values of x for 
which F{x) = V {F being any finite distribution fuirction with jumps at 
the points a). Then Max a=/x[-f’] is a functional of F which is plainly 
monotonic: if F^^^F^ for all x, then But p[J’] is not 

strictly monotonic : if and F^ are defined by 

F^^F^ = 0 ix<0); F^ = h = 0 {0<x<l)i F^=F^=l {x>l)> 
then ^[F {} = Max (0, 1) = Max (1,1) = (ilF^l 

That [xlF] is not representable in the form (6.20.1) follows from the 
theorem itself; if it were, it would be strictly monotonic. 

(c) The geometric mean (5 = © (a, q) is a functional of F which is not 
strictly monotonie, since, for example, the sets (0, Ug, ...) and (0, b^, ...) 
have the same (S. It is representable by the formula 

®=exp^J lQgxdF{x)^. 

This is of the form (6.20.1), with ^(a3)=log a; for a;>0; but 6 is not repre- 
sented in the manner prescribed by the theorem, since log « -> — oo when 
x~> 0. 

(iii) If we use [3] twice, the second time with F'^, G, (?*, 1 - 1 
in place of G, F, F*, t, we see that 

(6.21.1) 9JJ[iJ’-f(l-~i)G«] = 3)^pJ’*-h(l-^)(?*^ 

whenever 3k [J’J = 9k [ and 9k[^] = 9k[(T*]. In other words 
(a) 9)i [tF ■+• ( 1 — i) 6r] is determined uniquely by 3k [F'\, 9k [6^] and t. 
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More generally 
( 6 . 21 , 2 ) = 
if ^ [J-J = aiJ [ J/] and 1. 

A functional ^ [F] is said to be linear if 

^ + ?i(?] = [ J’] + [(?] ; 

in this case it has certainly property {a). If Wl[F] satisfies {a) 
or [3], of which {a) is a consequence, we may call Wt[F] quasi- 
Imear. If also we agree to describe the property [1], as is natural, 
by consistency, we may state Theorem 215 shortly as follows: 
the most general consistent, strictly increasing, and quasi-linear 
functional of F is that defined by (6.20.1). 

6.22. Completion of the proof of Theorem 2%5. The 
functions Fj_ (x), (a?), and (1 - 1) Ej^ (x) + tE^ (a:), where 0 < ^ < 1, 
belong to S) (A, J5).a We write 

^{t) = m[{l-t)E^ + tEj,], 
so that 0(O) = i)Jl[^^] = A, i(s{l)=^m[Es] = B. 

Let us assume provisionally that 0(^) is strictly increasing and 
continuous. Then ^(i) has an inverse 
<j>{u)==rHu) 

which is also continuous and increases strictly from 0 to 1 when 
u increases from A to B. If 

u=ip{t), t==^{u), 

then iOt [.& J = w = t/r (i) = aii [(1 - ^ (u)) Ej^ + <^ (u) E^l 

Hence, using [3] in the extended form (6.21.2), and the expression 
(6.19.1) for any finite distribution function F, we obtain 
mm^miiiqE^] 

= W [Sj {(1 - ^ (a)) 5?^ + .^ (a) E^]] 

= K [(1 - (a)) + {Sg,i (*)) £j;] 

= (Sg^S (a)) = ^-1 {Sg^ (a)), 
the result of the theorem. 

It should be observed that here ^ (.4) = 0, ^ (B) = 1. When a ^ has been 
found, it may (after Theorem 83) be replaced by any +• ^. 

a Ej, and Es are extreme cases of functions of J){A, jS): if J belongs to S(-4, B), 
then E^ >F '^Eb for all a;. 
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It has still to be proved that i/r(0 is strictly increasing and 
continnons. 

(1) If 

then (1 — h) = (^ ” ^ 2 ) 

for all X, with inequahty for some x. Hence, by [2], 

(2) Suppose, if possible, that ^(^) has a discontinuity on the 
right at (q , where 0^iQ<l. Then we can find a i such that 

for arbitrarily small e, and 

= ^tP(to+e) 

fcK? aU JK, with inequality for some x. Hence, by [2J, 

( 6 . 22 . 1 ) 

^(,)] < Wc l^yE ^ ^ 

for any t of (0, 1). But if s and t lie in (0, 1), then, by [1], 

(- 5 ) = m [E^^s)] =^ma-^)EA+ sE^i 

and similarly for t; and, by [3], 

Combining this with (6.22.1), we see that 

are separated by a number, viz. Wt[hE^ + ^E^(^t)]> which is in- 
dependent of e; and so, making e -> 0, 

Hence ijs has a discontinuity at |(^o + ^)j for ail t of an interval; 
and this is impossible, because the discontinuities of a monotonio 
function are at most enumerable. 

It follow’s that ifj {t) has no right-hand discontinuity. Similarly, 
it has no left-hand discontinuity. It is therefore continuous, and 
this completes the proof. 
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We have eonfmed our attention to finite distribution functions, so that 
all the functions F which have been considered are step -functions, and the 
means are the means of Ch. III. There is a similar theorem in which both 
hypothesis and conclusion are stronger in that they apply to a class of 
functions more extensive than 3) {A, B). Let us denote by 3)* {A, B) the 
class of fimctions which have the properties (ii) and (iii) of § 6. 19 and also 
satisfy (6. 19.4). We can then prove a theorem wliich differs from Theorem 
215 only in the substitution of X)* for X. The proof is very much the same, 
but is slightly more elaborate in its final stages. See de Finetti (1). 

MISCELLANEOUS THEOREMS AND EXAMPLES 

216. ‘Velocity averaged by time is less than velocity averaged by 
distance.’ 

i j^This is ^ J < Idtj~d3=jdtj j dt, a ease of Theorem 181 .J 

217. If the kinetic energy of a mass M of moving homogeneous in- 
compressible fluid is B, and the average velocity of its particles is F, then 

' A7>|-ilfF®, unless all particles have the same velocity, 

[If p is the density, v the velocity of an element dS~dxdydz, then 
j M = p!dS, VSdS=!vdS, E=yivHS, 

• and the result follows from Theorem 181 (for triple integrals).] 

218. A unit electric omrent passes tlxrough a closed plane circuit 
enclosing an area A, and exerts a force F on a imit magnetic pole P in 
the plane of and interior to the circuit. Then 

2AP2>(2„)3 

I unless the circuit is a circle whose centre is P. 

! [Suppose, for simplicity, that the circuit is ‘star shaped’ with respect 

to P (i.e. that every point of the line from P to any point of the circuit 
f lies inside the circuit). Then, using polar coordinates r, G about P, and 

! integrals from 0 to 2tt, 

I unless r is constant.] 

219. If /v (iK, y) and {x, y) are two (finite or infinite) sets of functions 
of cc and 2/, then i^i^fgaxdyf<i:,nrdxdyi:ngHxdy, 

' tmless there are two constants a and 6, not both zero, such that 
o-Sp{x>y) = hg^{x,y), 

for every v. 

[From Theorems 7 (for infinite series) and 181 (for double integrals), 
or directly, by the second method of § 2.4. The theorem illustrates the 
following principle. The inequality 
(i) (SSSw)2^SS2:waSSSf^ 
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where m and v are f ■unctions of three integral variables m, n and p, does 
not differ materially from the ordinary form of Cauchy’s inequality; hut 
we can derive materially different inequalities from (i) by replacing dif- 
ferent selections of the signs of summation by signs of integration.] 

220. Suppose that the a are positive, and that q,. is defined by 

(1 - aix) (1 - aga;) . . . ( 1 - a^x) ^ + • • • + (^ ^ Jg,.£i.+.... 

Then ?r^<?r~l?r+l (r=l, 2, ...) 

unless all the a are equal, 

221. 

unless all the a are equal. 

[Theorems 220 and 221 were communicated to us by Prof. I. Schur. 
The q are means of homogeneous products of the a, like the p of § 2.22, 
bu?" nowf the u in a pi'oduct are not necessarily dih’erenh In particular 

qx~Pi. 

Theorem 221 follows from Theorem 220 as Theorem 52 followed from 
Theorem 51. To prove Theorem 220 we observe that 
(i) g,. = (w - 1) ! JJ . .. J (%a:i + + . . . + . . . dx^-i , 

where x^=l~xi—x^— — a?„_i and the domain of integration is defined 
by a;i>0, £r„_i>0, a;„>0. We obtain Theorem 220 by applying 

Theorem 181 (for multiple integrals) to (i). 

The formula (i) leads to a more complete theorem. If the a are real 
(but not necessarily positive) then the quadratic form Hqr+syrVs is strictly 
positive; and if the a are positive, then the form Hq^+g+iy^y^ is strictly 
positive; except (in both eases) when all the a are equal,] 

222. Ifp> 1,/is in (0, a), and 

then F{x)=o{x^l^') 

for small x. 

[B3r Theorem 189, 

and the second factor tends to 0.] 

223, Ifp> 1 and / is in (0, co), then F{x) = o{x^h') both for small 
and for large x, 

[For small », by Theorem 222. To prove the result for largo ic, choose X 
so that 

j”j^dx<e^ 
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and suppose 03 >X. Then 

(F(x)~-F(X)Y=^ ^ (03 - X) 3>-i l^^fpdt < xP~\ 

F(x) < FiX) + 2ex^lp' 

for sufficiently large ».] 

224. If y is an integral except perhaps at re = 0 and xy'^ is integrable in 
{Q, a), then 

y = o 

for small x, 

325. If y is an integral except perhaps at 0 and 1, and x{l — x)y'^ is 
integrable in (0, 1), then y is U- and 

y^dx—^j ydx"j x(l—x}y'^dx. * 

[That yis JD® follows from Theorem 224. The fii’st inequality is included 
in Theorem 181. For the second, we have 

J y^dx—(^J ydi^ f 

= jduj y'{t)dt^ ^ J duj {v—u)dvj'’{y'{t))^dt 

~ j" iy'(t))^dtj' dtij (v—u)dv = l-j t{l—t)y'^dt. 

Of the two inequalities, the first can reduce to an equality only if y is 
constant, the second only if y is linear.] 

226. Ifm>l,w>'-1, and / is positive and an integral, then 

(i) I" x-r-dxS^{f' d'l/' !”&;)?•, 

with equality only when/= B exp { -- where B ^ 0, <7 > 0. 

In particular 

(ii) f^dx<2^l x^f^dx^ f'^da^ , 

unless /= and this inequality holds whether / be positive or not, 

and also for the range ( — oo, ex?). 

[The most interesting case is (ii), wliich is due to Weyl (1, 345), and 
is useful in quantum-mechanics. 

Assume that the integrals on the right-hand side of (i) are finite. Since 
/ is continuous, and ti<m{n + 1 )/(■>»— 1), that on the left-hand side is also 
finite. Hence 

lim = 


{(>-m 
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and so, integrating by parts over (0, aij.), where (a?/.) is an appropriate 
sequence which tends to infinity with h, 

^ lim 

Jo n+lfc^»Jo 

But, by Theorem 189, 

I f I < I 1/' \”^dxy, 

unless f'^0 and f' and are effectively proportional. This 

hypothesis leads to the form of / stated.] 

227. If (j> increases, 

unless / and g are effectively proportional (in the sense of § 6. 1 7 ) . 
fjncluded in Theorem 210; wanted in Theorem 228.] 

228. If a > 0, 6 ^ 0, a#: 6, and / is non-negative and decreasing, then 

unless t}}=0, where C > 0, in (0, ^), and / = 0 in (|, co). 

may he 0. The iiiequality is stronger than that resulting from a direct 
application of Theorem 181. It follows from Theorem 227 if we reduce the 
integrals to the form considered there by partial integration. The case 
a=0, h = 2 was mentioned by Gauss in connection with the Theory of 
Errors: see Gauss (1, rv, 12) and P61ya and Szego (1, ii, 114, 318).] 

229. If a ^ 0, 0, a 4= 1, and / is non-negative and increasing, then 

(/ {i- 

unless 

[See Phlya and Szego ( 1 , i, 57, 214). In this case Theorem 181 gives a 
reversed inequality, with the factor 1 on the right-hand side.] 

230. If 0<a^f^A<co, 0<b^g^B<oQ, 

[Analogue of Theorem 71 : see P61ya and Szego (1, i, 57, 214).] 

231. If we consider the closed or open intervals (in general four in 
number) with end-points —a, b, where a^O, 6^0, and suppose each of 
a and 6 zero, positive and finite, or infinite, we obtain in all 34 types of 
intervals I. Assign to each interval J a function /(jc) defined for 0<cc< 1 
and such that log5)Jl,(/), where 501,. (/) is formed for the interval (0, 1) and 
with g = 1, is fiiaite just for the values of r in 1. 
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[Examples: 

lis— a<r^6; /(a;) = a;^/»(l — a;)-i/6 

Jis— oo^r^oo; f(x)=l + x^: 

I is the single point 0; /(a;) = exp( — a;”^ + (l — £c)~^); 

J is empty; /(a;) = exp(-a;-i+(l-a;)-i). 

This contains part of the proof of what is stated near the end of § 6.11.] 

232. Geometrical interpretation of MinhowskVs inequality. Suppose 
that a point in functional space is defined as a function of two functions 
defining the same point if and only if their difference is nul; and that 
the distance between two points / and g is defined by 

Then (i) the distance between two distinct points is positive; and (ii) 

S(/,/i)^S(/,(7) + 8(sr,/i). 

[If we define distance by 

^if,g) = {l\f-gVdxYl- (r^l), 
we obtain similar results in ‘functional space !/’■’.] 

233 . The shortest distance between two given points in Euclidean space 
is the straight line. 

[A em-ve in space is given by 

x=x{t), y=y{t), z-z[t). 

We may suppose that t increases from 0 to 1 on the arc in question. If we 
assume that a;, y, z are integi'als of functions of i®, then the length I is 
given by 

by Theorem 198; and this is not less than 

i^x'dtf + ( J y'dt)^ + i^z'dt)^ = (x^ - a'o)® + {y^ - yf)^ + {z^ - z^)^. 

If there is equality, Ax' = By' ~ Cz', and the curve is a straight line.] 

234. If0<p< land 

Ifgdx^Ailg^'dxflv' 

for all g, then ipdx'^A^. 

[Compare Theorem 70. If/>0 for alia:, define g by /gf=/^. If/>0 in 
E, f=0 in GE, and the measure of CE is finite, define ghy fg—f^ rsx E 
and by gr= (t in OE, and proceed as in the proof of Theorem 70. If the 
measure of GE is infinite, take (for example) 
g~Qe^^ 

in Then 

Jf^dx = Jfgdx^A(^J^f^dx+G^'J^^e^'‘^^dxy'‘', 

and the result again follows when 0-^ 00.] 
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235. Suppose that/ and p are positive and that/ has the period 2w; that 

/ 2tr / y 

^ f(.^^t)p(t)di ! j ^ p{t)dt; 

and that the means refer to the interval (0, 2-n) and a constant weight- 
function. Then 

mr{F)^mrif) (O^r^l), a}tr(F)^mr(f) (r^l). 

[This may be deduced from Theorem 204, or proved directly (supposing 
for example r^l) as follows: 

m/(F ) = ^ j 

= (Ip(i}dtr 

For the case r=0, see Pdlya and Szego ( 1 , i, 56, 212).] 

236 . We say that f{x,y,...) and g{x,y,...) are similarly ordered if 

{/(«i»2/i. •.•)-/(a:2,2/2» 

oppositely ordered ii f 3xid. — g are similarly ordered. Prove that 
JJ. ../&%... JJ. . . gdxdy. ..^ll..dxdy ... JJ. . .fgdxdy . . ., 
if / and g are similarly ordered, while the sign is reversed if / and g are 
oppositely ordered. The integration is extended over any common part of 
the regions of definition of / and g. 

[Analogue of Theorem 43 (with r = 1), due in substance to Tchebychef 
(who considers only monotonic functions of one variable).] 

237. If ^ and tp satisfy the conditions of Theorem 156, and 

$ (x) = P ^ (t) di, W (x) = f 'V (i) dt, 

Jo Jo 

then jfgdx^j^{f)dx+SW{g)dx. 

238. If / and g are positive, and k a positive constant, and/log+/ and 
6^® are integrable, then fg is integrable. 

[By Theorem 63, kfg-^fLog^f+e^^~'^.} 

239. If/ is positive, then 

I f'^OE\dx^2 fyiog^fdx+^^. 

J 0 X J Q 6 

[Take g = log ~ , J; = 1, in the inequality used in proving Theorem 238.] 
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240 If f is positive and L in (0, a), and 

jjdt, 

then f f(x)log~dx= f da; +F (a) log-, 

Jo ^ J 0 ^ 0[< 

whenever either integral is finite. 

241. Suppose that a is positive and finite; that B=B(a) denotes 
generally a number depending on a only; that/(a;) ^ 0; and that 

^(x) = jy^dt, 

J= ["'flog-^fdx, K=[''-dx. 

Jo J 0 ^ 

Then (i) if J is finite K is also finite, and 
K<BJ+B'. 

(ii) when./ is a^decreasing function the converse is also true; if K is finite 
then J- is finite, and J<BKlog^K+B. 

[For the last two theorems see Hardy and Little wood (8),] 

'242. If / is positive and L in (0, a) and 



then 5 ? is 1/ and ^ ff(x)dx— j f{x)dx. 

[Integrate by parts; or substitute for g and change the order of integra- 
tion.] 

243. We define (/), where ^ is a continuous and strictly increasing 
function, bj^- 

Then, in order that 504 (/) ^ 504 (/) 

for all/, it is necessary and STofficient that tp should be convex with respect 
to (p. 

244. In order that 

a)ij;;...50iji(/)^50ij;:...50ij^{/) 

for all/=/{«i,aj 2 , it is necessary and sufficient that every ip^ be 

convex with respect to the corresponding (p^,. 

245. In order that 

ro a . . . SK?. (/) s 8[i^;> . . . 

for all/, it is necessary and sufficient that (i) and (ii) when 

[j,>v and the permutation by which vifV^, derived from 1 , 2, . . . , n, 

involves an inversion of /u. and v. 
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[For the last three theorems, which correspond to Theorems 92, 93 and 
137, see Jessen (2, 3).] 

246. Holder’s inequality may be deduced from 
(Theorem 203), by taking 

[See Jessen (3).] 

247. If (i),?i(a;, dispositive, continuous, and convex in a;, fora;i<a;^a;g, 
#>0; (ii)p(i5)^0; (iii) the integral 

I(x)=j ^(x,t)p(t)dt 

is finite for and then I(x} is continuous and convex for 

*■ a;i<a;<a;2. 

[That I(x} is bounded and convex follows immediately from the 
convexity of that it is continuous, from Theorem 111.] 


248. If fix) and ^(x) are positive and ^(x) convex for positive x, and 
is finite for xi=Xi and x—x^, then I(x) is continuous and convex for 

Xi<x<a\. 

[By Theorem 119, X(j){ljx) and 

■^">7(0’* I X I 

are convex, and we can apply Theorem 247. More general results can be 
derived from Theorem 120.] 


249. In order that 


iyigix))dx< Jjif{x))dx 

very convex and continuous ^ 
j g(x)dx=j f{x)dx 

j\gi(^)-~y)-^dxs J\f{x)-y)+ dx 


should be tnxe for every convex and continuous <f), it is necessary and 
sufficient that 

/ gix)dx— f{x)dx 

and 

for all y. 

[Here a+ means Max (a, 0), as in § 6 . 1 .] 

250. If / and g are increasing functions, then an equivalent condition is 
n> fh 

lg(x}dx^ fix)dx 
forag^^&. ^ 
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[For the two last theorems, which emhody analogues for integrals of 
parts of Theorem 108, see Hardy, Littlewood, and Polya (2).] 

251. are real and integrable in (0, 1), then either 
(i) there is a function x(t) such that 

Jo Jo 

or (ii) there are non-negative numbers 2/i , 1 / 2 > ■ • • » 2/j > not all zero, such that 

ViAm+yMt) + . .. + viMt) ~ 0. 

252. are real and continuous in (0, 1), then either 
(i) there are real numbers sc ^, such that 

is non-negative for all, and positive for some, t of (0, 1), or (ii) there is a 
positive and continuous function y{t) such that 

^ Pfiit)vmt = 0,...,rU(t)y{t)dt=0. 

Jo Jo 

[Theorems 251 and 252 are both integral analogues of an important 
theorem of Stiemke (1) concerning systems of linear inequalities. 
Suppose that 

(A= 1, 2, ... ,Z; 1, 2, ... , w) 

is a rectangular array of I rows and m columns, and that 
Zj, (x) = Xi -f a, ^2 .^2 + • • ■ + “Am > 

M ^ (x }~ai^yi-i- a-s^ 2/2 + • • • + “z/x 2/d 
and consider the two problems : 

(i) to find a real set (x) for wMch 

Li(x}>0> Lq(x}> 0, , Li(x)>0; 

(ii) to find a non-negative and non-nul set (y) for which 

Ml {^J) = 0 , MM = 0 , ... , MM = 0 - 

Since ZyLix) = SjcM (y), 

the two problems cannot both be soluble for the same set (a), and Stiemke’s 
theorem asserts that one is soluble whatever the set (a). 

Theorems 251 and 252 state analogues of Stiemke’s theorem in which 
the m columns or I rows are replaced by a continuous infinity of colrmms 
or rows. These theorems, and further references to the theory of systems 
of linear inequalities, wliich we have excluded from our programme only 
on account of its algebraical and geometrical preliminaries, will be found 
in Haar ( 1 ) and Dines ( 1 ).] 
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SOME APPLICATIONS OP THE 
CALCULUS OP VARIATIONS 

7.1. Some general remarks. The ‘simplest problem of the 
Calculus of Variations’ is that of determining a maximum or 
minimum value of 


J{y)^\ F{x,y,y')dx 

J OCO 


for all functions y ~y{x) for which 
{1) y^^y{x^),yx==y K) are given, 

(2) y' is continuous. 

Let us denote this class of functions by f . Then our object is to 
find a function y=Y{x) 

of such that either 

J(y}< F(x,Y,r)dx=J(r), 

J Xa 

or J{y)> J (P), for all y of ^ other than Y. The general theory 
teUs us that, if such a function Y exists, it must satisfy ‘ Euler’s 
equation’ 

(E) 

dy dx \dy'J 

Let us consider some simple examples. 

(i) Suppose that J[y) = ^ y'^dx 

and = 0, 2/i= 1. Then (E) is y" = 0, and the only solution satis- 
fjdng the conditions is y=x. It is easy to verify that T = x does 
in fact give a minimum for J (y). Por / ( T) ~ 1 and 

by Theorem 181, unless g/'s 1, y=x; so that J>1 for ally other 
than r. 
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We have in fact proved more than the problem as stated 
demands, since the proof is valid whenever y is an integral. This 
last hypothesis is however essential, since there are functions y 
for which 

(7.1.1) ^(0) = 0, y{l)^l, y'^0, J(y) = 0. 

In order that y should be an integral, i.e. in order that there 
should be an integrable function f{x) such that 

= j f{u)du, 

it is necessary and sufficient that y{x) should be ‘absolutely 
continuous’. It is necessary, but not sufficient, thaty(a3) should 
have boimde^ variation. In particular it is not sufficient that 
y{x) should be monotonic; there are increasing functions v which 
satisfy (7.1.1). 

If y is the integral off, then y'=f; an integral is the integral 
of its derivative. Ail this is expounded in detail in books on 
the theory of functions of a real variable^. The main theorem 
needed in this chapter is the theorem of integration by parts, 
stated in § 6.3(a). 

These remarks lead us to lay down the following convention. 
Tliroughout this chapter it will be assumed that, whenever y and 
y' occur in an enunciation or a 'proof, y is an integral (and so the 
integral of y'). A similar assumption will be made about y' and y" 
(if y" occurs in the problem); and the assumption naturally 
applies also to letters other than y. Without this assumption, all 
the problems of this chapter would lose their significance. 

(ii)t' Suppose that 

J(y)=‘f(y'^W^)dx. 

and yjj = = 0. The only solution of (E) satisfying the conditions 

is «/ = 0, If r = 0, J ( T) = 0, but Y does not give a maximum or 
minimum of J [y ) . It is in fact easy to construct a of ^ for which 

» See for example de la Vallee Poussin (2), Hobson (1), Titchmarsh (1). 

b THs and the next example are due to Weierstrass and are of great historical 
importance. 
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J{y) is as large, positively or negatively, as we please. Thus, if 

f{x) is any function for wliich./(0) =/(l) = 0 and 

J f'^dx>0, 

and y = Gf{x), then J(y) is large when G is large and has the 
sign of G. 

(iii) Suppose that 

J{y)== j ^xy'^dx, 

yg = 0, 2/i = 1 . Here J{y)>0 for all y of but y ~ x'^ gives J = 
so that there are y of ^ for which J {y) is as small as we please. 
For y of S', J (y) has an unattained lower bound 0. The same is 
true for classes of y more general than ^ (for exaiSple, the class 
of integrals). On the other hand, J (y) attains its bound 0 for the 
function mentioned under, (i) above, and also for the discon- 
tinuous function which is 0 for .r = 0 and 1 for a; > 0. 

7.2. Object of the present chapter. The Calculus of Varia- 
tions might be expected to provide a very powerful weapon for 
the proof of integral inequalities. There are however hardly any 
instances of its application to inequahties of the types important 
in general analysis. This may be explained on two grounds. In 
the first place, the Calculus of Variations is concerned avowedly 
with attained maxima or minima, while many of the most im- 
portant integral inequalities assert unattained upper or lower 
bounds. Secondly, the ‘continuity’ hypotheses of the classical 
theory are very restrictive. It is often more troublesome to 
extend an inequahty, proved by variational methods for a special 
class of functions, to the most general classes for which the in- 
equality is required, than to construct a direct proof of the full 
result. For these reasons the Calculus of Variations has been 
almost ignored in this chapter of analysis. 

The ideas of the Calculus are however often very useful, and 
we apply them here to a number of special inequahties. When, as 
in example (i) above, or Theorems 254 and 256 below, the bound 
asserted by the inequality is attained, and attained by an ex- 
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tremal, that is to say by a solution of Euler’s equation, these ideas 
are obviously relevant, and the result may well be one which it 
would be difficult to obtain in any other way. We shall however 
find that they are sometimes effective even when the bound is 
uiiattained and the final result Hes outside the scope of the theory. 

Our arguments will not demand any detailed Imowledge of the 
theory; except in § 7.8, we shall require only its simplest formal 
ideas^i. 

7.3. Example of an inequality corresponding to an 
unattained extremum. As a first example of the use of varia- 
tional methods, we select a special case of a theorem which was 
first proved in an entirely different manner, and to which we 
shall return irs § 9 . 8 . 

253. Ify' belongs to (0, oo), = 0, and yis not always zero, ihen 

- |g) dr > 0. 

It is necessary for our present purpose to consider the more 
general integral 

(7.3,1) J{y) = ^^{g,y'‘^~^dx (^^4). 

Euler’s equation is 

x^y" + Xy~(i (A=l/ju,^|). 

Its solution is y — Ax™' +- Bx^^, 

where m= l-h 

if /x> 4, and is y=x^{A-\- Blogx) 

if f(,== 4. In neither case is there a solution (other than y = 0) for 

which y' is L^. 

For this reason it is necessary to modify the problem before 
we attempt to apply variational ideas. We consider 

“ Euler’s equation and Hilbert’s invariant integral. Anytbing which we assume 
■will be found mthout difficulty in the books of Bliss (1) or Bolza (1). 
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with ^0 = 0, 1, ja>4. There is then one^ extremal satisfying 

the conditions, viz. 

(7.3.2) «/= T = 
where 

(7.3.3) “ = y(i-3> '^ = 1^=- 
A simple calculation gives 

and this suggests the following theorem. 

254. to If ix>4t,y{Q) — Q,y{\)~l,andy' is U-^tlien 

(7,3.s> « 

lohere a is defined by (7.3.3). The only case of equality is that 
defined by (7.3.2). 

7.4. First proof of Theorem 254. We give two proofs of 
Theorem 254. The first demands no knowledge of the Calculus of 
Variations, though the transformations w’hich we use are sug- 
gested by our knowledge of the form of the extremal Y. 

If 

(7.4.1) |/ = a:^+“-l-72= r + 7], 
then 

(7.4.2) J{y) = J{7) + J{r)) + K{7,r)), 

where K{Y,rj) = 2j ~^^^dx. 

Since 7' and so y are L^,7]~o {x^) for small x; ^ and so 

a The extremal 2/=Aci+«+(l -A)a:4-« 

gives ;/o=0, ?/i=l for any A; but y' is not L% and J{y) diverges, unless A = l. 

.For this and some later theorems in this chapter see Hardy and Littlewood f 10). 
c Theorem 222. 
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Hence (7.4.2) gives 

(7.4.3) = 

and it is sufficient to prove that 

J {rj) > 0 , 

Here rj' is L^, and is not nul but vanishes at the ends of the 
interval. 

We now write T? — 

Then 

(7.4.4) = 

ri ri yzrz 

= ^ij ' TH'^dx+ YY'a'dx. 

But 


(7.4.5) 

2,iJ‘ 77' 11' dx^ -jti(77'as-M[ V'“+ YY")IHx. 

Combining (7,4.4) and (7,4.5), and observing that T is a solution 

of Y 

f>7" + f,=0. 

we obtain 

(7.4.6) -l^{YY'i\+i,j\Yi'rdx. 

But 77'^2={J+a)i^^=(i+a)^->0 

X X 

when rr-^O. Hence, when we make 8-»0 in (7.4.6), we obtain 

(7.4.7) 


/{,)=/xJVr)^(fe, 


which is positive unless the integrand is nul, i.e. unless S = d. 

This proves the theorem. The condition fi> 4 was required to 
make T' belong to L^. We have however reduced the theorem 
to dependence on the identity (7.4.7). Since 
g + , i-+ u 
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(7.4.7) and (7.4.3) give 


(7A8) + 

and here Y has disappeared. Since both sides of (7.4.8) are con- 
tuiuous in [z, we may now include the case /x = 4, a — 0. The 
identity may be verified directly by partial integration when its 
form has been discovered (though some care is required about 
convergence at the lower limit). 

We are now in a position to prove Theorem 253. If we write 


x=.Xli, cy{x)=^Y{X), 
and then replace X, Y again by x, y, we obtain 

where now y(0) = 0, y{^)^c. If y' is in (0, oo), c=o(|^) for 
large and the first term on the right tends to 0 when |-»oo. 
Making ^-»-oo, and supposing fi—4, we obtain 


This formula, which makes Theorem 253 intuitive, is valid when- 
ever y is and may of course be verified directly^. 


7.5 . Second proof of Theorem 254. In our second proof we 
make exphcit the variational theory which underlies the first. 

^ Suppose that y== r(a;), or X, is the extremal through the end- 
points Po and Pi, and that 

y=y{x,a.), 

or P(a), IS a family of extremals containing E and depending on 
a parameter a. Suppose further either that 
^ (i) P (a) covers up a region surrounding P in a ( 1 , 1 ) manner, so 
that just one extremal passes through every point of the region, 
and a IS a one-valued function of a: and y \ or that 
^ (ii) every curve of E (a) passes through Pq , so that y {Xq , a) is 
in epen ent of a, but condition (i) is satisfied in all other respects. 

Theorem 223. 

Grandjot (1) gives a number of somewhat simUar identities for series. 
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In these circumstances^ (7.5.1) is said to define a field of ex- 
tremals including E. 

The slope y' {x, a) 

of the extremal through a point P of the field may be expressed 
as a one-valued function , , 

of X and y. Hilbert’s ‘invariant integral’ is 

Here F and F^ are the values of F{x,y,y') and F.y,{x,y,y') 
when y' is replaced by and the integral is taken along any 
curve C which lies in the region covered by the field. 

The fundamental properties of Hilbert’ s integral are as follows . 

(i) J* {€) depends only on the ends Q, R of C; in other words 

{F—pFjj)dx + Fpdy=dW 
is a perfect difierential, and 

J^‘{C)==Wja-WQ, 

(ii) If C is the extremal E, then 


J^{E)= f Fdx = J{E), 

J E 

say. It follows that, if G runs from Pq to P^, then 
JiC)-J{E) = J{C)-J^{E)==J{G)-J^{C) 

= j^F(x,y,y')dx 

- y^p) p)^y) 

= f &{x,y,p,y')dx. 


where 

g {x, y,p, y') = F {x, y, y') - F {x, y,p) - 


-p)Fj,{x,y,p). 


With the addition of certain conditions concerning the differentiability of 
a,{x,y) which it is nnnecessaiy to repeat here: see Bolza (1, 95-105). 
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Here y' is the slope of C at any point and p the slope of the 
extremal through the point; and € is Weierstrass’s ‘excess- 
function’ . If € > 0 whenever ?/' =i=P> then 
J{E)<J{G) 

and E gives a true minimum of J. 

In the present case we take 

y — yjx^+^ 

as J/(a). We find 

_p = a(| + a)a:-i+«=(-|+a)-, 




i-aJl 


dx + ^^dy 


wnere rv — yz r- . 

(i~a)x 

Here €==i^y'^~ixp^—{y'—p)2ixp = (x{y'—p)^>0 
unless The identity 

J(0)-J(H) = | €dx 

reduces to 

which is (7.4.8). 

This argument shows the genesis of (7.4.8), but does not prove 
it, for two reasons. In the first place, F has a singularity, and 
the theory of the field breaks down, for x — 0. Secondly, the 
theory presupposes the continuity of y\ 

In order to dispose of the first difficulty, we may take Pq and 
Pi to be (§, S^+®) and (1, 1). The theory then gives the identity 

and we obtain (7.4.8), for continuous ?/', by maldng 8 tend to 


When (7.4.8) is proved for contmuous y’, it may be extended 
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to general y' of by standard processes of approximation. We 
deal with this point in the next section, in a different problem 
where we have no alternative elementary proof. 

Similar considerations lead to the identity 



Here 


*/(0) = 0, 2/(l) = l, y'iO, &>1, 
and A is the (unique) root of 

(7.5.3) /a(l'-l)A^-=-i(A-l) + l = 0 

.which lies between 1/k' and 1. When the form of (7.5.2) has been 
determined we may |)ut 

fx — K, 


where A= Hh' and ixX^= 1. We thus obtain 



It may be verified directly, by partial integration, that this is 
true whenever y' is L*; and we can prove as in §7.4 that the 
identity remains true when the upper limit 1 is replaced by oo and 
the term 7c/(/j~ 1) is omitted. Since, by Theorem 41, 

qJc _ 5^' > & (a — 6) 6*“^ 

for all positive a, b, we thus obtain a proof of a theorem (Theorem 
327) which mil be stated explicitly, and proved in an entirely 
different manner, in § 9.8. 

Incidentally we obtain 

/ h Y 

255. If h>l, y.>l^\=K, 

“ The theory of the field gives the form of the identity, which may then be 
verified independently. The limitation to curves for which would introduce 
another slight complication into a properly variational proof. 
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y{0) = 0,y{l) = 1, and y' is then 

j=|o (k-\)(i^)’ 

where A is the root of (7.5.3) between Ijh' ami 1. 

7.6. Further examples illustrative of variational 
methods. It is difficult to distinguish at all precisely between 
'elementary’ and Variational’ proofs, since there are many 
proofs of intermediate types. We give a selection of such proofs, 
worked out with varying degrees of detail, in this and the succeed- 
ing sections. 

(I). 256. If 2 / (0) = 0 and 2h is an even positive integer, then 



There is equality only for a certain hyperelUptic curve, 

(i) We suppose first that 2 /( 1 ) + 0, in which case we may take 
2 / (1) = 1, and consider 

J{y)=(\Gy'^^-y^^)dx. 

^ J 0 

Euler s equation is 

(2^ -- 1 ) Gy'^^~^ y” + = o, 

which gives {2h—\)Gy'^^=^C'~y^^\ 

where G' is a constant of integration. 

There is one extremal which passes through (0, 0) and (1,1) 
and cuts 1 at right angles. In fact, if we take G' = I, then y' 
vanishes when y = 1 . Also 

and, since 
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there is an extremal of this type which passes through (0, 0) and 
(1, 1). If we denote this extremal by Y, then 

j (Y ) = [^cr ‘ - J ’ r ((2ii - 1) or'®-* r" + r^-ij dx= o, 

since r'(l) = 0. 

To prove the theorem, we must show that y = 7 gives a strong 
minimum; and this follows easily from the general theory. The 
extremal is a rising curve of the same general form as the curve 
y = sin-|7ra3, to which it reduces when h—1. The curve y = ar is 
also an extremal; the family ^ = aT" defines a field in the sense of 
§7.5; and the excess-function 

^ = ^'2/6 2/{; (y' — p)p2^:-i 

is positive. Kence the standard conditions for a minfmum are 
satisfied. This proof is genuinely ‘ variational’ , and (in view of the 
trouble of calculating the slope-function p exphcitly) it might be 
difficult to find a more elementary proof. 

There is how^ever one point in the proof which demands an 
additional remark. The ‘general theory’ assumes that y' is con- 
tinuous, and it may not be obvious how its conclusions, in par- 
ticular in regard to the uniqueness of the solution, are extended 
to the more general y considered here. 

Let us denote by the class of integrals y of functions of 

by I* the class of integrals of continuous functions. The general 

theory shows that 

(7.6.3) J{y*)>J{Y) 

for a y* different from Y, while we require the same result for 
any y of P^. We can approximate to a y of P^, different from F, 
by a sequence of functions y*, in such a manner that 
J(y) = lim J(y*); 

but all that then follows from (7.6.3) is 
J{y)^J{Y), 

the strict sign of inequahty being lost in the passage to the limit. 

The difficulty disappears if we look at the question differently . 
The general theory proves not only the inequality (7.6.3) but also 
theidentity J(y*)- J(r)=J€(y*)d;r, 
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where € {y^) ig excess-function corresponding to y'^ and the 
field y~(xT. Approximating to y by an appropriate sequence of 
we replace this identity by 

J{y)-J{J)=l&{y)dx, 
and the integral is positive unless y=Y. 

^ (ii) Ihe case in which «/(!) = 0 may be discussed similarly, 
smce «/=0 is then an extremal satisfying the conditions, and is 
included in the field ^=ar used in (i). 

The proof might have been arranged differently if we had 
made no hypothesis about the value of y(l). The problem is 
then one with a ‘variable end-point’, that of minimising J{y) 
for curves drawn from the origin to meet the li».e x~l. The 
extremals cut this line ‘ transversally ’ (in this case orthogonally), 
and all the curves y—c(.Y satisfy this condition. The general 
theory shows that all the extremals give the same value of J {y), 
and this value must be 0, since it is 0 when a = 0.^ 

7.7. Further examples: Wirtinger’s inequality. (II) Let 
us oonsi er more particularly the case k — 1 of (I). Changing the 

hmits, the result is that 

rfdx<ry'Hcc 

Jo Jo 

if y (0) — 0 and y ig ^ot a multiple of sin x. 

e general theory suggests that there is an identity of the type 

Jg (y'^-y^)dx = j^ {y'~yt/s(x)}^dx 

or 

{yHl + r^)-2yy'^/f}dx=^0. 

This will plainly be true if 

y^{l + ^^)dx—2yiffdy 

is an exact differential dz, and z vanishes at the limits; and this 
requires 

— ^'== 14 - 1 ^ 2 ^ —t&jx{x+Jc), 

We owe these remarks to Prof. Bliss. 
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in which case 2 = —tfty^. If we take k = l7r, tfj~Gotx, then 
vanishes when and since y' is and so^^ y^o{xi), z also 

vanishes when x=Q. We thus obtain 

(7.7,2) ^'^(n'^-y'^)dx = ^*\y'-ycotxfdx, 

which makes (7.7.1) intuitive. 

A slight modification of (7.7.2) leads to 

257, If y{0) = y (tt) = 0 and y' is L^, then 


y'^dx<\ y'^dx 
Jo Jo 


unless 


^ 2/=Csina!. 

For y = o{x^-) for small x, and y=o{{ 7 r-x)^} for x near so 
that ^^cot ic vanishes at both limits. Hence 


(7.7.3) r{y'^-y^)dx= r {y' -yGOtx)Hx. 

Jo Jo 

Another modification of {7.7.2) leads to a more interesting 
theorem due to Wirtinger^. 


258. If y has the ijeriod 27 t, y' is L^, and 


(7.7.4) 

J ydx — 0, 

r 2jr p 27r 

then 

y^dx< y'^dx 

Jo Jo 

'unless 

y=Acosx-hBsiiix. 


We cannot write down at once an identity similar to (7.7.2) 
or (7.7.3), but with 0, 27r as limits, because yGotx will usually 
have infinities in the range of integration. We may however argue 
as follows^. 


a Theorem 222 

b See Blaschke (1, 105), The most immediate proof is by an applicatio.ii of 
Parseval’s Theorem to the Fourier developments 

Jag + S («„ cos y' r.''^{nb^cQsnx-7ia^ Buinx) 

(withao = 0). 

0 The proof which follows was communicated to us by Dr Hans Lewy. 
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Tlie function z{x)-y{x-^'n) — y (x) 

has opposite signs for the arguments x and. x+tt, and therefore 
yanishes at least once in (0, tt). We suppose that 2 :((x) = 0, where 
0^<x<7T, and write y {(/.) = a. Since y' is cot (a? — a) 

vanishes for a: = a and x~(x.+tt;^ and 


r air 

[2/'® - - (S' - ®) - “)F] 

■ “ r 1^' 

= {y — af‘Got{x~cf) = 0 . 

Hence, using (7.7.4), we obtain 

/• 27r /• 27r 

{y'^ — y^)dx=^7Ta^+ [y' --{y—a)Got{x~cf,)Ydx, 

J 0'^ Jo r 

which is positive unless a=0 and 

^' = ^Got(x-a), Osin (a;— a). 

There is a special interest in Theorem 258 because the proof of 
the classical isoperimetric property of the circle may be based 
upon it. We consider a simple closed curve 0 whose area is A and 
whose perimeter is L, and take 


where s is the arc of the curve, as parameter, so that 
x=x{^), y=y{cl>) „ {Q^^^27t). 

We suppose for simplicity that x' and y' are continuous; the 
proof is valid for more general x, y. We may also suppose without 
loss of generality that the centre of gravity of the perimeter lies 
on the axis of x, so that 


We have then 


^^yd4> = 0. 

en 

\c^^/ \d4>} t\d^/ 


47r^ 477® ’ 


“ Using Theorem 222 as m § 7.4 and above. 
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■"■j. i(S) 


‘iner 


-yHdcf>^0, 


by Theorem 258. There will be inequality unless 
2 / = .4 cos <^ + 5 sin < 5 ^ 

and also x= ~-^yd(^= —AGin^ + Bcos^+C, 
when the curve is a circle to. 


7.8. An e.^ample involving second derivatives? (Ill) It 
is known® that, if/ has a second derivative for x^O, and /zq , ni, fx^ 
are the upper bounds of |/|, \ f'\, \ f"\, then 

This suggests that there maybe a corresponding relation between 
the integrals 

Jo= f Ji= f \f'\Pclx, J 2 = f If'l^dx, 

Jo Jo Jo 

where 1. The next theorem settles this question in the case 

p = 2. 

259. If y and y" are in (0, co)<i, then 

<4:J y^dx^ y"^dx, 

unless y = AY { Bx), ivhere 

Y = e-ia; gin (a; sin y — y) (y = ^tt) , 
when there is equality. 

^ Or -2 j" ?/ “ dcf), according to the sense of the variation of s as we pass in 
a given sense round the curve. 

b The proof is in principle that of Hurwitz (2), but differs (a) in that we do not 
use the theory of Fourier series and (6) in our unsymmetrical treatment of x and y. 
® Landau (2, 3). 

d In accordance with the convention of § 7.1, y' is the integral of y" and y of y'. 
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If we consider the ‘isoperimetrical’ problem, of tbe Calculus of 
Variations defined by 

J y'^dx maximum, Jq — j y^dx and J<^~^ ^y''^dx given\ 

we have to form Euler’s equation for 

j\'^-Xy^-p.y"^)dx. 

It is a linear equation of the form 

ay"" + by" -i-cy — a, 

whose solutions are linear combinations of real or complex ex- 
ponentials. When we try to choose the parameters in the most 
advantageous way, we are led to consider the function Y. 

It seems difficult to complete the proof on these lines by use 
of the general theory. We shall deduce Theorem 259 from the 
simpler theorem which follows. 


260. Under the conditions of Theorem 259, 

{y^~y'^+y"^)dx>Q 

unless y = AY, when there is equality. 

We give several proofs of this theorem to illustrate differences 
of method. The first two are, as they stand, elementary; the third, 
of which we give only an outline, makes exphcit the variational 
theory which lies behind the other two. We begin by an obser- 
vation which is necessary in any case, viz. that is finite. 

To prove this, we have 

(7.8.1) Jo ~Jo 

Since J q and J ^ are finite, the last integral tends to a finite limits 
when X CO. If were infinite, yy' and a fortiori 

y^=2^yy'dx 

would tend to infinity, which is impossible on account of the con- 
vergence of Jo . Hence J^ is finite, and all three terms in (7,8.1) 
^ By Theorem 181. 
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tend to limits. In particular yy' tends to a limit, which can only 
be 0 (again on account of the convergence of J^). 

(1) Our first proof proceeds rather on the lines of §7.4. It is 
easily verified that 

Y+ Y'+ r" = 0, 7(0)+ r (0) = 0, 7"(0) = 0 

and J ( 7) = O.a 

We now write y—z+cY, 

choosing c so that z (0) = 0. Then z, z' , and z!' are z and z' are 
0 for large x,^ and zz'->0. 

Now J(y) = J(2) + 2 cZ(7,2) + cV(7), 

where 

E=j“‘(Xf!-ry+7"z")dx 

(Y'+Y")zdx- r (Y+Y')z"dx- prv, 

Jo Jo Jo 


dx 


■j: 


{7+Y'+Y'')z'dx = 0. 


Hence J{y) = J (z), and it is enough to prove that J(z)>0 unless 
2 = 0. But, since 2 (0) = 0 and zz' 0 when a; -> oo. 


and so 


f z'^dx- — f zz"dx, 
Jo Jo 


{z^ + zz" + z"^)dx> 0 


u n less 2 = 0. This proves Theorem 260. 

(2) We may try (following the hues of § 7.5 and § 7.7) to reduce 
Theorem 260 to dependence upon an identity. For this, we make 
(7.8.2) {if-y'^+y"^-{y" + (l>y + tfsy'f}dx 

an exact differential; and the simplest choice of ^ and ip is 
^=ztp=l, when (7.8.2) reduces to 

-d{y+yT- 

Thus 

{y^-y'^ + y"^-iy + y' + y"}^}dx=-j^iy-i-y')^~j^ . 


This requires a Httle calculation. 


By Theorem 223. 
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Since Jq, and Jg are finite, the left-hand side has a limit 
when X -> oo a Also yy’ -> 0, and so + y'^ tends to a limit, which 
can only be 0. It follows that 

(7.8.3) 

^'^^{y"--y'^+y"^)dx={y{0)+ y' { 0)}2 +j^iyA-y'+y''f dx, 
which is positive unless 

y"+y'+y^(> 
and 2 /^(fi) + «/(0) = 0, 

These conditions give y = AT. 


(3) The underlying variational theory is a little more complex 
than that of § 7.5. If we put 

(7.8.4) ’ y' = z, 

(7.8.5) J{y) = J(y,z) = j^ {y^-y'^ + z'^)dx, 
and suppose that 

(7.8.6) y{0)=l, z{0) = t, y(ca) = 0, z(<x)) = 0, 

then the problem is a ‘Lagrange problem’, viz. that of minimising 
J {y, z) when subject to (7.8.4) and (7.8.6). 

The extremals of the field, in space {x, y, z) are given^> by 


(7.8.7) 


dy dx\^y')~ ’ "bz dx\dz') ’ 


where ^ — F—X{y' — z) — y'^ — y'^ + z'^—X {y' ~ z), 

and A is a function of x defined by the equations themselves. In 

this case the equations (7.8.7) reduce to 


(7.8.8) 2j,+ ^(22,' + A) = 0, A=^{2z'). 

and from these and (7.8.4) we fin d 

(7.8.9) y"''+y"+y==0. 

The integrals 

yy'dx, y'y"dx, yy"dx 

being convergent, by Theorem 181. 

^ For an account of the general theory see Bliss (2). 
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The most general solution of (7.8.9), for which y and z vanish at 
infinity, is 

(7.8.10) y=ae-P^^ae~P^, 
where p = and the bar denotes the conjugate. 

The equations (7.8.10) and 

(7.8.11) z= —ape-P^—dpe~P^, 

(7.8.12) X=2ae-P^+2de~P^, 

define a two-parameter ‘field’ of extremals through (oo, 0, 0). 
The ‘slope fmietions’ p, q, and the ‘multiplier’ A of the field 
are the functions 

2? {x, y, z), q (x, y, z), A {x, y, z), 
obtained by expressing the slopes of the extremal, and the func- 
tion A defined by (7.8.8), in terms of x, y, z. A straightforward 
calculation gives 

(7.8.13) = q-—y—z, 

(7.8.14) A=2y.a 
The analogue of the Hilbert integral is 

= J [($ - pOj, - g®^) dx +%dy^ 0^ dz \ . 

This integral has properties corresponding to those of §7.5; it is 
independent of the path between its end-points, and its value 
along an extremal is the same as that of 
J^lFdx. 

Also, if E is the extremal, and C any other curve, joining the 
end-points, we have 

(7.8.15) J(j~ — — Jq~ J(j= j &dXf 

where € is the excess-function, defined here by 
€ = # {x, y, 2 , y ' , s', A) - O {x, y, 2 !, p, g, A) - (y' - ^5) <i>^ - (^' - g) <5^ . 

^ 2 ^, g, A are in the first instance functions of x and the parameters a, a of the 
extremal. Here, in particular, 

y' = - aperP^ - ape-P^ —z, s' = aph~P^ + ap^e~P‘^ =z~y-z, 

A=2s"= -2a/)®e~P*'-2ffp3e-P®=2y. 
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In this case it will be found that 
(7.8.16) S = {y+z+z'f--{y'-zf 

and = + 

Since & reduces to [y + y' + z)^ when y' = z, we obtain 

J [y'^~y'^+z''^)dx={l + lf‘+^ {y + y'-\-z'Y(Lx, 

which is (7.8.3). We have thus proved Theorem 260 in three 
different ways. 

We have supposed that 2 /( 0 ) 4 : 0 , so that we can take 2/{0)=l. The 
case in which 2 /( 0 ) = 0 may be discussed similarly 
Our object has been only to illustrate a method and not to discuss a 
difficult general theory, and we have therefore presented the argiunent 
very shortly. The following remarlcs'^ may help to make the method 
intelligible. 

(o) The integral J* constructed from a two-parameter set of extremals 
is not necessarily invariant. Here we can verify the invariance of J* 
directly; in fact 

J*= -ld{y+z)\ 

Tliis invariance ensures that our extremals form a ‘ field The ‘reason ’ is 
to be found in the fact that they pass through a fixed point, y, z, and A 
all vanishing for a; = oo. 

(&) In this case O is quadratic, and 

E=\{{y' + -p) {z' - q) + (s' - q)^ J, 

which leads immediately to the formula (7.8.16). 

(c) Suppose that JE and O are defined as above, that is the positive 
axis of X, and L an arbitrary curve joining (0, 1, 1) to the origin. Then 

Jc = Jo~ Jmq =Jo~~ Jeo =J1 + Jg~- dl+Eo 
= JL + Ja — dc~J*L+j^&dx 
= (l + 0^+J^ (y+y'+y'ydx. 

This is (7.8.3); the argument avoids a direct calculation of J^. Alterna- 
tively we may argue 



-f = ( 1 + ^)2. 

Compare § 7.6. 

^ For which we are mdebted to Prof. Bliss and Mr L. C. Young. 
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In order to deduce Theorem 259 from Theorem 260, we apply 
the last theorem to y {xjp) instead of to y {x). We thus obtain 

Since this is true for aU positive p, and in particular when 
p 2 = JJ2Jq , it follows that < 4 unless y{xJB)=^AY (x) . 

7.9. A simpler problem. It is interesting to observe that the corre- 
sponding theorem for the interval ( — oo, oo) is much more elementary and 
of a quite different character. 

261. If y and y" are in { — oo, oo), then 

(^j y'^dx'j < j y^dx j y"^dx 

unless y = 0. The4{unit) constant is the best possible. •'> 

In fact (as in the proof of Theorem 260) yy' 0 and 

jyy''^^ <J y^dxj y"^dx=jQj^, 


To prove the constant best possible, we take ?/ = sin jc for [ a? | y=0 

for I X I >n7r, and round off the angles at a;= ± 71tt so as to make y" con- 
tinuous. We can plainly do this with changes in the three integrals which 
are bounded when n-^co, and then each of them differs boundedlyfrom nrr, 

if n is sufficiently large. 


MISCELLANEOUS THEOREMS AND EXAMPLES 
262. If 2 / (0) = 2 / ( 1 ) = 0 and y' is L®, then 




rmless y = cx{l — x). 
then (U) is 


I dx. 


x{l-x)y"+2y = Q, 
and y=aa3 (l — £c) is an extremal satisfying the conditions whatever be «. 
By varying « we can define a fielda^ round’ any particular extremal. It will 
be found that in this ease J{Y)~0 and 


P = 


l-2x , 
x{l-x)'^ 


W= 


l-2x 


2x{l-x)^ 


6 = 4 


l~2x 

x{l~x)'^j 


^ The field differs slightly ia character hom those described in § 7.5, smce each 
extremal passes through (0, 0) and (1, 0). 
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The underlyiag identity is 

The theorem should be compared with Theorem 225. For fuller details, 
and proofs of both theorems by means of Legendre functions, see Hardy 
and Littlewood (10).] 

263. If J= K= j^y'^dx, then 

4.JK>{y{0)Y 

unless y—aer^^. 

264. If 

(a) 2 /(-l)=-l, 2 /(l)=l, /(- 1 )= 2 /'( 1 ) = 0 

and ^ is a positive integer, then 

r. 

with inequality unless 

^ X - a; (4fc-l)/( 2fc-x) 

2h 27c 

[This is an example of the theory of § 7.8, simpler than that in the text. 
In this case S=z'^’^-q^-2k{z' -q)q^^-K] 

265. If y satisfies (a), and has a second derivative y" for every x of 
( — 1, 1), then 1 2/" (a;) | > 2 for some x. 

[This theorem, which is easily proved directly, corresponds to the 
limiting ease A = oo of Theorem 264. The extremal curve of Theorem 264 
reduces to v=2x-x’:sgn.x. 

For this curve y' = 2 ( 1 — | a? | ), and y"——2 sgn x except for x = 0. There 
is no second derivative at the origin.] 

266. If y is L^, z'=y, and 

2/ (0) = 2/ ( 2-n-) = z (0) = 2 ( 2ir) = 0, 

then 

Jo ^ ^ Jo r 2 — 2 cos jc— asm a; J 

[This identity, which gives another (though less simple) proof of 
Theorem 258, is the result of treating Wirtinger’s inequality as a case of 
Lagrange’s problem, on the lines of § 7.8.] 

267. lAy^+2y'^+y"^)dx>§{y(0)}^ 

unless y — Ge~^ (a + 2). 

268. If 7; ^ 1 and y and y" are L* in ( — oo, oo) or (0, oo), then 

{JW\^dxf-^K{h)l\y\^dkcJ\y"\>^dx, 

the integrals being taken over the interval in question, 

[We are unable to determine the best value of H, even when ifc — 4.] 
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(9® If 7a > 1 and y and y” are and respectively, then 




\y\^dxj 


(/_» ^ ' ^ ’ 


unless y is nuL 
270. If y' is L^, then 




(ii) 


^ aa:+6’ 


where a and 6 are positive, in which case there is equality. More generally, if 
(iii) 

and y' is positive and L^, then 


I 


(iv) 
where 
, (V) 

unless 
(vi) 


/o 


dx<K 




r rTjl/r) 




y= 


~ {ax'^ +by-l‘^' 

[It is easy to prove an inequality of the type of (i) but with a less 
favourable constant. Thus, if we denote the integrals in (i) by K and J 
respectively, we have / /-a, \ a 

2/^= y'dtj ^Jx 

and so K=: f ~dx^J f ^dx<4:J^, 

Jo ~ Jo 

by Theorem 253. We know no elementary proof of the full result. For 
details of the variational proof, which is much more difficult than that 
of Theorem 260, we must refer to Bliss (3).] 

271, If a> 1, and ® (/) is the geometric mean of / over (0, x), then 

/; {r ( 

unless /= O' exp ( — 

[See Hardy and Littlewood (7). The hmiting case a=s 1 corresponds to 
Theorem 335.] 

272. In the problem 

j y^dx maximum, j x^y^dx and j y'^dx given’', 

the Euler equation is of the form 

y"+{a-^'bx^)y=Q, 

and is soluble by parabolic cylinder functions. It has a solution y~ e~“" 
if 6= -(2c)2. 

[This gives the variational basis for Weyl’s inequality (see Theorem226 ) .] 



CHAPTER VIII 


SOME THEOREMS CONCERNING BILINEAR 
AND MULTILINEAR FORMS 

8.1. Introduction. In this chapter we prove a number of 
general theorems concerning the maxima of bilinear and multi- 
linear forms. In the early part of the chapter we consider forms 
in n sets of variables, but suppose the variables and coefficients 
positive. Later, we abandon this restriction, but suppose that 
71 — 2; and most of the latter part of the chapter is occupied by 
the pr©of of an important theorem of M. Riesz concerning 
bilinear forms with complex variables and coefficients. 

POSITIVE MI7LTILINEAK POEMS 

8.2. An inequality for multilinear forms with positive 
variables and coefficients. We suppose that 

are ti sets of variables, i,j, h running from — oo to oo; and that 
S, S, S' 

i i 

indicate respectively summation with respect to all suffixes, 
summation with respect to i only, and summation with respect 
(all suffixes except i). The sum 

is called a multilinear form in the variables x,y, When n is 
1, 2, or 3, the form is said to be linear, bilinear, or trilinear. 

If the series are absolutely convergent, then 

i i j j 

273. Suppose that 

(8.2.1) 0<a^l, ..., 0<Y%1 

and 

(8.2.2) 0g-' ^^'^ . Jj*'i'~^ aMin(g,;8,...,y); 
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that a, , y are defined by 

(8.2.3) ct-5 = j3-^=...=y-y = ^ l ± .. :-Ay~^ 

' ' n—\ 

{so that 0 ^ a ^ a, . . . 5 0 ^ y ^ y ), and that p,a, . . . , r are positive and 

(8.2.4) ap + ^cr+ ... +yr= 1. 

Suppose further that 

x^^Q, y^^O, zj,^0, 

(8.2.5) Yzjfly^Z, 
and 


( 8 . 2 . 6 ) — — 
i 3 


k 

Then S = .„Zj,^A^BK..GyX°^YK.. Zr. - 

We have in fact 


l-a~ 


_ a + i3+...+y-l 
^ n~l 


:a— a= 79 ~/S= ...j 


and sOj by Theorem 11,^ 

;S'= S (oP ;»!/“)“ {a^y^^^f... {O^z^^yf (a;i/“yi/^... 2:i/y)i-s-|-...-y 
< (SaPiKi/«)“ {Za<^i/i^)^ . . . {Za-^z^ly)y (Yx^l^y-^lh . . . sVy)i-s-^— -P 
= (Sck 1/“ S'aP)“ . . . {I.z'^lyY.'aGy (Sa;i/“ . . . Ssib)i-“— -r 

i i & /.* i & 

^ {AX )^ ... (( 7 ^)y (xr ... ^)i-s— -y 

We note some special cases. 

(1) If a+^+... + y=l, 

then a = a, ^ = •••j y=yj 

and the statement of the theorem becomes simpler. 

(2) When n==2, the second of the conditions (8.2.2) is satis- 
fied automatically. If we write ^ 



^ .Extended to infinite series: we shall not usually repeat this remark. 

^ In the preceding chapters the letters p and gf have been reserved for the weights 
of mean values. In this chapter they are not required for this purpose, and we use 
them as indices. 
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Exchanging p and cr, and A and B, we obtain 
274. If 

p>0, CT>0, ^, + “,= 1, 

^ ' p q ^ p q 

i j i 3 

then S==I.ai^Xiy^^A^lP'B^l^X^lP7^i<^. 

(3) An interesting and still more special case is that in which 
p = a=l, q=p'. 

276. If j»>l, 5>lj i4--=l, 

Ya^j^B, Yxf^X, 

i j i 3 

then " >S=SSa,.,.a;i2/,.^(j?Xp(Arp." 

For the case j? = g'= 2, see Erobenius (1) and Schnr (1). 


8.3. A theorem of W. H. Young. Another specialisation of 
Theorem 274 leads to an inequality of W. H. Young which is 
very important in the theory of Fourier series. 

Suppose that o-=p> 1, so that 


111, 
— ■{■ — = — < 1, 
PIP 


1 1 , 
— 1 — > 1 5 

P I 


and take Then 


Sa^/ = Sa^/ = Sa / = A , 

i j 


= S 

i+j=n 


say, for every j and i respectively. Hence, if we write 

(8.3.1) 

we have, by Theorem 274, 

(8.3.2) Ya^z^=Yai^^Xiy^<A^lpX^lp Y^'^. 

Since (8.3.2) is true for all a^ for which Sa/= A, it follows, by 
Theorem 15, that < Xp'Ip Yp’I^ 

This must be replaced, when p = 1, by z^^XP^ Y'^l^. 

We have thus proved (apart from the specification of the cases 
of equality) the following theorem of Y oung®-. 

»■ Young (3, 4, 6). Yoimg does not consider tlie question of equality. 
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276. If p>l, q>l, -+->l, 

pg. 

and is defined by (8.3.1), then 


m <i V 

(8.3.3) ^ (Sa;/)^+9-i’2 (S?//) 3>+a-M . 

Equality can occur only if all the x, or all the y, or all the x but one 
and all the y but onS, are zero. 

We add a more direct proof whicli enables ns to settle the 
question of equality. If we write l/p=l — A, 1 / 9 ' = ! — ju, then 
A>0, ix>0, A + jLi<l, and we can enunciate the theorem in the 
following form. 

277. If A> 0 , ^> 0 , A+;u,<l, 

z is defined by C^.3.1), and ^fix) as in §2.10, then , 

(8.3.4) @i/(i-A-^)(2) ^<Si/(i_A)(;r)(Si/(i_^)( 2 /), 
with equality only in the cases specified in Theorem 276. 

Let V = 1 — A “ ja. It follows from Theorem 1 1 that 

1 JL. -JL. _iL. _il_ 1 _i_ ^ _l_e J: L. 

(ZuvY == (Sw^+*' u^'^'' 2 ;“+")" ^ {Ilu^+'')'' (Ev<^+^y 

Applying this inequality, with 


to (8.3,1), we obtain 

1 Jl. ^ 1 1 

(8.3.5) S «/+■'«//+% 

i j i+3’=n 


fi+i' , A+y 


(8.3.6) S x^yj 

li^v aW 

Hence 

I |tt A. 1 1 

n J[:f; X+7 ni+j=n 

Since the double sum here is, equal to 

1 11 1 


i j , 


IJ.+ V A+If 


we obtain 

n 

and this is (8.3.4). 


ix+v A+v 
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We can dispose of the question of equality as follows. 

If not all X, and not all y, are zero, there are n such that 
> 0 for some i, j for which i +j = n. We call the lattice point 
corresponding to such a pair i, j a point . Then (8.3.5) is true, 
for such an n, if, in the first two sums on the right, we limit 
ourselves to values of i and j corresponding to points P^ - If there 
is equality in (8.3.5), then, for such i, j the ratios 
1 _i_ 1 1 

do not depend on i and j, and the corresponding x^, and the 
corresponding are all equal. It follows that there can, for any 
n, be only a finite number of points . 

Suppose that all these conditions are satisfied /or a certain n. 
Then equality wiU still be excluded in the next inequality (8.3.6), 
unless the i and j corresponding to the P^ exhaust all i and j 
for which x^ > 0 and ?/, > 0. It follows that the total number of 
positive x^ and y^ is finite. There is therefore a single point for 
which x^yj>0 and is a minimum. For this n there is a 

unique P^ and, if there is equahty in (8.3.6) for this then = 0 
and yj = Q except for the corresponding pair i, j. 

8.4. Generalisations and analogues. Theorems 276 and 
277 have many interesting specialisations, generalisations, and 
analogues. We state a number of these without proof. 

E78. //A>0, /x>0, ..., v>0, A+p, + ... + v<l, and 

i+J+. ..+&==« 

then 

1— A, 1—^ 1—1, 

unless all numbers of one set, or all but one of every set, are zero. 
279. If S 

ii4-ia+...+is=ft 

, 2k 1 

then 

unless all a but one are zero. 
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Theorems 277-279, being ‘homogeneous in S’ in the sense 
of § 1.4, have integral analogues. 

280. I/A>0,ja>0, A + ia<l, 

and h{x)— j f{t)g{x—t)dt, 

J —GO 

^ 1 (^) < Sj.„ (/) S_L_ (S'). 

1-A. l-ti 

unless for g is mil. 

281. If X>0, fx>0, X + fi<l, , 


^r{f)=\ydx, 

h{x):= j J{t)g{x-t)dt, 


^ 1 (^^) < (/) (^)’ 
l-K-ix. 1-K 1-M 

wZes5 f or g is nul. 

282. J/ ^ is an integer and 

x/(ri: — a?! — ... — a;^_i) dx^dx^ . . . 

poo / poo \2/c— X 

J (a;) j 

283. J/ 

^ (a;) = J /(a^i) . ..f{xj,_f)f{x -x^-...- Xj,_f) dxj^,.. dxj ,_^ , 

the 


Scc^^®, 


J '^{x)d3^ 
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284. If f{x) has the period 2 'it, and 

•• -/fe-i) 

then i J’ S 

8.5. ApplicatioBS to Fourier series. Theorems 279 and 284 have 
important applications in the theory of Fourier series. Here we are con- 
cerned with functions and coefficients which are not positive, hut the 
theorems wMch we have proved are sufficient for the applications. 
Suppose first that /(a;) and g{x) are complex functions of A®, and that 

are their complex Fourier series. Then it is well known that 

(8.5.1) = f{x)gj^)dx 

(the bar denoting the conjugate). In particular, if /(re) is i®, 

(8.6.2) S\a,\‘=^j[jf\>dx. 

Conversely, if S ] is convergent, there is an /(a;) of which has the 

a„ as its Fourier constants and satisfies (8.5.2). 

These theorems ( Tarseval’s Theorem’ and ‘ the Riesz-Fischer Theorem’ ) 
were generalised by Young and Hausdorff. We write 

(8.6.3) S,(a) = (S|a,|»)i/». = 

SO that 0j,(a) is Sjpd a I) as defined in § 2.10, and (8.5.2) may be written 

(8.5.4) 6,(a) = 5,(/). 

Young and Hausdorff proved that, if 

(8.5.5) l<p^2, 
then 

(8.5.6) 3/(/)^S^(a) 
and 

(8.5.7) S^'(a)g5^(/). 

The limitation onp is essential. The theorems were proved first by Yoxmg 
(3, 4, 6) for a special sequence of values of p andp', viz. 

(8.5.8) (^=1,2,3,...), 
and then generally by Hausdorff (2). 
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We confine ourselves here to the case (8.5.8), considered by Young. 
In this case (8.5.6) and (8.5.7) are corollaries of Theorems 279 and 284 
respectively. For example, the c„ of Theorem 279® is the Fourier constant 
of and so 

= s 1 C„ 1®^ ®2&/(27 c-1)(®)> 

wliich is (8.6.6). Similarly is the Fourier constant of the ^{x) of 
Theorem 284, and so (8.6.7) may be deduced from Theorem 284. 

The proof of (8.5.6) and (8.5.7) for general p is decidedly more difficult: 
see §8.17. 

It is interesting to observe (as another application of Holder’s in- 
equality) how (8.5.7) may be deduced from (8.5.6). Write 
&«= 1 a« l^'"^sgaa„=: I 

if «„=[= 0 and [ n [ ^iV, and &,i= 0 otherwise; and let 

^ Sr(») = S6„6«‘». 

Then E 1 «« I p' = S = ~ f dx, 

-N -N ^'rrj -ir 

since ^ is a trigonometrical polynomial. Hence, using Holder’s inequality 
and (8.5.6), we obtain 

1 1 3^(/) 3.'(!7) ^ 3,(/) <5^(6) 

/ N \iIp f N \1 Ip 

= =3.(/)(_S|a„l»') . 

Transposing the last factor, and then making N tend to infinity, we 
obtain (8.5.7). 

8.6. The convexity theorem for positive multilinear 
forms . In this section we prove a simple but important property 
of multilinear forms with positive variables and coefficients. 
The theorem which we prove is a mere corollary of Holder’s in- 
equahty, but it is useful, and will serve as an introduction to the 
deeper theorem of §8,13. 

285.^ Suppose that 0, 0, and that 



is the upper hound of 
for all x,y, ...,z for which 

® Now, of course, foriaed from complex a. 
M. Riesz ( 1 ): Riesz has «.=2. 
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then logWIa,^,...,y « convex function of a, j3, ...,y in the region 

a>0, y>0. 

By a convex function of variables a, 13, ...,y we mean (§3.12) 
a function convex along any straight line in the space of a, /3, . . . , y. 
We have to verify that if 

^1^0, ^2^0, + 

a = iiai + i2a2, + r^^kyi + hYz^ 

then 

(8.6.1) = 

Now 

/Sf = Zaxy . . . 2 = S . . . zvilyfi 

S (Saaj®a/“?/ii?2/^ . . . zy^yf’^ . 

Since S (a;“x/«)i/«i =Sa;i/“ ^ 1, . . ., 

the first sum on the right does not exceed 
larly the second does not exceed ....ya • proves (8.6.1). 

The theorem may be extended to the closed region a^O, 
^'tO, ..., if we replace the conditions 1, 1, ... by 

x^l,y^l, ... when a, j3, . . . are zero. 

Suppose for example that n~2 and 

'ZaijSB. 
i j 

Then Mq^^SA and so that for 

0<a<l. If 1, g=p', we may take a= 1/p, 1 — a=l/g';and 
then we obtain 

which is equivalent to the result of Theorem 275. 

GENERALITIES CONCERNING BILINEAR EOEMS 
8.7. General bilinear forms. So far we have been occupied 
with ‘positive’ multihnear forms, i.e. forms whose variables and 
coefficients are non-negative. The most important multilinear 
forms are bilinear, and the remainder of this chapter, and most of 
the next, is concerned, from one point of view or another, with 
bilinear forms, which will not generally be positive. 
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We shall denote the form whose coefficients are a^j by A, and 
similarly with other letters. We change the convention of § 8.1 
concerning the range of the suffixes ; until the end of § 8. 12, j, ... 
run from 1 to oo. We write 

We also write 


(8.7.1) Saj,%.= r4. 

i j 

When the form is positive 

(8.7.2) ^ = S = J.Zt X, = Sy, X, , 

^ i i j 

the convergence of any one of these series involving the con- 
vergence of the others and the equahty of the three. Thqequations 

(8.7.2) are true also for complex a, x, y when the form is finite. 
We shall make repeated use of the following general theorems®. 


286. Sui:>pose that 


p> 1, 


, 1111 
^> 1 , - +— = 1 , -+_ = 
!P 'P ^9. 


{so that p'>l, 9.' >^) cmd that a, x, y are real and, non-negative. 
Then the three assertions 


(8.7.3) \A{x,y)\^m^{x)B,{y) 
for all X, y’f> 

(8.7.4) 
for all x; 

(8.7.5) <B^,{Y)sm^{y) 
for all y\ are equivalent. 

287, The three assertions 

(i) there is inequality in (8.7.3), unless either {xf) or {yf} is nul; 

(ii) there is inequality in (8.7.4), unless (x^) is nul; 

(iii) there is inequality in (8.7.5), unless {yf) is nul; 
are also equivalent. 

® For the case p=9'=2, see HeUinger and Toeplitz (1); for q—;p't E. Riesz (1). 
The substance of the general theorems is to be found in M. Riesz (1). The im- 
portant cases are naturally those in which K has its least possible value, i.e. is the 
bound of A (§ 8.8). 

Here A ^ 0; but we write j A [ for 4 in view of Theorem 288, 
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288. When the forms are finite, Theorems 286 and 287 are true 
also for forms with complex variables and coefficients. 

Tiieorem 286 is a simple corollary of Theorems 13 and 15. 
It follows from (8.7.2) and Theorem 13 that 

(8.7.6) 4 = Ss/,XjS@,(y)®^(Z), 

i 

so that (8.7.4) is a sufficient condition for the truth of (8,7.3); 
and Theorem 1 5 shows that it is also a necessary condition. Hence 

(8.7.3) and (8.7.4) are equivalent, and similarly (8,7.3) and 
(8.7.5) are equivalent. 

There wiU he inequality in (8.7.3) unless {y^) is nul or there 
is equahty in (8.7.4). Hence the second assertion of Theorem 287 
imphes the first. If the x^, and so the X^, are givm, we can, by 
Theorem 13, choose a non-nul {y^) so that there shall be equality 
in (8.7.6). Hence, if there is equality in (8.7.4) for a non-nul 
(cc^), then there is equahty in (8.7.3) for a non-nul {xf) and {y^). 
Hence the two assertions are equivalent, and similarly the iSrst 
and third are equivalent. This proves Theorem 287. 

Einally, the whole argument apphes equally to complex a, x, y 
when the forms are finite^. We have only to use Theorem 14 
instead of Theorem 13. 

The most important case is that in which g,=p', g! =p, when 

(8.7.3) , (8,7.4), and (8.7.5) become 

BOUNDED BILINEAE EORMS 

8.8 . Definition of a bounded bilinear form. Throughout the 
rest of this chapter we suppose, except when there is an exphcit 
statement to the contrary, that the variables and coefficients in 
the forms considered are arbitrary real or complex numbers. 

We describe the aggregate of all sets {x) or ---j real or 

complex, for which 

(8.8.1) (S^(a3)=©^(|a;|) = (S|a;,l3^)V2’^l 

as space [p]. Here p is any positive number; but usually > 1. 

a Otherwise there are difficulties concerning the mode of summation of J.. 
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Similarly we describe the aggregate of sets {x, y) for which 

(8.8.2) 

as space {p,^^ The most important case is that in which p = q= 2. 
The importance of this space was first recognised by HiLbert, and 
we may describe it shortly as Hilbert space. 

In our general definition p or q may be oo, if we interpret (S« {x) 
as Max | a; | . Thus space [oo, oo] is the aggregate of sets {x, y) for 
which j a; j ^ 1, \ y\Sl. 

A bihnear form 

(8.8.3) A = A(a;,?/) = SS%j-aj,.^,. 
is said to be hounded in [p, g-] if 

(8.8.4) -*1 (a;, ?/) I = I S S a^x^y. \sM, • 

where M is independent of the x and y, and of n, for all points of 
[p, g]. We call a section {AhscJmitt) of A: a form is bounded 
if its sections are bounded. 

It is plain that (8.8.4) will hold for all points of [p, g] if it 
holds whenever 

(8.8.5) ©,(2/) = l. 

In this case (8.8.4) may be written 

(8.8.6) \A,,{x,y)\^M<B^{x)^^{y), 

and here both sides are homogeneous of degree 1 in a; and in y, so 
that the conditions (8.8.6) are immaterial. We might therefore 
have taken (8.8.6), with unrestricted x, y, in our definition of a 
bounded form. 

So far M has been any number for which (8.8.4) or (8.8.6) is 
true; if so, we say that A is bounded by M, or Af is a bound of A . 
It is natural to take M to be the smallest such bound, and then 
we say that M is the hound of A.®- 

S' If M.^ is the maximum of under the conditions 

then plainly ^ -^n+i hounded in n. Hence 

M= Ihn 

exists, and is the smallest hound of A. 
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An important special case is that in wMch p = o' and 

■when A is said to he symmetrical. In this case a necessary and 
sufficient condition that A should be hounded is that the quadratic 

A{x,x)-m>aijXiXj 

should be hounded. When we say that A {x, x) is honnded, we 
mean, naturally, that A {x, y) is hounded when the x and y are 
the same, i.e. that 

I A {x,x)\SAI 

for aU X for which (x) — l. 

In the^first place, it is obvious that the condition is necessary, 
and that the hound of A (x, x) does not exceed that of A {x, y). 
That the condition is sufficient follows from the identity 

(8.8.7) A^{x,y)== lA^ {x + y,x + y) - lA^ {x -y,x-y). 

When 2 j =2 we can go a little further; the bounds of A {x, x) and 
A {x, y) are the same. In fact, if If is the bound of A {x, x), then 
(8.8.7) gives 

I A^ (X, y) I ^ (i x^y |2+ 1 x-y 1^) = {\x\^+\y \^)SM. 

It is evident that, when the coefficients a are positive, A is 
hounded if it is hounded for non-negative x and y, and that its 
hound may be defined ■with reference only to such x and y. If 

is bounded, A is said to be absolutely hounded. 

8.9. Some properties of bounded forms in [p, q^. The 
theory of bounded forms is very important, but we cannot 
develop it systematically here. We prove enough to enable us to 
give an account of some special forms in which we shall be 
interested in the sequel. 

We take p > 1, g > 1, and, as usual. 
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289. If A has the bound M in [ 35 , then 

( 8 . 9 . 1 ) ^\ai^\P'<M»\ 

% j 

for every j and i respectively. 

Take all the x zero except Xj,Xj=l, and aU the y zero except 
yi,yz, By ( 8 . 8 . 6 ), 

\J I (J \ik 

Since this is true for sHy^ and allJ, it foEows, by Theorem 16, that 

i 

This is the second of (8.9.1), and the first is proved similarly. 

Thus a necessa^ condition for boundedness in [2, 2] is that ^ 

S lai,-12<oo, 'Z\aij\’^<ao 
for ally and i. The condition 

LS 1 a,-,- l®<cxD 

is sufficient, since then 

1 4 |> S S I <»« p s I 1 =x; I a„ |» s 1 p s 1 !,i |>: 

^,3 i,3 %} i 3 

but this condition is by no means necessary, even when the coefSoients 
are positive. Thus, as we shall see in § 8. 12, 

‘i'+J 

is bounded. 

290. Any row or column of a hounded form is absolutely con- 
vergent. 

For 

S 1 a,,x,y, \^\y,\{ll\x, (S | \^W {x), 

i i i 

by Theorem 289. 

It is plain that, when a necessary condition that A should be 

bounded is that 

(8.9.2) 'UStCiijXiyj 

should be convergent for all positive x and y in [p, g;]. It is natural to ask 
whether this is also true for bounded forms with arbitrary real or com- 
plex coefficients, i.e. whether, when A is bounded, the series (8.9.2) is 
necessarily convergent (for the x and y of {p, q\) in any of the recognised 
senses. The answer is affirmative; if A is bounded, the series (8.9.2) is 
convergent (indeed uniformly) in the three standard senses, as a double 

HI 


14 
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series in Pringsheim’s sense or as a repeated sum by rows or columns. 
But the idea of the convergence of the double series is irrelevant to our 
present purpose (and is not very important in the general theory), and 
we shall not prove these theorems. See Hellinger and Toeplitz (1) for 
the ease [2, 2]. 

8.10. The Faltung of two forms in [^3, p']. We suppose now 
that q=p'. If A and B are bounded in with bounds Jf 

and N, then, by Theorem 289, 

k k 

and therefore, by Theorem 13, the series 

( 8 . 10 . 1 ) fij~ hj^j 

k 

is absolutely convergent. We call 

the Faltung of A and B. The order of A and B is relevant, F {A, B) , 
and F {B, A) being usually different forms. 

291. If A and B have the howids M and N in [p, p'], then F is 
hounded in [p, p'\ and its hound does not exceed MN. 

Suppose that m'^n and that a;^ = 0 for t>9t. Then, since A is 
bounded by M in [p, p'], we have 

I m n 1 

Mml= S Vk 

U-«l i=l I 

for all X and y for which ix) g 1 and ^p'{y) S 1. Hence, by 
Theorem 15, 

S S a^j^xA SMp 

7c=lU=l 1 

for and therefore 

(8.10.2) S S a^j^xX ^MP. 

k |i=l I 

Similarly 

(5.10.3) 

k 13=1 1 

But 

( 8 . 10 . 4 ) 

■i=i-j=.i i=iy=i k k\i=i 7X3=1 7 
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From (8.10.2), (8.10.3), (8.10.4), and Theorem 13, it follows that 

I S lu 

U=ij=i I 

which proves the theorem. 

It is plain that we can define the Ealtung of A and B, whether 
A and B are bounded or not, whenever the series 

k Te 

are convergent. 

8.11. Some special theorems on forms in [2, 2].^ In this 
section we confine ourselves to the classical oSi&e ^~q = 2, and 
suppose the variables and coefficients real (though not generally 
positive). We suppose then that A is a real form, and denote by 
• (8.11.1) A' 

the form obtained from A by exchanging suffixes in . 

If 

( 8 . 11 . 2 ) 

k 

for alH, the series 

(8.11.3) 

k 

are absolutely convergent, and, by (8.10.1), 

(8.11.4) G {x,y) = I,I.CijXiyj. 

is the Ealtung F {A,A') oi A and A'. In particular G {x, x) is a 
quadratic form whose section G^ is given, after (8.10.4), by 

(8.11.5) G^{x,x) = 'l( . 

k \i=i / 

We write 

G{x,x)=^N{A) 

and call G {x,x) the norm of A. When satisfies (8.11.2), we 
say that the norm of A exists. The existence of N (d) is, after 
Theorem 289, a necessary condition for the boundedness of J.. 

If d. is bounded, with boxmd if, then, by Theorem 289, N {A) 

“ Hellinger and Toeplitz (1), ScliTir (1). 

14-3 
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is ■bounded, and its bound P does not exceed M^. On tbe other 

band, whenever N {A) exists. 

Hence, if iV (^ ) is bounded by P, A is bounded by P^. 

Collecting our results, we obtain 

292. A necessary and sufficient condition that a real form A should 
he hounded in [2, 2] is that the noi’m N (A) of A should exist and be 
bounded. If M is the bound of A, and P that of N {A), then 

p=m 

A useful corollary is 

293. If A, B, ... is a finite set of forms whose norms exist, and 

H{x, x)==N{A)^N{B)+... 

is bounded, with hound P, then A, B, ... are bounded, with hounds 
which do not exceed P*. 

In fact, if N^{A), ... are sections of N (A), ..., then N^{A), 
are non-negative^, by (8.11.5), and 

H^{x,x)=^N,{A)^N^{B) + .... 

Hence N^{A), ... are bounded by P^. 

8.12. Application to Hilbert’s forms. We now apply 
Theorem 293 to two very important special forms first studied 
by Hilbert. 

294. The forms 

^+^-1’ i-j 

where 1, 2, ... and the dash implies the omission of the terms 
in which i=j, are bounded in real spcwe [2, 2], with bounds not 
exceeding rr. 

That is to say, assume non-negatire values only for real x. The phrase ‘ positive 
form’ has been used in this chapter in a different sense, that of a form with non- 
negative coefficients and variables. 
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It is plain that each form satisfies condition (8.11.2). We write 
N{A) = , iV(5) = IS.dijXiy^ 

and calculate + 

If i ~j, we have 

( 8 . 12 . 1 ) 


It 

If i ^j, then 


{i+k- 1 ) 2 + li-w 


= S' 


{i-kf 


Oil +dii (i + i, _ 1) (_,• + j, _ 1) + (i _ i,) y _ i,) 

=_L £' fJ L) 


= S' 


l=~oo(»-^) (i“^) 
the dash here excluding the values k—i and k =j. If K is greater 
than both | i \ and [, then 


§ L\ 

b- 


i_ _i 


-E 




with two series unbroken except for the omission of terms with 
denominator 0, and the bracket tends to zero when Jf->G 0 .a 
Hence 

(8.12.2) (^+i)- 

From (8.12.1) and (8.12.2) it follows that 

(8.12.3) iV(4) + ff(JJ) = ^&/ + 2SS'j^,. 

The first form here has the bound and, since 

1 ^,1 


S' 7 


(i-jy 




(i-jf 

the second satisfies the conditions of Theorem 275, and has the 
bound I TT^. Hence N (A) + N (B) has the bound and Theorem 
294 follows from Theorem 293.^ 


All terms cancel except a number independent of K. 
The proof is that of Sohur ( 1 ). 



214 


SOME THBOBBMS CONCEEBING 


That A is bounded can be proved more simply: we give a number of 
proofs in Gh. IX. 

A is absolutely bounded (§ 8.8), since its coefScients are positive. It is 
important to observe that this is not true of B. To prove this, it is enough 
to prove that 


for a positive set (x, y) for which and S?// are convergent. We take 
aj = -i"J(log4)-i (;>!) 


and a?! = » 2/i = 2/2 • Then 

S S 7c-i 

J=lk=l k=l 


s 

l=k+l 


XiVi 


= S — S — ?— > s - f * — S 1 

k i=jc+t I (log If w (log uf fc=i /dog (75 + 1 ) ’ 

and this series is divergent. ^ 

We shall see in Oh. IX that A is bounded in [p,p']. B is also bounded 
in [p,p'], but the proof is much more difficult: seeM. Riesz (1,2), Titch- 
marsh (2, 3). 


THE THEOREM OE M. RIESZ 

8.13. The convexity theorem for bilinear forms with 
complex variables and coefiBcients. We prove next a very 
important theorem dne to M. Eiesz^. This, like Theorem 285, 
asserts the convexity of log p , where ^ is the upper bound 
of a form of the type A; bnt in Eiesz’s theorem the form is 
bilinear, the a, x, y are general complex numbers, and convexity 
is proved only in a restricted domain of a and 

It is essential to Riesz’s argument that should be an 
attained maximum and not merely an upper bound; and we 
therefore consider a finite bilinear form 

(8.13.1) . 4=1 S 

i=l 3=1 

295. Suppose that ^ is the maximum of A for 

m n 

(8.13.2) S|a5^|i/“^1, S|y,.|i/^gl, 

1 1 

it being understood that, if cx.=0 or j8=b, these inequalities are 

a M. Riesz (1). The proof which we give of the theorem is substantially that 
of Riesz. An alternative proof has been given (not quite completely) by Paley 
(2,4). 
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replaced by | 1 ^ 1 or [ 2/^. [ ^ 1. Then log If is convex in the 

triangle 


(8.13.3) O^jS^l, a+^^1. 

We have to prove that, if (a^, and are two points of 

the triangle (8.13.3), 0 < i < 1, and 

(8.13.4) a=aif+a2(l-.i), 
then 

(8.13,6) 

After Theorem 88, it is enough to prove that (8.13.5) is true, 
when a and jS are given, for some t for which 0<t<l.^ 

We define p, g, p', q' by 


(8.13.6) c?-i, iS=i, i+i=l, i+^=l. * 

p ^ q p p' q q' 

There is no finite system {p, q) corresponding to the points (0, 1) 
and (1, 0) of the triangle (8.13.3). These points are particularly 
important, but we may disregard them in the proof, and include 
them in the result, on grounds of continuity. 

We may then write (8.13.2) in the form 

(8.13.7) (S,(2/)^l; 

and the inequalities (8.13.3) are equivalent to either of 

(8.13.8) q'^p^l 
and 


(8.13.9) 

We shall also write, as in § 8.7, 

(8.13.10) Xj-==X^{x) = :Eaij-Xi, 7^= r^(y) = 2:a^,.y,., 

i 3 

so that 


(8.13.11) A^i:X0j='LXfYi 

3 i 

or simply 

(8.13.12) A = i:Xy=i:xY. 


a We take for granted the continuity of is a maximum over the 

space defined by (8.13.2), a real space of 2m+2n dimensions (when we separate 
the real and imaginary parts of the x and the y), which varies continuously with 
a and j8; and the proof that this maximum is continuous, though tiresome in 
detail, belongs to the elements of analysis. 
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Theorem 286 enables us to give another definition of 
which is more convenient for our present purpose. It is plain 
that attains its maximum for a set {x, y) in which 

(8.13.13) 

and is the least number K satisfying 

(8.13.14) \A\smp{x)(B^iy) 

for aU such [x, y). Since both sides are homogeneous of degree 1 
in X and y, the restrictions (8.13. 13) are now irrelevant, and if ^ 
may be defined as the least K satisfying (8.13,14) for aU {x, y).a 
By Theorem 286, this is also the least K satisfying 

(8.13.15) Bg:{X)sm^{x) 
for all X, or 

(8.13.16) (B^,{Y)sKS,{y) 
for aU y. We may therefore define by 

(8.13.17) 

the maxima being taken for aU non-nul sets x or y, 

8.14. Further properties of a maximal set {x, y). Suppose 
that {x^\ y*) is a set of (jc, y), subject to (8.13.7), for which | A | 
attains its maximum, and that X*, 7* are the corresponding 
values of X, Y. It is obvious (as we have observed already) that 

(8.14.1) ©^(a;*)=l, <S,(2/*)-L 
Also, as in (8.7.6), 

(8.14.2) \A\<(B,^{X)B,{y), | A j ^@^,(7)©^(a)). 

There must be equaKty in each of (8.14.2) when x, y have the 
values a;*, ?/*; for otherwise we could increase 1 A | by leaving 
the X, X unaltered and changing the y, or by leaving the y, Y 
unaltered and changing the x. Hence 

„,I3= I A [X*, y*)\=B^ (X») (y*) = ( y«) (a,*). 

Further, by Theorem 14, 

or 

(8.14.3) 

“ This is merely a repetition of an argument used already in § 8.8. 
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where co is positive and independent of j; and 
argZ*2/| 

is independent ofj. Hence 

= I H (a;^ 2/*) I = I I = S I I = a,S I ^ 
Substituting in (8.14.3), and adding the corresponding result for 
we obtain 

(8.14.4) 


8.15. Proof of Theorem 295. In what follows we suppose 
{x, y) a maximal set (for the indices a, j3), omitting the asterisks. 
We write l/aj, and so on, and Jf, M-^, for 

iS 2 ‘ of ••• excludes the points (0, 1), (1, 0) of 

the triangle, bi^t, as we remarked in § 8,13, this will not impair 
the proof. 

By (8.14.4) 

(*) = i X, 

=(S| 7,pi')i/».'=©,,,(r). 

Comparing this with (8.13.17), we obtain 

(8.13.1) 

Similarly 

(8.15.2) (21) S 
Hence, if 0 < ^ < 1, we have 


(8.15,3) 

{X) (y) s m{ m\-‘ {y) (x). 

Let us assume provisionally that there is a ^ between 0 and 1 
which satisfies 

-t 1 t 1-^ 


(8.15.4) 


1 t_ 

V~'Pi 




that is to say the equations (8.13.4), and that 

(8.13.6) <SI:‘{x)S@'SZZAx), ©L(2l)S©te=l)&"'’(2l)- 
Then (8.15.3) and (8,15.5) will give 

from which the theorem will follow. 
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It remains to jnstify tlie assumptions expressed by (8.15.4) 
and (8.15.5). Let us assume further that there are numbers /x and 
V such that 

(8.15.6) 0<ia^l, 0<v^l, 

(8.15.7) 

P2= (p-'^)Pi fe" l)q2v+q{l-v). 

By Theorem 18,^ log (Br i ^) = log (^) ^ convex function of r ; 

and the x, being a maximal set, satisfy (8.13.13). Hence 

(8.16.8) = ('>:). 
and similarly 

(8.15.9; in) g {y) (</) - sS’iJJs:'’ (*/). 

If finally 

(8.15.10) 

P2 i-t qi t 

then (8.15.8) and (8.15.9) will be equivalent to (8.15.5). 

In order to complete the proof, it is necessary to show that 
(8.15.4), (8.15.6), (8.15.7), and (8.15.10) are consistent. These 
conditions contain six equations to be satisfied by the four 
numbers p, q, ju., v, and two inequalities. The first equation 
(S.IS’.IO) gives 

_ iPi-'^)P2 i , j^^Pz i , I 
Pi 1“^ Pi'^-i 


(^?/-l)/x+l=^ 


and 


Pz+PiH'^Pi 




P 2 . 
l-t’ 


and the first equation (8.15.7) gives 

P P2+P1H' P1P2 


Pi P2 ’ 


P2+Pll^ 
which agrees with (8.15.4). 

A similar argument applies to the equations involving q, so 
that (8.15.4) is a consequence of (8.15.7) and (8.15.10). Given 
Pi> qii P 2 > q 2 > f, we can find ja, vfrom (8.15.10) and p, g from 
(8.15.7), and these numbers will satisfy the six equations. 

Strictly, by Tbcorem 18 restated as Theorem 17 was restatedlin Theorem 87. 
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It remains only to examine the inequalities (8,15.6). If ^ and v 
satisfy (8.15.10), and 0 < if < 1, the inequalities are equivalent to 

(8.15.11) 

Since (%, jS^) and (ag, lie in the triangle (8.13.3), we have, by 


(8.13.8) and (8.13.9), 
and a fortiori 




We can therefore choose t so as to satisfy (8.15.11), and then all 
our conditions are satisfied. 

It will be observed that it is only in the last paragraph that we 
use the essential inequality ai- 1. When the form is positive, 
this inequality is irrelevant; is then, by Theorem 285, 

convex in the whole of the positive quadrant of (a, /3). 


8.16. Applications of the theorem of M. Riesz. (i) Theo- 
rem 295 is easily transformed iuto another theorem of very 
different appearance. 

S96. Suppose that 

(8.16.1) Xi{x)=^a,^x, (i=l,2,...,?i) 

i~l 

and that -M* y is the maximum of 

\1 / 


for 




Then log If* ^ is convex in the triangle 
(8.16.2) ’ O^y^a^l. 

In fact, by (8.13.17), 


while 


®i/«W ©®(®) 




Hence 
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if y = l(q'= 1 -/3 ; and then the conditions (8.16,2) are equivalent 
to (8.13.8) or to (8.13.3). Thus M*y is a convex function of 
(a, 1 -y), or, what is the same thing, of (a, y). 

(ii) 297. Suppose that is defined by (8.16.1); that 

(8.16.3) 

for all X ; and that 

(8.16.4) l^iP^2. 

Then 

(8.16.6) @p^(X)^m(2-3’)/i’02,(a;), 

where 

(8.16.6) m=Max|%^I. 

To deduce Theorem 297 from Theorem 296, we write a= l/jo, - 
as before, and consider the line from (I, -|) to (1, 0) in the plane 
(a, y). This line lies entirely in the triangle (8.16.2) ; and hence, 
by Theorem 296, 

for I < a < 1. It is plain from (8.16.3) that j ^ 1 ; and 

Max \X\ 

~ ! i.<m 

Sja;! =‘"’ 

Hence Jf * ^ 

which is equivalent to (8. 1 6.5) . 

The condition (8.16.3) is certainly satisfied (with equality) if 
(8.16.1) is a ‘unitary’ substitution, i.e. a substitution which 
leaves S | ic unaltered*^. This case of the theorem was found by 
E. Riesz (4), and the general theorem by M. Riesz (1). 

8.17. Applications to Fourier series. Out of many other 
important applications of Riesz’s theorems, we select an applica- 
tion of Theorem 297 to the proof of Hausdorff’s theorems^. 

^ In tMs case n—m.. A real unitary substitution is orthogonal. 

See §8.5. Eiesa deduces these theorems in a different manner, and gives a number 
of other applications. 
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S a 

-im 
im 

S 

—hn 


ir ^ 1 „ /2^v\ 


The substitution is unitary, so that 

S|X,|=^=2|*^p. 

Also ni = m~i. Hence, by Theorem 297, 

/ 1 I /2ttv\ IP'VIP' 

The left-hand |ide being an approximation to we may 

deduce Hausdorff’s theorem (8.5.6) by passages to the limits. 


(ii) If m is again an odd integer, 

\ m / r——im 
1 iw 

and X^=—r- S 

then simple calculations show that 

and SlX,12=Sla;^|2 

as before. In this ease Theorem 297 gives 

and Hausdorff’s theorem (8.6.7) follows by appropriate passages 
to the limit. 

We can also, as we showed in § 8.5, deduce the second theorem 
from the first. 


» We now write fi, v for i, j, and extend the summations over the range 
If /{0) is a polynomial jjtr 

then /,re(0)=/(0) for m'^31, and the theorem for /(0) follows immediately from 
(8.17.1). The extension to an arbitrary f{6) depends on the theory of ‘strong 
convergence’. 
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MISCELLANEOUS THEOREMS AND EXAMPLES 


298. If > 1, and a (x, y) is measurable and positive, then the three 
assertions 

(i) a {x, y)f{x) g (y) dxdy g K ^ pdx^ ^ ’ 

for all non -negative /, g; 

(ii) dy (^1^ a {x, y)f{x) dx'^ dx, 

for all non -negative /; 


(iii) (/o ® ^ ^ ~ fo 


for all non -negative g, are equivalent. The assertions ‘there is inequality- 
in (i) unless / or gf is nul ‘there is inequality in (ii) unless / is nul 
‘there is inequality in (in) unless g is nul’, are also equivalent. 

[Analogue of Theorems 286 and 287, -with g—p', Thereis a more general 
form -with bothp and q arbitrary.] 


299. The forms 


i +y — 1 + A’ 


R=SE' 


i-j + X 


•where A> 0, and the dash is required only if A is integral, are boxmded in 
[2, 2], and have bomids tt if A is integral, ■n ] coseo Att | if A is non-integral. 
[Sch-ur (1), Pdlya and Szego (1, i, 117, 290).] 


300. If p > 1 and A = SSai,a:f i/y has a bound M in [p, p'}, and 

where J |/i \vdt <gP, J j g^ \»'dt^v'»', 

then A* = 'L'ZaijhijXiyj 

has a bound Miiv. 

[For \A*\=:\l{i:i:aijXifi{t)y^g^{t)}dt\ 

g M KS I xMt ) {S I y,g,(t) \^yip'dt 

g M {/S j \Mt) { JS I g,{t) l^'dty^' 

sM[xv{i:\Xi\p)^i^{i:\gj\^yip\ 

For the case p =p'= 2, see Schur (1).] 

301. SS" Xiy^ is bounded in [2, 2], 

302. SS' — XiPj is bounded in [2, 2], for any real $. If 0 ^ ^ tt , 

the bound does not exceed Max (6>, IT— 0). 

[For the last two theorems see Sch-ur (1).] 
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303. If «« is the Fourier sine coefficient of an odd bounded function, or 
the Fourier cosine coefficient of an even bounded function, then the forma 

are bounded in [2, 2]. 

[Toephtz (1). Suppose that i and j run from 1 to ni that x and y are 
real and _ i . 

that X = T,Xi cos id, !K' — 'ZXi shxid, Y = S?/,- cos^d, Y'^Hy^ sin jd, 
and that (for example) 

a„=^J f(d) smnddd, 

where \f \ ^M. A simple calculation gives 

SSc5i_,a:,.2/^ = - ^iX'Y -XY')f{d)dd. 

11 

Since 

I p^XY'm dd^^iM j\x^ + Y'^) dd = iMir (Sa;® + Yy^) = Imtt, 

' we find the upper bound 2M for A. Similarly in the other cases. 

If for example f{d) is odd and equal to ^ (tt ~ 0) for 0 < 0 < w, then M=^ 7 t 
and = We thus obtain the result of Theorem 294 concerning B.] 

304. If (i) XZaijXiyj is bounded in [p, g], (ii) &> 1, Z> 1, and (iii) (Wj), 
{Vj) are given sets for which S 3 , 7 c>(w)<oo, S 5 i.(w)<oo, then 

A — XZaijUiViXiyj 

is bounded in [p&, qV\. 

[For lAl^M(S|Ma;lJ’)i/i’(Slv 2 /l«)i /8 

g M(S I I )W'(S 1 1 )W'(2: 1 » |J'*=)VDfc(S | y |«*)W.] 

305. The form 

where Wf and Vj are given sets of numbers satisfying 

is bounded, but not necessarily absolutely bounded, in [oo, co]. 

[Take p = g=2, ^: = Z=ooin Theorem 304. 

If the form were always absolutely bounded, then Hilbert’s form B of 
§ 8.12 would be absolutely bounded, which is untrue.] 

306. If mz{a)'^A^H, mda)SA^H, 

then 

[By Theorems 16 and 17. The result is required in the proof of the 
next theorem.] 
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307. If perpendietilars are drawn from the corners (±1, ±1,..., ±l)of 
the ‘ unit cube ’ in space of m dimensions, upon any linear [m ~ 1] through 
the centre of the cube, then the mean of the perpendiculars lies between 
two constants A and B, independent of m and the position of the [m~ 1], 

308. If c,= (s|a,,!2y, 

then P = (SS I 1 1)1 (26^ + Sc^) =P: (S + C), 

where K is an absolute constant. 

309. A necessary condition that a form A — with real or 

complex coefficients, should be bounded in [co, oo], with bound M, is that, 
in the notation of the last theorem, B, O, P should be less than KM. 

[For the last five theorems see Littlewood (2).] 

310. If j)>2, s62,i + ^<i, c 

A=_£2 

pq-p-q* ^ 3pq~2p-2q’ 
and A is bounded in [p, g], with bound M, then 

where 6^ and are defined as in Theorem 308, and K depends on p and 
q only. 

311. If + 

2 P q 

but the conditions of Theorem 310 are satisfied in other respects, then 

312. If p<2<q, 

pq 

and the conditions of Theorem 310 are satisfied otherwise, then 

313. If P>1» g>l, -+-<1, 

p q 

%^ 0 , 

A is bounded in [p, q], with bound ilf , and 



then (2^/)!/^^ in, (2y/)iAgin, (22^)1/^ gAi. 

[For the last four theorems see Hardy and Littlewood (13).] 
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. *" 1^’ I* be proved in Oh. IX that the 

form4 of 1100,0^294 is bo^dedinCp.pO. The corresponding theory 

for S lies a good deal deeper. We have to show that Si^iieorem 

s^a^^r* ilS the 

It is enough, after Theorem 295,toprove{i)or(ii) for crenfeegraz values 

of p or for some subsequenoe of these values). Tins demands some 

r let rit— (27 ~ 




CHAPTER IX 


HILBERT’S INEQUALITY AND ITS 
ANALOGUES AND EXTENSIONS 


9.1. Hilbert’s double series theorem. The researches of 
which we give an account in this chapter originate in a remarkable 
bilinear form which was first studied by Hilbert, and which we 
have aheady encountered in § 8.12, viz. the form 


where «z-and n run from 1 to oo. Our first theorerp. is Theorem 315 
below, which we state with its integral analogue and with a com- 
plement of a type which will occur frequently in this chapter. 


315. // p' 

and 

the summations running from 1 to oo, the7i 
, a™ 6^ 


(9.1.1) 


SS- 


j^iip jgiip' 


m + n sin(7r/p) 
unless (a) or (b) is nuL 

316. If P>^} P' =^Pl{p — I), 

and j ^fP {x) dx^F, J gP' {y) dy ^ G, 


then 

(9.1.2) f” riMiM dxdy < j- F^iP 
Jo jo JK+y smiTrIp) 

unless f^O or g^Q. 

317. The constant tt 00860 ( 77 / 2 ?) is the best possible constant m 
each of Theorems 315 and 316. 

The case_p = 'P'^ = 2 of Theorem 315 is ‘Hilbert’s double series theorem’, 
aud was proved first (apart from the exa^t deternaiaation of the constant) 
by Hilbert in his lectures on integral equations. Hilbert’s proof was 
published by Weyl (2). The determination of the constant, and the 
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integral analogue, are due to Sehur ( 1 ), and the extensions to general p 
to Hardy and M. Riesz: see Hardy (3). Other proofs, of the whole or 
of parts of the theorems, and generalisations in different directions, 
have been given by Fej^r and F. Riesz ( 1 ), Francis and Littlewood (1), 
Hardy (2), Hardy, Littlewood, andPolya ( 1 ), Mulholland (1,3), Owen (1), 
Pdlya and Szego (1, i, 117, 290), Schur (1), and F, Wiener (1 ), A number 
of these generalisations will be proved or quoted later. 

The inequality (9.1.1) is of the same type as the general inequality 
discussed in § 8.2; but Theorem 315 is not included in Theorem 275, since 

s-i- 

m+n 

is divergent. It is to be observed that tt cosec air, where a == 1/p, is (in 
accordance with Theorem 296) convex for 0<a< 1. 

9.2. A general class of bilinear forms. We shall deduce 
Theorem 315 fr«pn the following more general theorem a. 

318. Suppose that > 1 , i?" ==p/{^3 — 1), and that K [x, y) has the 
following properties ; 

(i) K is non-negative, and homogeneous of degree — 1 : 

(ii) f A (a; , 1 ) dx~[ K{l,y) y~^’^' dy=h\ 

Jo Jo 

and either (iii) K {x, 1) is a strictly decreasing function of x, 
andK {l,y)y~^^'^'ofy: or, moregenerally,{m')K{x,l)x'~'^^ decreases 
from a;= 1 onwards, while the interval (0, 1) can he divided into two 
parts, (0, 1) and (|, 1), of which one may be nul, in the first of which 
it decreases and in the second of which it increases-, and K{l,y) y-Vp' 
has similar properties. Finally suppose that, when only the less 
stringent condition (iii') is satisfied, 

(iv) K {x, x) = 0. 

Then 

(a) SSZ {m, n) < k 
unless {a) m- {b) is nul', 

(b) T,^K{m,n)a„^ 

unless {a) is nul ; 

a Hardy, Littlewood, and Polya (1). The case p =2 of the theorem is due in sub- 
stance to Schm ( 1 ) : Schur supposes K {ps, y) a decreasing function, of both variables. 


15 '2 
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(c) S {m, n) bS < 

m\n I 

unless (6) is nul. 

In each, case the summations are from 1 to oo. Theorems 286 
and 287 showthat the three conclusions (a), (b), (c) are equivalent. 

We may elucidate the hypotheses by the following remai'ks. 

(1) The convergence and equality of the two integrals in condition (ii) 
is a consequence of the convergence of either, because of the homogeneity 
ofiC. 

(2) The words ‘decreasing’, ... are to be interpreted in the strict sense 
throughout the theorem. 

(3) ^maybeOor i,oneoftheint6rvals(0,^)and(|, 1) then disappearing. 

(4) In j^he most important application, in which ^ 

K{x,y) = ~^, 
x+y* 

condition (iii) is satisfied. An interesting case in which condition (iii') is 
required is 

K(x,y) = --, — ; — rT:rrT Ta (0<a<l).^ 

In this ease If (a>, 1) has an infinity at a; = 1. In such cases condition (iv) is 
required in order to exclude equal pairs (m, m) from the srrmmation. 

It is easy to see that, if m and ?i are positive integers, and the 
summations are over r = 1, 2, ..., then 

(9.2.2) S£(l 1) (rp'i< = 

For, if (iii) is satisfied, then 

and (9.2.1) follows by summation. If only (iii') is satisfied, we 
use (9.2.3) for r>n and for f g in, and 

■rr(r C(r+l)ln 

*■ See Hardy, Littlewood, and Polya (1). 
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ioi ^n<f<n-, and the result again follows by summation when 
we observe that ^ (1, 1) = 0. The proof of (9.2.2) is similar. 
Hence 

( wAl/pp' /„\l/pp' 

where P-= ^a„f SJC(m, 

m 71 \^/ 




\ mj \mj 


n\-vp' 1 


<h'LaJ^, 


by (9.2.2), unless {a) is nul; and similarly 
Q<h^b,p' 

unless (6) is nuLiffhis proves the theorem. , 

If we take K (x, y) — — ?— 

’ x + y 

we obtain Theorem 315. It may be shown that the h of Theorem 
318 is a best possible constant, but in this direction we shall not 
go beyond proving Theorem 317.^>' 

9.3. The corresponding theorem for integrals. The 
theorem for integrals corresponding to Theorem 318 is 

319. Suppose that p>l, that K (x, y) is non-negative and homo- 
geneous of degree — 1, and that 

f K{x,l)x-'^^^dx—{ K{l,y)y~'^l^'dy—k. 

Jo Jo 

Then {a) 

K {x, y)f{x)g{y) dxdy ^ k ^ ^ g^'d-^ , 


(6) 

f %( 

f K{x,y)f{x)ds^ f pdx, 


Jo \ 

Pea / 

Jo /Jo 

I’co \p' poo 

ic) 

/.*■(, 

\K{x, y)g{y) dyj ^ 9^' %• 


If E {x, y) is positive, then there is inequality in (6) unless /s 0, 
in {c) unless g = 0, and in (a) unless either f=0 or g^O. 

® See § 9.5. The constant k is (again in accordance with Theorem 295) convex 
ina = l/|). 
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The theorem may he proved by the method of §9.2, which 
naturally goes rather more simply in this case. We have 

j j K(x,y)f(x)g(y)dxdy 

= J J fix) K^lP dxdy ^ P^iP Qyp\ 

where P—^p{x)dx^Kix,y)^ dy = h^pdx 

and Q = /k j gP'dy. 

IfK>0, and there is equality, then 

(9.3.1)' AfP {*) M (1)''"’ ' 

for almost aU y.^ If we give y a value for which g [y) is positive and 
finite, and for which the equivalence holds, we see that/® (a;) is 
equivalent to a function Gx~'^, and this is inconsistent with the 
convergence of If^dx. Hence either / or g is nul. It may also be 
shown that the constant is the best possible. 

There is another interesting method of proof due to Schur’^. 
We have 


l*CO ^(SO ^CO PCB 

f{x)dx\ K{x,y)g{y)dy= \ f{x)dx\ xK{x,xw)g{xw)dw 
Jo Jo Jo Jo 

= j^f(x)dxj^K(l,ti;)g(xw)dw=j K(l,w)dzvj f{x)g{xw)dx 

(if any of the integrals is convergent). Applying Theorem 189 to 
the inner integral, and observing that 

jg^'{xw)dx=^j gP'{y)dy, 

we obtain (a); and (6) and (c) are corollaries, by Theorem 191. 

The case K{x,y) = l/{x+y) gives Theorem 316. We shall 
return later (§9.9) to other applications. 

“ That is to say it is true, for almost all y, that the two sides of (9.3.1) are 
equal for almost all *. See § 6.3(d), 

^ Schur (1), Sch.ur supposes p== 2. 
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9.4. Extensions of Theorems 318 and 319. (1) The follow- 
ing theorem is in some ways more and in others less general than 
Theorem 318. 

320. Suppose tMt K [x, y) is a strictly decreasing function of x 
and y, and also satisfies the conditions (i) and (ii) of Theorem 318; 
that > 0, > 0, 

A,„ = Ai-f Ag 4- . . . 4- A„j, 
and that p>l. Then 

SSZ ^ 

unless {a) or (6) is nul^. 

The special case Af^—rn, M^j = w is also a special case of 
Theorem 318. ^ 

We deduce Theorem 320 from Theorem 319 by a process which 
has many applications^. We interpret Aq and Mq as 0, and take, 
in Theorem 319, 

f[oc) = A„ «■„, (A»^_i A„i), 

9 iy) = yn~^^'^'K (Mn-i %y< Mj. 

If we observe that 


r.w /•-«„ 


X (x, y)f(x) g {y) dxdy > a^b,, K {A ^ , M^) 

unless = 0 or &„ = 0, we obtain Theorem 320. 

If K {x, y)=l/{x + y)-wG obtain^ 

\ 1 ( 2 )' 1/23 

nn 


321. 


nK<zr. 


sin {rrjp) 


{Za,P)yp 


A^j^ -j- 

unless (a) or (6) is nul. 

(2) Theorems 318 and 319 may be extended to multiple series 
or integrals of any order. 

322.<i Suppose that the n numbers p,q,..,,r satisfy 


p>l, q>l, 


r>l, 


1 1 1 

— 4 — t ... ■4*- = 
p q r 


1 ; 


For tke ease 23=2 see Schtir (I), 

Cf. § 6.4; and see, for exampie, §9.11. 

® Owen (!) gives a more general but leas precise result. 
<5 For the case p = q — ..,—r see Sehur (1). 
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that K {x,y ,... , z) is a positive function of the n variables x,y, 

homogeneous of degree — % + 1 ; and that 

(9.4.1) f ... f K{l,y,.,.,z)y~^ ...z~r dy ...dz=:k. 

Jo Jo 

Then 

I ... K{x,y,...,z)f{x)g{y)...h{z)dxdy ...dz 

If further 

y-'^^ ...z~'^^K{l,y,...,z), ,..z~^^^ K {x, 1, ...,z ), ... 

are decreasing functions of all the variables which they involve, then 
U'Z...^K{w,,n,...,s)a^b,,...c,^h (S6^s)i/a . . . 

In virtue of the homogeneity of K, the convergence of (9.4.1) 
implies the convergence and equality of all the n integrals of the 
same type. 

Theorem 322 may be proved by straightforward generalisations 
of the proofs of Theorems 318 and 319 . 

9 . 5 . Best possible constants : proof of Theorem 317 . We 
have still to prove Theorem 317 , which asserts that the constant 
77 cosec (tt/p) of Theorems 315 and 316 is ‘the best possible’, that 
is to say that the inequalities asserted by the theorems would be 
false, for some b^^ ovf{x), g{y), if 7rcoseo(7r/p) were replaced 
by any smaller number. The method which we use illustrates an 
important general principle and may be used in the proof of many 
theorems of this ‘negative’ character. 

We take 

where e is small and positive; we may suppose that G<p'l2p. 
We denote by 0(1) a number which may depend upon p and €, 
but is bounded when p is fixed and e->0; and by o (1) a number 
which satisfies these conditions and tends to zero with €. Then 

1 = f aj-i-e <; < 1 -{. r x~'^-^dx = 1 + i 

_ ^ Ji 1 Ji e 

and so 

(9.6.1) SaP=Sm-i-^=~ + 0(l), =1 + 0(1). 
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Also 


m + n 


X~*' 

J 1 J 1 


<l+e)/p y-iX+eW 

x+y 




(H-e)/p' — __ ^ 

I llx l+u’ 

The error in replacing the lower limit in the inner integral by 
0 is less than .T-“/a, where a is positive and independent of and 

i 


'^dx< ■ 


Hence 

(9.5.2) SS 


<^mK 
7)1 + n 

M 


-- j 

aj 1 


1 0 i + 'n 


It is plain from (9.5.1) and (9.5.2) that, if k is any number less 
than 7rcoseo(7T/p), then 

y V SA, . 


m + 71 




when e is suiEciently small. 

This proves that the constant in (9.1.1) is the best possible. 
Since (9.1.1) can be deduced from (9.1.2) as in §9.4, it follows 
that the constant in (9.1.2) is also the best possible. We could of 
course also prove this directly. 

An alternative method is to take 

when and a„j=0, 5„ = 0 otherwise, and to make fi 

tend to infinity. The principle is the same in each case ; we make 
and 6^ depend upon a parameter (e or (m) in such a manner 
that the series involved tend to infinity when the parameter tends 

^ It is less than 

ri/s; 

./ (1 p 

where p = l — 

P P P 

and we may take a = l/2i?, if e<:p7%* 
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to a limit, and compaTe their values for values of the parameter 
near this limit. The method is effective in the proof of very 
many theorems of the t3rpe of Theorem 317. The inequalities 
(9.1.1) and (9.1.2) assert unattained upper bounds; except when 
both sides vanish, equahty cannot occur; and it is for this reason 
that the introduction of a parameter (e or jx) is necessary in the 
proof of the complementary theorem. 

9.6. Further remarks on Hilbert’s theorems a. Theorems 
315 and 316 have beenprovedinmany different ways and have 
very varied applications. In this and the next section we collect a 
number of remarks which concern both proofs and applications, 
and are intended to illustrate the connections between the 
theorems and various parts of the theory of functions. 

(1) Theorem 315 may be deduced from Theorem 316 by the <> 
process which led us to Theorem 321 . We define /(.r) and g{y) by 
f{x) = a„, {m~-lSx<m), giy) = b,, {n~l^x<n), 
and observe that then 


r 


x + y 


dxdy ^ 


m + n ' 


Here, however, we can go a little further, since 
1 1^2 
m + n—l — a m + n—l + ct m + ti—1 
forO<a<l, and so^ 

C® p dxdy 1 

] m-iJ n~i^+y^ 


If now we replace m and n by w + 1 and n+l, we obtain a 
slightly sharper form of Theorem 3 1 5 , viz . 


323. If the conditions of Theorem 315 am satisfied, then 


y, S— - - 

0 0 m + 1 sin(7r/p) 



«■ We describe Tbeorems 315 (together with the sharper Theorem 323) and 316 
as ‘Hilbert’s theorems’. Strictly, Hilbert’s theorem is Theorem 315, with |j = 2. 

Associate elements of the integral symmetrically situated about the centre of 
the square of integration. 
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Several other proofs of Hilbert’s theorem, for example the proof of 
Mniholland. (1 ), the proof of Schm given in § 8. 12, the proof of Fej6r and 
F. Riesz given below, and the proof of P61ya and Szegb (1, i, 290), also 
give the result in this form. The last three are limited to the case p = 2. 


(2) The proof of Fejer and F. Riesz is based upon the theory 
of analytic functions, and proceeds as follows. Suppose that 
f(z) = 'Ea^iZ^ is a polynomial of degree N with non-negatiVe co- 
efficients, not identically zero. Then, by Cauchy’s Theorem, 

P fHx)dx=-ij^Pie^^)ei^de; 

and so 

(9.6.1) jj^{x)dx<j J^{x)dxSlj 


-- <TT S# . 


0 0 m + n+1 

If we make we obtain Hilbert’s theorem, with = 

and ‘ ^ ’ for ‘ < ’. The first restriction is miimportant, since, 
after § 8.8, a symmetric bilinear form in [2, 2] has a bound equal 
to that of the corresponding quadratic form. To replace ‘ ^ ’ by ‘ < ’ 
requires a refinement of the argument wMch we shall not discuss 
here. 

The second inequalitj’' in (9.6.1) may be written 

and in this form it is valid whether the coefficients are real or 
complex, and has important function-theoretic applications^. 

(3) Hilbert’s original proof depended upon the identity 


(9.6.2) 




ly {afCOBrt—hfSixirtn dt—27r(S—T), 


^ ar^s 

r r-fs’ 




(the dash implying that pairs r, s for which r=s are omitted). From this 
it follows that 

(9.6.3) 27rjB~T’j |s( — l)*'(ai^cosr«— 6rsin’’^)|- dt=7T^t(af + b^). 

» See Fej<ir and F. Riesz (1). The inequality is aetnally true (and in the stricter 
form -with *<’) for any /(g), except /(z)=0, for which is convergent; and 

this is a corollary of Hilbert’s theorem, if this theorem is proved in some other way. 



236 hilbbet’s inequality and 

If = 6^, T disappears, and we obtain 


(9.6.4) 


1 1 r+s 1 


and from (9.6.4), and the remark of § 8.8 quoted imder (2), we deduce 
(9.6.5) ^52^ ^ (^lap + Sftp) . 

From (9.6.3) and (9.6.5) it follows that 

and hence, on grounds of homogeneity, that 



This gives the second result of Theorem 294, except that the constant 2^- 
is not the best possible constant. 

9.7, Applications of Hilbert’s theorems. (1) Asanapplica- . 
tion of Hilbert’s theorem to the theory of analytic functions we 
select the following. Suppose that f{z) is regular in j 2 [ < 1 and 
belongs to the ‘complex Lebesgue class L\ i.e. that 




dd 


is bounded for r < 1. li f(z) is ‘wurzelfrei’, i.e. has no zeros in 
1 2 ! I < 1, then y ( 2 :) = (z) = CEa^z'^}^ 

where g{z) also is regular in | 2 :|< 1 . Since J\g(re'^^)\^dd is 
bounded, E\a^\^ is convergent, and therefore, by Theorem 323, 

S I I I 1 


is convergent. 


m+n+1 


..r+l ,v+l 


m+n=v 


is convergent. 

It is fairly easy, by a method which is familiar in this part of 
the theory of analytic functions, to extend the conclusion to 
general / (not necessarily ‘wurzelfrei’la. We thus obtain the 

See 1 . Riesz (3), Hardy and Littlewood (2), We can express / as the sum of 
two ‘wuTzelfrei’ functions of h. 
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tlieoreni: if f{z) belongs to L in [ 2 ; [ < 1, then its integrated power 
series is absolutely convergent for 121 = 1.^ 

(2) As an application of Hilbert’s series theorem to the theory 
of functions of a real variable, we prove 

324.’^ If fix) is real, L^, and not nul, w (0, 1), and 

a^ — j x'>^f{x)dx {n— 0,1,2, ...), 

then J 

The constant is the best possible. 

We may plainly suppose f{x) ^ 0. Then, if {bf) is any non- 
negative and n-tn-nul sequence, ^ 

= I* x'>^f{x)dx=( {^b^x^)f{x)dx, 

JO Jo 

(HaM^ ^ r (Sb,,x^^)^dx r fix)dx 
Jo Jo 

by Hilbert’s theorem. The result now follows from Theorem 15. 
To prove the’ constant n the best possible, consider 
fix)^{l~x)^~i, 
and make e tend to zero. 

The integrals a^ are called the moments oif{x) in (0, 1) and are 
important in many theories. 

Here we have deduced Theorem 324 from Theorem 323 (with 
f=2) and Theorem 15 (the converse of Holder’s inequality). We 
can, if we please, reverse the argument, deducing Theorem 323 
(with p=2) from Theorem 324 and Theorem 191 (the integral 
analogue of Theorem 15). Suppose that g {x) = Hb^ x^, where is 

^ Hardy and Littlewood (2). The theorem may also be stated in the form ‘ if a 
power series S' ( 2 )== 26 ft s” is of bounded variation in |sl < 1 , then Sj&«l is conver- 
gent’. For this form of the theorem, and for more precise results, see Fejer (1). 

^ A much more general inequality, but without the best possible value of the 
constant, is proved by Hardy and Littlewood ( 1 ). See also Hardy (10). 
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non-negative and not always 0, and that f{x) is any non-negative 
and non-nul function. Then 

f fgdx== f (Zb^x^)fdx = I,b^ ( x^fdx = l^aj^, 

Jo Jo Jo 

(Iq/S'^^) = i^^nKf ^ < 7rS6^2 j 

by Theorem 324. Since this is true for ail /, it follows, by 
Theorem 191, that 


i; 


g^dx<7rLb^^; 


and this is equivalent to Theorem 323. 

It is plain that when two inequalities, each invohdng a con- 
stant factor, are ‘reciprocal’ in this sense, each Deing deducible 
from the other in this way by the converse of Holder’s inequality, 
then one constant must be best possible if the other is. We shah 
meet with another application of this principle later (§ 9.10 (1)}. 

(3) As a corollary of Theorem 316 (with p = 2), we prove 

325.®' Suppose that ^ 0 a^id that the summations run from 0 to oo, and 
that 

(9.7.1) 

Then 

(9.7.2) 


SS 


m+n + l~ 


^(m-f-w)! a„,a„ 
^ mini 


(9.7.3) j^^A^{x)dx^7rj"^ {e-»A*(a;)}2da;. 


It may be verified at once by expansion and term-by-term integi'ation 
that (9,7.2) and (9.7.3) are equivalent. 

To prove (9.7.3) we observe that 


and so 


A{x}-j^e-*A*{xt)dt=^J e~^l<^A*{u)du 

A^ (x) dx = ^ e-“/* A* (u) dup = dy 6““" A* (w) duj 


where 


a{u)=e~^A*(u). 

® Widder (1), Hardy (9). 
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This is 

J dwj ci{u)duj^ e~'”^a.{v)dv=s:j J -^3.^ dudv 

= ^J OL^{u)du=:7Tj {e~“ J, * { w)}2 du, 

by Theorem 316. 

It is easy to see that the eoastant tt is the best possible. The relations 
between, the functions (9.7.1) are important in the theory of divergent 
series, particularly in connection with singularities of analytic functions. 

9.8. Hardy’s ineqeality. The two theorems which we discuss 
next were discovered in the course of attempts to simphfy the 
proofs then known of Hilbert’s theorems®. 

We might require only an imperfect form of Theorem 315: the 
double series is cmwergent whenever and S6|' are conijergent. It 
would then he natural to argue as follows. We divide the double 
series into two parts S^, 82 by the diagonal m—n, and consider 
the part 81 in which m^n. Then 

6'i=ES^^<SS^^=S^6„, 

where = + 

Since is convergent, the last series is convergent whenever 
is convergent, and, to prove the convergence of 81 , it 
is enough to prove that the convergence of the last series is a 
consequence of that of Sag. The convergence of 82 could then be 
proved in the same way. 

This line of argument leads up to and is completed by the 
following theorem. 

326. If2}>l,aJ^^0,a?^dA^=aJ^■i-a2-i■... + aJ^,then 

unless all the a are zero. The constant is the best possible. 

» It was a considerable time before any really simple proof of Hilbert’s double 
series theorem was found. 
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The corresponding theorem for integrals is 

327.a Ifp>l, f{x) ^ 0, and ^ (a:) = J ^ fit) dt, then 
unless / = 0. The constant is the best possible. 


These theorems were first proved by Hardy (2), except that Hardy 
was unable to fix the constant in Theorem 326. This imperfection was 
removed by Landau (4). A great many alternative proofs of the theorems 
have been given by various writers, for example by Broadbent (1), 
Elliott (i), Grandjot (1), Hardy (4), Kaluza and Szego (1), Knopp (1). 
We begin by giving Elliott’s proof of Theorem 326 and Hardy’s proof 
of Theorem 327.*^ 


(i) In proving Theorem 326 we may suppose that % > 0. For 
if we suppose that % = 0, and replace by 5^, {9.8,1) becomes " 






an inequahty weaker than (9.8.1) itself. 

Let us write for AJn, and agree that any number with 
suffix 0 is 0, We have then 




--^0 

p-1 


£ 

p-1 




p-1 




“jj- - 1 ) <xPn~l - 


Hence 


p-1 

N 

-ZolV 


P 


A ATr/ P 


p-1 


We have already encoimtered this theorem in Ch, VII, but the proof which we 
gave there (in detail only when ?)=2) was intended primarily as an illustration of 
variational methods and has no particular pretensions to simpKeity. 

We have expanded the proofe so as to deal with the question of equality. 

° By Theorem 9. 
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and therefore, by Theorem 13 , 

N q) N ri [N \ (N \ 

(9.8.3) See,/ ^^Sa/-i«,,<^|Sa/ji/i’ |Sa/ji/^'. 

Dividing by the last factor on the right (which is certainly 
positive), and raising the result to the pth power, we obtain 



When we make N tend to infinity we obtain (9.8.1), except that 
we have ‘ ^ ’ in place of ‘ In particular we see that Sa/ is 
finite. 

Returning to (9.8.3), and replacing N by oo, we obtain 
(9.8.5) 

There is inequality in the second place unless (a/) and (a/) 
are proportional, i.e. unless a^ = 0'a,p where O is independent 
of n. If this is so then (since Uj, =ai> 0) 0 must be 1, and then 
for ah. n. Tliis is only possible if aU the a are equal, 
and this is inconsistent with the convergence of Sa/. Hence 


(9.8.6) 




c^(Sa/)i/^(Sa/)i/^'; 

and (9.8.1) follows from (9,8.6) as (9.8.4) followed from (9.8.3). 
To prove the constant factor the best possible, we take 

= (n^N), aji = 0 {n>N). 


Then 


= J (nSN), 


N I 

Sa/=S-, 
1 n 


where e,, 0 when n->oo. It follows that 
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where 7 ?^ -> 0 when N->cx), Hence any inequality of the type 

is false if is chosen as above and N is sufficiently large. 

An alternative procedure is to take = for all n, and 

to make e small. Compare § 9.5 : it was this procedure which we 
followed there. 


(ii) If 0 < ^ < Z, we have 
Jr\a:/ dx 


4 — - 
P 


iL_r' 




p-l 'p-l 

But, by Theorem 222, F^^ (|) -> 0 when p is integrable and 

|-^0. Hence 






If / is not nul in (0, Z), the left-hand side of (9.8.7) is positive. 
Hence (9.8.7) gives 

(9.8.8) 

and when we make X~>co we obtain (9.8.2), except that ‘ < ’ is 
replaced by ‘ ^ In particular, the integral on the left-hand side 
of (9.8.2) is jSnite. 

It follows that aU the integrals in (9.8.7) remain ffinte when 
Z is replaced by 00 , and that 

The last sign of inequality may be replaced by ‘ < ’ unless x~'^ F^ 

Partial integration is justified because is an integral when F ia an integral. 
Eor a formal proof see Hardy (4), 
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mdp are effectively proportional. This would make / a power 
of X, and then jf^dx would be divergent. 

Hence 

unless / is nul. Since the integral on the left-hand side is positive 
and finite, (9.8.2) now follows from (9.8.10) as (9.8.8) followed 
from (9.8.7). 

The proof that the constant is the best possible follows the 
same lines as before: take/(a;) = 0 for a; < l,f {x) — for a: ^ 1. 


Elliott’s proof of Theorem 326 applies to Theorem 327 also, with the 
obvious modifications. The proof of Theorem 327 given in (ii) may be 
adapted to series, but does not give the best possible value of the constant. 

(iii) The following proof of Theorem 327 (due to Ingham) is also 
interesting ; we shall be content with proving the form with ‘ g ’. We use 
Theorem 203, supposing that the intervals of integration are each (0, 1), 
that the weight-functions are 1, and that 


r=l, s-p>\y J{x,y)=f{xy). 


= ^y{xy) dx = 


j^iy) 


I j \fHxy)dyl''" == 


for 1. Hence, by Theorem 203, 




We then obtain the result by putting 

x=Xlcy f{X}e)=g{X)y 
replacing X, g by x, /, and making c oo. 


9.9. Further integral inequalities. There are many ana- 
logues and extensions of Theorems 326 and 327, which have been 
proved by different writers in different ways; and we give some 
of these theorems here. We consider integral inequalities first, 
since we can derive most of these in a simple and uniform manner 
from Theorem 319, and the corresponding theorems for series 
sometimes involve slight additional complications. 

(1) Take, in Theorem 319, 

K [x, y) = 1/y {x ^ y), K {x, y) = 0 {x> y). 
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Then, if > 1, 

^ = J K{x,l)x-^lPdx~ j x-^Pdx = ~^, 

and all the conditions on K are satisfied. Hence (b) and (c) of 
Theorem 319 give 

and 

Of these inequalities, (9.9.1) is Theorem 327, with ^ ’ for ‘ < ’; 
we cannot quote ‘< ’ from the general theorem because K is 
not alwa;^s positive. But equality in (9.9.1), with a non-nul /, 
involves 

j jK{x,y)f{x)g{y)dxdy=^^(^jfPdx'^ , 

with non-nul / and g. The argument of § 9.3 then shows that 
(9.3.1) is true for x<y, and that f=Cx-^P for small x, which is 
inconsistent with the convergence of If^dx, 

Similarly we can prove that there is inequality in (9.9.2) maless 
g is nui. A trivial transformation then gives 
328. If p> I and 

F{x)=^j f{t)dt, 

then 

(9.9.3) f FPdx<pP f {xf)Pdx, 

Jo Jo 

unless f^ 0. The constant is the best possible. 

(2) More generally, take 

with r > 0. With r ~ 1, we come back to (1). We now have 
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We are thus led to 
329. If p>l, r>0, and 

(9.9.4) = 

then 


(9.9.5) 






/^o. If 


(9.9.6) 
then 

(9.9.7) 




rwl. 


{t--xY-^f{t)dt, 


//■ 


.^dx<\ 






unless f= 0, In each case the constant is the best possible. 

The function /y {x) of (9.9.4) is the ‘Eiemann-Liouvilleintegrara 
oif{x) of order r, with ‘origin’. 0. The function (9.9.6) is the ‘Weyl 
integral’ of order r, which is in some ways more oonvenient, 
especially in the theory of Fourier series. 

(3) Take 

Kix,y)=^ {x^y), K{x,y) = 0 {x>y), 
with a < Ijp'. Then 

k=f^ as-tt-i/ji P — ^ 

Jo p-pa.-l 

and (6) and (c) of Theorem 319 give 

(9.9.8) 

(9.9.9) /, 

Changing the notation, we obtain 

330. If p>l,r^l,and F{x)isdefinMby 

Fix)= ir>l), Fix)=^ly{t)dt ir<l), 

^ See § 10.17. Part of Theorem 329 is proved by Ehopp (3). 
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then 

. (9.9.10) x-^F^dx< /” x-^{xfydx, 

unless f~0.^ 

The constant is the best possible. It is also easy to verify that, when 
|)= 1, the two sides of (9.9.10) are equal. 


9.10. Further theorems concerning series. Among the 
analogues and extensions of Theorem 326 we select the following. 

(1) The theorem related to Theorem 326 as Theorem 328 is to 
Theorem 327 is 

331.^ If p> I, then 

S («,, + +...)p<p»'2, (najp, 

unless (a^j is nul. The constant is the best possible. 

This theorem is ‘reciprocal’ to Theorem 326 in the sense of * 
§ 9.7 (2), i.e. deducible from the latter theorem by the converse 
of Holder’s inequality. It may be instructive to set out the 
proof in detail, although what we say amounts to a repetition in 
a special case of what we have explained more generally before <5. 

If K (a?, y) is defined as in § 9.9 (1), then 


(9.10.1) 

aS-g (m, «) S S ^ = S -L t ■ : . + '^» 

mgw n n n 


by Theorems 13 and 326, unless {a) or (6) is nul. 
On the other hand 


lILK {m,n)aj>.^=: Sa,, 


I K+X , 

\m m+ 1 




and the maximum of this, for all {a) for which is, by 

Theorem 15, 


For a direct proof see Hardy (5). 
Copson ( 1 ); see also Hardy (6). 
c See § 8.7. 
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Hence, by (9.10.1), 



^m+l ■ 

m+ 1 


■)T 




Changing b^ into ma^, and p' into p, we obtain Theorem 331. 

That the constant pp is the best possible follows from the 
last remark of § 9.7 (2). 

(2) 332. If p > I, Xn> 0, and 


— ^1 + A2+ ... +A^, = + A2a2+ ••* + A^«'^, 

unless {af) is nul. 

This theorenl^ which is related to Theorem 326 as Theorem 321 
is related to Theorem 315, may be proved in various ways . In the 
first place, it may be deduced from Theorem 320 by a specialisation 
of iT (as Theorem 327 was deduced from Theorem 319 in §9.9); 
but the question of ]possible equality then needs a little attention. 
Perhaps the simplest proof is by a direct adaptation of Elliott’s 
argument in § 9.8. If 


and the proof may be completed as in § 9.8.^ 

The theorem may also be deduced from Theorem 327 by taking 
/ to be an appropriate step-function (the process by which, in 
§ 9.4, we deduced Theorem 320 from Theorem 319 ) . We shall not 
set this out in detail^ ; but the remark raises questions of which 
we say something more in the next section. 

9.11. Deduction of theorems on series from theorems 
on integrals c. The process of deduction just referred to, and 
actually used in §9.4, is very natural and often effective. It is 
however apt to lead to difficulties of detail, so that direct methods 
are usually preferable. We illustrate this by giving a deduction of 

® For the details see Copson (1). - 

t Eor the details {wMch are rather tronhlesome) see Hardy (4). 

® Compare §§ 6.4 and 9.4(1). 
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Theorem 326 from Theorem 327, which leads us incidentally to 
a remark of considerable intrinsic interest. 

We observe first that it is sufficient to prove Theorem 326 on the 
hypothesis that decreases as n increases. This follows from a 
theorem which is of sufficient interest to be stated separately. 

333. If the are given except in arrangement, and (j) (u) is a 
positive increasing function of u, then 

is greatest when the are arranged in decreasing order. 

To prove Theorem 333 we have only to observe that, if v > ju 
and a^>ap,, the effect of exchanging and Uf is to leave 
unchanged when n<iioxn>v, and to increase when /a g < v. 

The theorem is one of a type which we shall discuss in much " 
greater detail in Ch. X. 

Suppose now that a„ decreases, and that Theorem 327 has 
been proved. We define f(x) by 

f{x)-a^^ {n~\^x<n). 

Then 

(9.11.1) 

lin<x<n-\- 1, then 

+ + + an + {x—n) A ^^ - + xO'n+i 

^ X X ’ 

and 

so that Fjx decreases from AJn to Aj^^J{n+ 1) when x increases 
fromw.to?^^-l. Hence 

(»<*<» + !) 

and so 

(9.11.2) 

Theorem 326 now follows from (9.11.1), (9,11.2), and Theorem 
333. 
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If the reader wiU try to deduce Theorem 331 from Theorem 
328 similarly, he will find some difficulty. Something is lost in the 
passage from integrals to series, and it is by no means always 
that (as here) the passage can be made without damage to the 
final result. 


9.12. Garleman’s inequality. If in Theorem 326 we write 
for u/, we obtain 

If we make ^ ->oo, and use Theorem 3, we obtain 
S ^ 2 . . . < e ; 

and this suggests the more complete theorem which follows. 
334.a S (%a2 • • • < e 

" unless (a-„) is nul. The constant is the best 'possible. 

It is natural to attempt to prove the complete theorem by 
means of Theorem 9; but a direct application of Theorem 9 to 
the left-hand side of (9.12.1) is insufficient To remedy this, we 
apply Theorem 9 not to Ug, ..., but to Ci%, 
and choose the c so that, when 2a, ^ is near the boundary of 
convergence, these numbers shall be ‘roughly equal’ . Thisrequires 
that shall be roughly of the order of n. 

These considerations suggest the following proof. We have 

2 {a^a^ . . . = 2 

g 2 (CiC3... 2 

= 2a,„c„, 2 i{CiC2...cJ“i/^\ 

m 


^ Garlenaan (1). The proof given here is due to Polya (2). The less precise 
convergence theorem (without the constant e) was found independently by other 
writers, and there are a number of proofs of one form or the other of the theorem. 
See Collingwood (in Valiron, 1, 186, where there is a proof due to Littlewood), 
Kaluza and Szego (1), Knopp (1), Oatrowski (2, 201-204). 


b S a,„=2:a-,, 3 

but the right-hand side is generally divergent. The proof fails because the a in 
% % ... are ‘too unequar, and too much is lost in replacing @(a) by 31(a). 
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In order that the inner summation should be easily effected, 

we choose 1, 

when 


c^== 
and then 


(m4- 1)^” 




1 




S {aia^ . . . ^ S - 


= 2a« 




< e Sa,,, 


by Theorem 140, unless is nul. 

We can prove the constant best possible as in § 9.6. We may, 
for example, take a^~l jn for 92. < p,, ct^ = 0 for ??. > /r, and make fi 
tend to infinity. 

The eoisresponding integral theorem is 
335.3- /jpjp is not nul, then 

J expj^J \ogf{t)d^dx<e^ f{x)dx. 


9.13. Theorems with 0 <p < 1. We have supposed so far that 
the parameter p involved in our theorems is greater than 1. 
A good many of them, however, have analogues with a p less 
than 1, and we give a selection of them in this section. The 
characteristic difference between the two cases lies (as is to be 
expected after our experience with Holder’s and Minkowski’s 
inequalities) in a reversal of the sign of inequality. 

(1) 336. If K{x, y) is non-negative and homogeneous of degree 
~1, 0<p< 1, and 

J K{x,l)x~‘^^^dx = j K{l,y)y~’^iP'dy~Jc<oo, 

then 

{«») K y)f{^) g (y) dxdy ^ k ^ P ds^'^ ^ , 

( 6 ) j ^dy(^^ ^K{x,y)f{x)dx'^ ^k^ j ^p{x)dx. 

Here, in accordance with the conventions of §§5.1 and 6.6, 

*Knopp(l). 
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(a) means ‘if the double integral, and the second integral on the 
right, are finite, then the first integral on the right is finite, and . . . ’ ; 
and (6) means ‘if the integral on the left is finite, then the 
integral on the right is finite, and 

If we use the second method of § 9.3, the proof of (a) is the same 
as that of (a) of Theorem 319. The sign is reversed because we use 
Holder’s inequality with jp < 1. To deduce (6) from (a), we appeal 
to Theorem 234. We leave it to the reader to frame the corre- 
sponding theorem for p < 0, and to consider the question of equality. 

We cannot take ^ = 1 {{x + y), since then h = oo. There is there- 
fore no exact analogue of Hilbert’s theorem. 


(2) 337. J/0<p<l,/(a;)^0, 

® 

I pdx<<X), 

J 0 


and 

Vimt, 

J X 

then 



unless 0. The constant is the best possible. 


We may deduce Theorem 337, in an imperfect form, from 
Theorem 336, by taldng 

K{x,y) = Q ix<y), K{x,y) = ^ {x^y), 
when f x~'^i^dx==~—, 

Ji 

To prove the complete theorem in this way would involve a 
discussion of the sign of inequality in Theorem 336 (and so in 
Theorem 234). We therefore follow a direct method analogous to 
that of §9.8. 

We may suppose 

finite, since otherwise there would be nothing to prove. 
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We have 
(9.13.1) 




1^7 


fdx. 


Since F decreases as x increases, 




FPix) = 2 




tends to 0 both when x-^0 and when x-^oo. Hence (9.13.1) 
gives in the limit 



and the proof may be completed as before. r 

For a more complete result, corresponding to Theorem 330, see 
Theorem 347. 


(3) Finallywe prove a theorem wliich is related to Theorem 326 roughly 
as Theorem337 is related toTheorem327. The correspondence is not quite 
precise, and the theorem illustrates very instructively the slight additional 
complications which are sometimes inherent in a theorem concerning series. 

338.® If 0 <p < 1 and < oo, then 

unless {a„) is nul. The dash over the summation on the left-hand side implies 
that the term for which n~ 1 is to he multiplied by 



The constant is the best possible. 

In Theorem 337, take 

f{x) = 0 {0<a;<l), /(a;}=a„ {Q<n^x<n + 1). 

Then, if 0 < w ^ cc < w + 1, 

F _ {n+l-x)a^ + a^i+... ^ a^ + a„+^ + ... 

X X ” n 

Hence 

while r {f')’(ia!=(o,+a, + 

J 0 \X/ J Q 1 —p 

and the result follows from Theorem 337. 

® The substance of this theorem was communicated to us by Prof. Elliott in 1927. 
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Some such gloss as that contained in the last clause of the theorem is 
necessary; the result is not necessarily true if the dash is omitted®'. 

9.14. A theorem with two parameters j? and q. We con- 
clude tins chapter with a theorem which, although again an ex- 
tension of Hilbert’s theorem, has peculiarities which do not occur 
in any of the earlier theorems of the chapter. It involves two 
independent indices p and q and an undetermined constant 
K{p,q). 

339. If n>l, n>l, - + ->i, 

^ ’ p q- ’ 

so that 0<A — 2-- — ^=-^ + -^^1, 

P I P ^ 


s'! 




where K—K{p, q) depends on p and q only. 


/CO \iip/co \iia 


This theorem reduces to Theorem 31 5 when q—p',X=l:iji that 
case we know the best possible value of K. The best value has not 
been found in the general case, and the problem of determining it 
appears to be difficult. We shall prove later (§10.17) a deeper 
theorem in which A< 1 and m-i-w is replaced by \ m — n\ (equal 
values being then excluded from the summation). 

It is sufficient to prove that, if 'ZaJP = A, = B, then 


(9.14.1) S 


and for this, by Theorem 13, that 
(9.14,2) 

m 

A ^ K 


where 

How 




n^m 




andp'^g'. Hence 


® Take %=!, a^—a^=... =0, Then the result is false Mp>\. Tor an alternative 
form, of the result see Theorem 345. 
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m /m \l/a 

But 


and 

Hence 


9! 


+ 9'— ^)'A=0. 


21jS^2>'< jg(2J'--ci:)/efS 


J5CP'-e)/ff+i — 

^mj \g[-l] 


by Theorem 326. This proves (9.14.2). 

Similarly we prove 

340. Under the same ccmditions as those of Theorem 339 




MISCELLANEOUS THEOBEMS AND EXAMPLES 

341. If (i) a,n, bn,f{x), g{y) are non-negative, (ii) the summations go 
from 1 to CO and the integrations from 0 to oo, 

(iii) (L6«3»')i/3>'=: B, {! g^'dy)^!^' =G, 

and (iv) p>l, then 


(1) 

SS,. .<pp'AB, 

Max (m, n) 

(2) 



•unless {ttjn) or (6„) oxf{x) ovg{y) isnnl. The constants are the best possible. 

[Cases of Theorems 318 and 319, {a). In order to shorten the statements 
of the following theorems we agree that conditions (i), (h), and (ui) are pre- 
supposed in all of them; and that, whenever the conclusion is expressed 
byaninequaUty (orX>irr), 

with a definite, K, then K has its best possible value (unless the contrary is 
stated explicitly) and equality is excluded unless a sequence or function 
involved in the theorem is nul. 

When, on the other hand, the conclusion is 

with an unspecified K, then X is a function of any parameters of the 
theorem.] 
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342. then 

(1) ^^ logjmln) 


— m-n «m6«<vr^cosec2-.^B, 

/ 1 gi3j) dxdy < ^8 cosec8 "^.FG. 


( 2 ) 

[Also eases of Theorems 318 and 319, (a). Here 
k 


= f x~^l^ dx — TT^ cosec8 - .] 

Jo p ■* 


343. If23>l, then 

i E ^ (i V (b^\ 

" 2 mnlogmw sin(77-/p)V2 ^ 

[MuUiolland (2). Since 


the result is slightly stronger than that obtained by taking A,„ = logm, 
M« = log n in Theorem 321 .] 


, 844. If 0 <p < 1 then 

S (a„ + a„^i + . . .)» >;23J> S (?ia„) A 

[Copson (2). This theorem, with Theorems 326, 331, and 338, forms 
a systematic set of four.] 


345. If 0 <33 < 1 then 

S (2!L±2ai+^y>p^Sci„». 

[Corollary of Theorem 344. Compare Theorem 338 ; here there is no 
gloss, but the constant is less favourable and is presumably not the best 
possible.] 

346. If (a) o>l, s„ = ai+a2+-"+«n> or (&) o<h Sn = <^» + an+i+ •••, 
then 

(a) (p>l), 

(j8) (0<p<l). 

[In each of the four cases K—K (p, c), as laid down under Theorem 341 , 
See Hardy and Littlewood (1). 

We prove (a) when c> 1. If 

then Hence, if we agree that So=0, we have 

= S {cf>^ - ^ (V - 

m /m \ llv /m \ l/s' 

\^n-°SnA ; 

and (a) follows. Hardy and littlewood (2) give function-theoretic 
applications of (a) and (p). The important ease is that in which c = 2.] 



256 Hilbert’s inequality and 

347. If r and F satisfy the conditions of Theorem 330 , but 0 < p < 1 , then 

[Hardy (5).] 

348. If a(y)=Sa.™e-Wi/ 

and p>l, then 

[Take jST (a;, 2 /) = 2 /"^ 6“®/*' and apply Theorem 3 19, (6). More general but 
less precise results are given by Hardy and Littlewood (1), and some 
function-theoretic applications by Hardy and Littlewood (2),] 

349. If A,j and A„ satisfy the conditions of Theorem 332, thexi 

SA„ . . . a„A„)i/A„ < Q SA„a„ . 

[See Ha^dy (4).] r- 

350. If p > 1, K {x) > 0, and 

J K (x) x^~^ dx = <l> {s), 

then 

I j^{^y)f{^)9{y)dxdy<^(^ (^jx^-^pdx'j (^jg^'dyj^^', 
ldx(^lK{xy)fiy)dyJ fx^>-‘^fPdx, 

jx^-^ dx (^jK(xy)fiy)dyy < 4^ (1) j f^dx. 

In particular, when K (x) = e”®, and F{x) =/ iC ixy)fiy) dy is the ‘Laplace 
transform’ off{x), 

jF»dx<Tp(^ jx^^pdx, Jx^-^F^dxKT^Q-^ jpdx. 

351 . If also K (x) is a decreasing function of x, and 

A{x) = JlanKinx), An=’!iaix)K{nx)dx, 
then jA'P{x)dx<p(^'Ln'^^an'^, 

Jx^-’^a^ixjdx, 

lx^~^AHx)dx<p(^y^Za^^, 

Ja^{x)dx. 
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352. If F {x) is the Laplace transform off(x), and 1 <p < 2, then 

jwP'dxS^ (^J/^dxy'^^. 

[For the last three theorems see Hardy (10). Theorem 350 may he 
deduced from Theorem 319 by transformation. It is not asserted that 
the constant in Theorem 352 is the best possible.] 

353. If K^{x)^0, 

Ki(x,y)=jKQ(xt}Ko(yt)dt, Kz(x,y}=jKi(x,t)Ki(y,t)dt, 


J 


-dx=k. 


then 


'LTiK^ {m, n) a^a^'^h SSili (m, n) • 


[See Hardy (9). The theorem is one concerning quadratic, not 
bilinear, forms.] 4^ 

354. ssi °gM? )„„a„s^sag^. 

® m—n ‘ m+n 


355. 


j I a (I <2 SS 

Max{m,n) Max(m,n)‘ 


[Corollaries of Theorem 353. Observe that Theorem 354, when com- 
bined with Theorem 315, gives 

^^ log{m/n) 


m — n 

in agreement with Theoi'em 342.] 




356. If c{x)—\ a{t)h{x—t)dt, 

Jo 

A^=: j x~^(x‘^a{x)^ dx, B^=j'x~^^x^b(x}^ dx, G''= jx~^(^'^o{x^ dxo 


p>\, q>\, igi+i, »<1, ?<I. 7=0.+ ^-!, 


then 

where 


K. 


Q<KAB, 

r(i-»)r(i-a 


Fa-y) 

357. If Ujj — 6 q— 0, c,j — Uq 6^ "I" • d" j 

= B8=Sn-i(«P&„)e, G^=Sw-Mwyc„)’-, 

p, q, r, and y satisfy the conditions of Theorem 356, and 0^a<l, 
0 ^ ^ < 1, then G < KAB, with the K of Theorem 356, If « < 0 or j8 < 0, the 
inequality is true with some K. 


17 
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358. If ao = bo=.,.==Co=0 

and Un = ^r^bj.^..,Cr,^ S?'^ = w), 


then < i |r (4)}“*' . 

359. If |) > 1, Z > 0, m > 0 and cix) is defined as in Theorem 356, then 
(j)-i) j ajd-DCp-i) a^(^x)dx j b‘^{x)dx, 

, fr(Z)r(m)] 

**‘“® ^"=iT(rH^T • 


There is equality if and only if 

a{x)= Ax^~^ e~^’® , b{x)s Bx'^~^ e”' '® , 
where .4, j5, (7 are non -negative constants and G is positive. 

[For Theorems 356--359 see Hardy and Littlewood (3, 5, and 12).] 

360. If '2i(a;) is the Laplace transform oif{x), and f > 1, then 

I mx)dx^KF<K 

361 . Ifp>l, ?> 1 , 

/x=i-F--1^0, 

P S' 

and L, M are the Laplace transforms of/, g, then 

j x-t^LMdx^KFQ. 


362. If p > 1, 0 ^ ^ < l/p, and 

m (m+np^ ’ 

then S KA . 

[This may be deduced from Theorem 339 by the converse of Holder’s 
inequality. Many further theorems of the same general character as 
Theorems 360-362 are given by Hardy and Littlewood ( 1 ) .] 

363. If A„ is positive and 

p>l, 4l„=ai-t-aa+. ••+«„, Ai-f-Ag-f- ... +A„^cn, 
then 'L{^^^Xn'^KA'». 

364. If A„ is positive and 

p>l, r>l, Ai»--fA2»'-}-... + A/^ca, 
ss^a.„..skxb. 

The result is not necessarily true when r = 1 (as it is when A^ = 1). 

[For these two theorems, which are corresponding extensions of 
Theorems 326 and 315, see Hardy and Littlewood (11).] 
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365. The inequalities in Theorems 326 and 334 are th© special cases 
{0<t<l), (}>=logx, of 

(i) ^ j j < g(^) Sa. . 

[Knopp (2). This remark has led Knopp to a systematic investigation 
of forms of ^ for which (i) is true. See also Mulholland (4).] 

866. Suppose that ^ and ^ are continuous and strictly increasing for 
cc>0, and have the limits 0 or — oo when a;->0; and that is convex 
with respect to tp (§3.9). Then (i), if true for (p, is also true for i/r, with 

[ICnopp{2).] 

367 . + 

[ICnopp(2).] ^ 


17-2 



CHAPTER X 
REARRANGEMENTS 


10.1. Rearrangements of finite sets of variables. In wliat 
follows we are concerned with finite sets of non-negative numbers 

suolias %; bi,b^,...,b, 6„; 

...» ..., a^: 

we denote such sets by (a), (6), .... 

Taking for example the first set, in which j assumes the values 
1, 2, ..., n, we define Sb permukttion function f){j) as a function 
which tak^s each of the values 1, 2, ..., t?, just oirse when j varies 
through the same aggregate of values. If 

then we describe {a') as a rearrangement of (a). Similar definitions 
apply to other cases in which the range of variation of § is 
different. 

There are certain special rearrangements of (a) which are 
particularly important here. These reanungements, which we 
denote by 

are defined as follows. 

The set {a) is the set {a) rearranged in ascending order, so that, 
when the values of J are 1, 2, ..., w. 

The set {a) is defined unambiguously by the set {a) although, 
when the a are not aU different, there are ambiguities in the 
definition of the permutation function by which we pass from 
{a) to {a). 

In defining the sets (a+), (+a), (a*) we suppose that j varies 
from ~nton. The set (u+) is defined by 

U(j+ ^ ^ ^ ^2+ ^ a_2+ ^ . 

and the set (+a) by 
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There is one particularly important case, that in which every 
value of an a, except the largest, occurs an even number of times, 
while the largest value occurs an odd number of times. In this 
case we shall say that the set (a) is symmetrical. The sets (a+) and 
(+a) are then identical, and we write 
a+=+a=a*, 

so that is defined by 

Uq* ^ = a_j* ^ ^ . 

A set (a*) may be said to be symmetrically decreasiri^. The sets 
((:»+) and (■•■«) are sets arranged so as to be as nearly symmetrically 
decreasing as possible, but with the inevitable overweight of one 
side arranged systematically to the advantage of the right or the 
left respectivelj-^. All these sets are defined unambiguously by {a) , 
though there may be ambiguities in the definitions of the 
corresponding permutation functions. 

We note that 

( 10 . 1 . 1 ) 

10.2. A theorem concerning the rearrangements of two 
sets. We begin by proving a very simple, but important, theorem 
concerning the set (a). 

368.^ If {a) and (6) are given excerpt in arrangement, then 
Hab 

is greatest when {a) and (6) are monotonic in the same sense and 
least when they are monotonic in opposite senses •, that is to say 

(10.2.1) S 

1 1 

It will be observed that, since we can add up the sum Utah in 
any order, we may suppose one set, say (a), arranged from the 
beginning in any order we please (in particular in ascending 
order). 

We may express the theorem equally well by saying that the 
maximum corresponds to ‘similar ordering’ of (a) and (6) in the 

Tide theorem and Theorem 369 are valid for all real, not necessarily positive, 
o and 6. 
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sense of §2,17, the minimum to ‘opposite ordering’®'. The theorem 
becomes ‘intuitive’ if we interpret the a as distances along a 
rod to hooks and the h as weights suspended from the hooks. To 
get the maximum statical moment with respect to an end of 
the rod, we hang the heaviest weights on the hooks farthest from 
that end. 

To prove the theorem, suppose that the (a) are in ascending 
order, but not the {b). Then there are a j and a h such that S a& 
and6j->6;^. Since 

bj ^ + — (% bj 4- %-&&) = (<*& ~ %) (bj — 6^.) ^ 0, 

we do not dimmish Sa-6 by exchanging b^ and bj^ . A finite number 
of such exchanges leads to an ascending order of the b, so that 
Ila6 ^ I!d6. 

The other half of the theorem is proved in the same way. 

This argument establishes incidentally a variant of Theorem 
368 which is sometimes useful. 

369. If 

(10.2.2) ^ Hab 

for all rearrangements (b') of (b), then {a) and (6) are shnilarly 
ordered. 

For, if < 0 for any j, h, we can falsify (10.2.2) 

by exchanging b^ and bj ^ . 

10.3. A second proof of Theorem 368. We have to consider 
analogues of Theorem 368 for more than two sets of variables. 
These lie a good deal deeper and cannot be proved in so simple a 
manner. We therefore give a second proof of Theorem 368 which, 
though quite unnecessarily complicated for its immediate object, 
will serve to introduce the method which we use later. We con- 
fine ourselves to the second inequality (10.2.1), and divide the 
proof into three stages. 

( 1 ) Suppose first that the sets considered consist entirely of 

a Theorem 43 (with r = 1 and jp== 1) may be expressed, in our present notation, 
in the form - ^ r 
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O’s and I’s; we indicate such special sets by the use of German 
letters a, B, .... Then 


(10.3.1) a^=a, b2=b 

for all j. In this case 


SaB^SB, 

and so SaB ^ Min (Sa, SB) = SaB . 

(2) Any set (a) may be decomposed into a linear Gombination 
(a^), (a^), (aO*^ 


of sets 


of the special type considered under (1), in such a way that 

(10.3.2) aj- = a^a/ + a2a/+ ... + a^a/ 

and ^ 

(10.3.3) dj — a?-af + a.^aj^+... + o!}a/ {j=l,2,...,n), 
the coefficients a being non-negative. 

The method of decomposition will become clear by con- 
sidering a special case. Suppose that (a) contains (in some order) 
the three numbers A, B,G, where 0^A^BsC,so that 
d^ — A, d,2 = B, 0,^—0. 

Then 

% = A. l + (5-A)0-f- (0-15)0, 

d,^=^A.l + {B-A)l + {G-B) 0, 

53 = A.l-f-(^-A)l-f (O-JS)l; 
and we may write 

= ol 5/ + 5/ -h a/, 

where cA = A, ol^=B~A, oh^—G—B 

and (5^), (a^), (5®) are the three sets 

( 1 , 1 , 1 ), ( 0 , 1 , 1 ), ( 0 , 0 , 1 ). 

If then we perform the permutation which changes (a) into (®) 
and at the same time (5^), ... into (a^), ...,^ we obtain 
% = a/ -f -f- a® UjA 

*- means and means in (10.3.1) above, a® is a power, but this use does 
not recur. 

# is defined by tbis permutation. 
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In the general case we proceed in the same way, writing 
52 = ai.l + (a3-%).l + (d3~d2)-^+-'-> 


This secures (10.3.3), and (10.3.2) then follows by rearrangement, 
as in the special case. 

(3) From (1) and (2) we can deduce the general theorem. For, 
decomposing {b) as in (2), we have 

dj-'Za.Pdf, = 

p p cr a 

3 P <r J' 

S SSa^ hd/hf ~ Ytdjbj . ^ 

pa- j j 

10.4. Restatement of Theorem 368. It will also be useful 
to restate Theorem 368 in different language. We suppose now 
that, in the sets (a), (6), J runs from — n to n. We write 
f{x) = , g{x)-= I,h^x ^ , 

and call = ^ (/ (a;) ) 

the central coefficient of/. Plainly 

Also 2 dpbg— Ea.y 6_y = % {fg). 

r-)-s=0 

The sets (a>) and are similarly ordered, and if we write 

/+(a;) = 2n/a;?, +/(a;) = S+aja;’, 
so that, by (10.1.1), 

then Theorem 368 gives 

%{fg)=== 2 u,.6g=2%6_j-<2a>+6 .•= 2 a,.++6.«S(/++g). 

r+s=0 r+s«0 

Hence we deduce 

370, The central coefficient of 
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is greatest, for all rearrangements of the a and b, when {afi and {b_j) 
are similarly ordered, in particular when (a) is (a+) and (b) is (+&) 
or when (a) is (+a) and (b) is (6+). 

10.5. Theorems concerning the rearrangements of three 
sets. We pass now to theorems involving three sets of variables. 

371. ^ Suppose that the c, x, and y are non-negative, and the c 
symmetrically decreasing, so that 

while the x and y are given except in arrangement. Then the bilinear 
form ft ft 

S S c,,_^x^yg 

r^—lis~~k 

4!| • 

attaim its maximum when (a?) is (a:+) and y is {y+). 

* It is evident that, if this is so, then the maximum must also be 
attained when {x) is {+x) and (y) is (•*■?/). 

372. ^ Suppose that (a), (b), (c) are three sets satisfying 

(10.5.1) = bQ-^bs=b_s, Co^C/=c_;. 

Then the maximum of 

S a,,bgCi = (I (La,, x^ Lb^x^ Sc^ x^) , 

r+s+i=0 

for rearrangements of the sets which leave a^, h^, Cq unaltered, is 
attained when (a), (6), (c) are (a*), (6*), (c*). 

373. ^^ If (a), (b), (c) are three sets, of which (c) is symmetrical in 
the sense o/ § 10.1, then 

L a,.bgC(S 21 a^++ 63 C^*= L +a.ybf-C{^. 

r+s+f=0 r+s+i=C r+8+t=0 

It will be sufficient to prove Theorem 373 , since this includes 
the other two theorems. Inthefirstplace, Theorem 373 is Theorem 
372 freed from the restrictions (10.6.1), wholly in regard to {a) 
and (6) and partly in regard to (c). To deduce Theorem 371 from 
Theorem 373, we put 2k— n, Xy.—a_f, yg-bg, and suppose that 
the a and b outside the range ( — k, k) are zero. We may observe 

ft Hardy, Littlewood, and Polya (1). 

Hardy fflad Littlewood (4), Gabriel (1). 
c Gabriel (3). 
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finally tliat Theorem 370 is the simple case of Theorem 373 in 
which Cq=1 and the remaining c are 0. 

10.6. Reduction of Theorem 373 to a special case. We 
divide the proof of Theorem373 into three stages, as in § lOJ.The 
whole difficulty of the proof lies in stage (1), in which (a), {b), (c) 
are of tjrpes (a), (6), (c) : and we take this stage for granted for the 
moment and dispose of the easier stages (2) and (3). 

First, we may decompose (a), (h), (c) into sums of sets (a^), 
(B®'), (C^), in such a way that 

Uj-=Sa^a/, c^-=Sy^c/, 

and a^.+=Sa/»a/+, +6^. — c/-*' = . 

p <r r 

Here the a, B, c are all 0 or 1, the a, j8, y are non-negative, and 
(a point which does not arise in § 10.3) the sets (c’’) are symmetricaL' 
All this is proved by the method of § 10.3 ( 2 ).a When we have done 
this, and proved the theorem for sets of type (a), (B), (c), we have 
S a^bsCi- S S a/B/c,^ 

r+s+f=0 P,(r,T r+s+t-0 

^ S a.p^^y'^ S S a++b^G{*> 

p,cr,T 7* Tv*? 4" “^0 

and the proof is completed. 

It remains to prove the theorem in the special case in which all 
a, b, c are 0 or The set c, being symmetrical, contains an even 
number of O’s and an odd number of I’s. We write 
= g{x) — 'ZbgOif, h{x) — 'ZciS^. 

Since we may add any number of O’s to the sets, we may sup- 
pose that all the summations run from ~nto n. 

We have also 

f+{x) = 'Sa^+x^=x'~^+ + ..,+x^' , 

(cc) = S+Bgcc* = a?-®' -j- 1 + ...+ , 

= .'e“2’+ ... + 1 + ... 

“ In order that the sets (c’’) obtained by tbe process of §10.3 (2) should he 
symmetrical, ia the sense of § 10,1, we drop fhose c’’ which correspond to zero y’". 

So that, strictly, we shonld write o, B, C for c, b, c. There is, however, no further 
necessity for this notation. . 
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where M, R',S, S\ T are non-negative integers and 

( 10 . 6 . 1 ) M^E'SR+1, S^S'SS+l. 

We have to prove that 


( 10 . 6 . 2 ) W97i)^^{f++gh^). 

The inequality (10.6.2) may be made ‘intuitive’ by a geo- 
metrical representation. Let x, y be rectangular coordinates in a 
plane, and represent each non-zero coefficient of/, g, h by a line, 
for l,y==s for 6g= 1, and for c^= 1. If a^bsC^ 

contributes a unit to ^ {fgh), these three lines intersect. Each of 
the functions /, y, h is represented by a family of parallel lines, 


\ 

N 

\ 




'\ 


\\ 



N \ 


\ i 



\1 


\ 



\ 

\ 



X \ 






\ 


\ 





Kg. 1. Graph off, g, h. 



and {£ [fgh) is the total number of triple intersections of these 
Hnes. We represent /+, +y, h* similarly; /+ is also represented by 
J2 -f 1 -f- it!' vertical lines, but now these lines are shifted as near as 
possible together. Typical figures are shown in Eigs. 1 and 2: 
here (a), {h), (c) are the sets 

1 , 0 , 1 , 0 , 0 , 1 , 0 , 0 , 1 ; 

1 , 1 , 0 , 0 , 1 , 1 , 1 , 0 , 0 , 1 ; 

1 , 0 , 1 , 0 , 0 , 0 , 1 , 0 , 1 , 0 , 0 , 1 , 0 

respectively; and 

5=1, E' = 2, 8=2, S' = 3, T = 2. 

It is intuitive that the number of intersections is greatest when, 
as in Eig. 2, the diagram is as condensed as possible. 
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Out proof of (10.6.2) may be presented geometrlcailya and 
followed on the figures. We reduce the actual case considered to 
a simpler one by taking away one horizontal and one vertical line 
jfrom each figure, as is suggested by the thick lines in the figures. 
We prefer however to state the proof in a purely analytical form. 

10.7, Completion of the proof . There are three subordinate 
cases in which the proof is easy. 

(1) If i?' = 0, /+ reduces to 1 and the result is included in 
Theorem 370. 

(2) If S' — 0, -^g reduces to 1 and again the result is included in 
Theorem 370. 

(3) Suppose that 

(10.7.1) B-hS'^T, JR' + S^T. 

We have in any case 

(10.7.2) 

(E{fgh)= S (i2+ 1 + M') (.?+ 1 + S'). 

r+s+f=0 

But, when the inequalities (10.7.1) are satisfied, 

{£ (/+ +gh^) = % + . . . 4. xR'+S) (^-T 4. . . . 4. 1 j 

is the sum of aU the coefficients of/++gr, and therefore 

(10.7.3) 

'Laj.b,^'Laj.'S,bs=^{R+l + R'){S+l + S'). 

r,s r s 

The result follows from (10.7.2) and (10.7.3), 

We now consider the general case in which 

R'>Q, S'>(i, Max(i2+Sf', R' ■\-S)~n>T. 

We assume that the result has been proved for 
Ma;K{R-^S', R' +S)<n 
and argue inductively. 

Let xP be the highest power in/, xf the lowest in g, and write 
f—xP = (f), /+— 

Since R' >0, S'> 0, none of these functions vanishes identically. 
» See Gabriel (3). 
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Then fgh~(cl) + xP){x^+t(s)h-<f,ilth+x^^ 

where x — + 

Since the highest power in is lower than xp+°, and the lowest 
power in xPijx is higher than xp+^, there is no overlapping, and all 
coefficients in ^ are 0 or 1. Since the sum of the coefficients in h 
is 2T+ 1, it follows that 

%{xh)^2T+l, 

(10.7.4) S {fgh) ^ (S; mh) + 2T+ 1. 

On the other hand 

(10.7.5) /++<7/i* = (^ + «®')(.'B-«' + ^)ii’i'==^j?A* + ^A*, 

where __ 

X == x~^'^ H- 

The sequence of exponents in x is an unbroken one, extending 
from —M — jS' to H'-j-S. We know that either H-hjS' or H' + jS 
is greater than T. It R + 8' >T then, by (10.6.1), 

M' + S^M+S'-l^T, 

and so the unbroken sequence from —T to T, of length 2T+ 1, 
is part of the sequence of exponents of x. The same conclusion 
follows when B' + 8>T. Since h* has an mibroken sequence of 
exponents of length 2^4-1, centred round the constant term, 
it follows that g; (^^*) = 2T + 1, 

and so, by (10.7.5), that 

(10.7.6) (l{f++gh*)=^^{ffh^)-^2T+l. 

Now ^+{x) = x-^'-^'>+ ,.. + x^—^{x~^),^ 

+ift{x) — x‘~^+... + a!^'~^=’^{x~^). 

Also 

Max(i2'--l + AS^, M+8'~l)=Ma,x{M' + 8, It + 8')-l = n-l, 
and so, by our hypothesis, 

(10.7.7) (£(#;i)^{^(<5&++#*) = e{^(a;-i)^(a:-i)^*(a;)} 

=-^{f{x)f{x)h^ix~^)}==^{ffh% 

* It is not necessarily true that 

^+(3;)=5(a)=arlJ+... +a;5'-i, 

since, if this polynomial is ‘ overweighted ’ at the wrong end. When jR'=:B + h 

either formula is correct. 
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Finally, comparing (10.7.4), (10.7.6), and (10.7.7), we see th.at 
and the proof is completed. 

10.8. Another proof of Theorem 371. There is another 
proof of Theorem 371 which is interesting in itself, although it 
cannot he extended to prove the more general Theorem 373. 

We have to prove that, among the arrangements of the x and y 
which make S a maximum, there is one in which 

( 10 . 8 . 1 ) Vs-Vs'^O 

if \r'\>\r\, |5'l>ls| 

orif /=--r<0, s'~—s<0. 

We may suppose on gronnds of continuity that .the x, y, and c 
are all positive, that the x and the y are all different, and that the 
c are different except in so far as they are restricted by = 
the condition of symmetry. 

W e shall denote an arrangement of the x and y generally by A . 
We say that A is ‘correct’ if it satisfies (10.8.1); there is just one 
correct arrangement G. We say that A is ‘almost correct’ if it 
satisfies (10.8,1) except perhaps when /= —r or s’ = —s; there 
are, including 0, 2^^ almost correct arrangements, and we denote 
the class of such arrangements by O'. Finally we denote by K the 
class of those A which give the maximum value of 8. We have 
to prove that 0 is a A. 

Given p, we can associate the x and y in pairs 

(10.8.2) {yp^j,yp+j) (i,^’== 1, 2, 3, ...), 

or in pairs 

(10.8.3) £Kp+^+i), {yp_^, Vp+j+A {ij = 0, 1, 2, ...). 

If a suffix falls outside the interval {-~k,k) then the correspond- 
ing X ox y is to be replaced by 0. In the first case the elements 
Xp and yp are left unpaired, and the pairing may be made, by 
choice of appropriate p, i, j, to include any pair of elements the 
difference of whose ranks is positive and even. In the second case 
no elements are left unpaired, and the pairing may be made to 
include any pair the difference of whose ranks is odd. We use 
both pairings, and the arguments are essentially the same which- 
ever is being used. 
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Consider, for example, the pairing (10.8.2), and suppose, to fix 
our ideas, that p ^ 0, so that 

We denote by J, J those values of i and J for which 

^P~l ^ ^P+I 5 Up-J ^ Vp+J J 

so that the pairs corresponding to I and J do not satisfy (10.8.1). 
Such pairs we call* wrong’, others ‘right’. If p + ^ falls outside 
( - h, k), but p — inside it, then is to be replaced by 0, and 
the corresponding i^air of x is certainly right. Hence, except 
perhaps when p = 0, there are i which are not I and j which are 
not J, 

If, for a given p and a given pairing^, there are no wrong pairs, 
we say that A is ©‘right with respect to p’, and otherwise ‘ wrong 
with respect to p \ It is clear that G is right with respect to every 
'p, and that any G* is right with respect to all p except perhaps 
p = 0 and the pairing (10.8.2). Further, any A. other than G 
is wrong with respect to some p and pairing, and any A which 
is not a G' is wrong either with respect to a p other than 0 
or wdth respect to p = 0 and the pairing (10.8.3). 

We no w (again envisaging the first pairing, andsupposingp ^ 0) 
consider the effect on S of the substitution 

^p Vp-j^Vp+j) 

which interchanges each pair x^_j[ , Xp^j- and each pair . 

We divide 8 into nine partial sums defined as follows: 

8j^: s—p; 

8^: r=p; s=^p~j,p+j 

8^: r=p“-i, p+^ (^+1); s=p; 

8^: r~p; s—p-~J,pAJl 
8^: r=p-I,p + J; 5=p; 

8^: r^p~i,p^i s^p-j.p+j (i + Z); 

8,^: r~p~i^p-\-i (i=i=I); s~p — J,p-\-J\ 

8^: r^p-I,p^I; 5==p-j,p+j 
8^: r—p — If p + 1; s=p — /, p+J. 

It is plain, firat, that 8^, 8^, 8^, and 8q are not affected by 

a Either (10.8.2) or (10.8.3). In what follows ‘right (or wrong) with respect to p’ 
means always ‘right (or wrong) with reaneet to ® and tliR rm-irincf «_ > 



272 


RBAREANGEMENTS 


Next = ajj, S + c_j y^j^j) 

is not affected becanse c_j — Cj . Similarly S5 and 

^9 ~ i^-i+j ^p-~i Vp-j + ^~i-j ^p-i Vp+j 

+ ^i+j ^p+i yp-j + ^p+i yp+j ) 

are not affected. It remains to consider and S^. 

The contribution of the pair to is 

S {c_i+jyj,^j + c^i_jyp+j) + Xp^i S (c^+j y^^j + c^^jy^^j), 

and the increment produced by Op is 

— (^p-i ^p+i) ^ {(^i-j “■ ^i+j) {yp-j “ Vp+j)' 

The total change in is the sum of this increment over i 4 = I, and 
is positive, provided that there are J and i 4= /, since the three 
differences written are respectively positive, positive, and 
negative. Hence is increased if there are J and ^4 J; and* 
similarly 8^ is increased if there are I and j 4 J- Mnally, 8 is 
increased if either of these conditions is satisfied. 

If ^ 4 0, there are i 4 7 and j 4 J ; and then 8 is increased unless 
A is right with respect to In any case, whatever p, /Sf is not 
diminished. 

Suppose now that A is not a G'. Then A is wrong with respect 
either to some J940 or to p = 0 and the pairing (10.8.3). The 
argument above, or the similar argument based upon the pairing 
(10.8.3), then shows that 8 is increased by (or the corre- 
sponding substitution based upon the other pairing) , and that 
A is not a K. Hence the K are included among the O'. But if a O' 
is not 0, then the substitution Qq replaces it by 0 and does not 
diminish 8 ; and therefore 0 is a K.^ 

It does not seem to be possible to prove Theorem 373 by any 
equally simple argument based upon a substitution defined 
directly. 

10.9. Rearrangements of any number of sets. There are 

^ The argument is the same in priaciple as that used by Hardy, Littlewood, 
and Polya (1), and substantially reproduced by Hardy and Littlewood (6). We 
have however expanded it considerably. Hr R. Rado having pointed out to us that 
the origiaal form of the argument was not conclusive. Another form of the proof is 
indicated in Theorem 389 at the end of the chapter. 
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analogues of Tiieorem 373 for more than three sets {a), . which 
may be deduced from Theorem 373 itself. 

374. *^ If {a), {b), (c), (d ), . . . are finite sets of non-negative numbers, 
and (c), (d), ... are symmetrical, then 

(10.9.1) S a,b,Cid^...S S a^+b^cf^d* .... 

}-+s+i+ti+...=0 r+s+t+u+.,. = Q 

We assume the theorem to be true when there are ^ — 1 sym- 
metrical sets (c), (d), ... involved, and prove that it is true when 
there are Jc. We shall make use of the following theorem, which is 
of some interest in itself. 

375. If (c*), (d*), ... are symmetrically decreasing sets, then the 
set (Q) defined by 

(10.9.2) S 

i+M+...=n 

is symmetrically decreasing. 

It is enough to prove the theorem for two sets (c*), {d*), since 
its truth in general then follows by repetition of the argument. 
We may agree that, when there is no indication to the contrary, 
sums involving several suffixes are extended over values of the 
suffixes whose sum vanishes. 

It is plain that = Qn • Further, for any set (x), we have 
Qm=^ ^ =Sa;+ Q^, 

m m 

by Theorem 373. It follows, by Theorem 369, that the are 
similarly ordered to the , and therefore, since is an even 
function of m, that the set is symmetrically decreasing. 

This is the most elegant proof, brit there is a simpler one which does not 
depend upon Theorem 373. 

We drop the asterisks for convenience and suppose Then 

^ d„f + , 

the summations extending over r^l. Similarly 

Qn+i — di_r + ^C„^x~rdr • 

Subtracting, and using the equations and d^^^ = dr-x , we obtain 

Qn~Q n+l ~ 21 {Cn+r (d_r — di_,.) + (dr_i — d,- )} 

= S {df_i — d,.). 

Since \ n-\-l—r\<fi-\-r for « ^ 0, r ^ 1, each term here is non-negative. 

S' Gabriel (3). The case of the theorem in ■which all the sets are symmetrical was 
proved by Hardy and Littlewood (4). 

HI i8 



274 


EEABEAITGEMEITTS 


Returning to the proof of Theorem 374, we define as in 
(10.9.2), and F^^ hy 

P„= S aX- 

r+s=in 

Then =SP„c,4... SSP+c,*(Z„* .... 

by the case — 1 of the theorem^. That is to say, 

Sa,6,c, d„ .. . s SP+ e, = SP+ e.= SP„. 

VI m 

where 4>{m) is a permutation function for which Pm— he. 

= Sa,.++ 6 g = 'Za+ + 6 ^ 0 /* e/. . . , 

which is (10.9.1). 

From Theorem 374 we can deduce 

376. Given any finite number of sets {a), (b), we have 

10 . 10 . A further theorem on the rearrangement of any 
number of sets. In Theorems 373 and 374 two of the sets, (a) 
and (6), were arbitrary, but the remainder were subject to the 
condition of ‘symmetry’. This restriction is essential; if {a), (6) 
and (c) are unrestricted, it is not possible to specify the maximal 
arrangement generally by means of the symbols +a, ... 

There is however a less precise theorem which is often equally 
effective in appKcations. 

377. For any system of k sets (a), ( 6 ), (c), ... 

S aj.bgCf...^K{k) S afbfcf..., 

r+s+i+...=0 r+s+i+...=0 

where K = K{h) is a number depending only on k. 

We suppose k = 3; the argument is essentially the same in the 
general case. 

We define the sets (jS*), (y*) by 

( 10 . 10 . 1 ) y* = cl (mm, 

( 10 . 10 . 2 ) = (mio); 

^ With P, c, d , ... for a, b, c , ...: since (c) is symmetrical, + 0 .^= 0 ^^. 

Gabriel (3). c See Theorem 388 at the end of the chapter. 
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and (^8) and (y) as the sets into which {j3*) and (y'*=) are changed 
by the permutations which change (6+) into (6) and (c+) into (c) 
respectively. Then (/8) and (y) are symmetrical sets. Further, 
since and ct^ ^ when m > 0, we have 

< 8* , c+ < V* 

for all n, and so 

(10.10.3) c^^y, 

for aU n. 

We shall also require an inequality for and y* with w< 0. 
We have 6+ ^ and c,+ ^ for n^l, and so, by (10.10,1) 
and (10.10.2), 


(10.10.4) 


ym^c++i (m<0). 


Using (lO.lO.sl and the symmetry of (/?) and (y), we find 


8^ S a,b,CtS S 

r+S'r<“0 r-r8+<= 


) r+s+i=0 


by Theorem 373. The last sum is 

( S + S + S + S )afffyf; 

s<0,t^0 sg:0,f<0 s<0,i<0 

and SO, by (10.10.1) and (10.10.4), 

(10.10.5) 

8 ^ S <5;c;-+ S <6,t,iC+ 

.5^0. f<0 ® ^ ^ s<0,t<Q ^ ^ ^ - 

In ^ 2 , 5<0 andf4-s + i=0, so that either ^>0 or ^>0. In the 
first case and in the second Hence in any 

case, in 8^, 

(10.10.6) a+6;.^iC+i<_i6++jC+ + <6+.jC,ti. 

Similarly, in 8^, 

(10.10.7) ffi+6+cfH.,<o^_i5J(;+i+<6;.jC,'tn. 

Finally, in 8^, s<0, i{<0 and r4-s4-i5 = 0, so that r^2 and 
S a ^_2 3 and 

( 10 . 10 . 8 ) 

If now we substitute into (10.10.5) the upper bounds for the 
typical terms given by (10.10,6), (10.10.7), and (10.10,8), and 

iS.si 
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observe that, in these npper bounds, the sum of the suffixes is 
always 0, we obtain 

+ 2 + 2+1) S «+6+c+= 6S a^b+cf; 

r+s+f=0 r+s+i=0 

which proves the theorem. 

10.11. Applications. These theorems have important applications to 
the theory of Fourier series. It is easy to deduce from Theorem 3768' that if 

/+(0)=la,6^«b 

-JS, -E 

where = | o,. |+, and h is a positive integer, then 

/’j/W W 

and this relation between trigonometrical polynomials may be extended 
to ftmotionS represented by general Fourier series. Series of the type 

have particularly simple properties. They converge uniformly except at 
the origin and congruent points, where the function wdiich they represent 
has in general an infinite peak; and the ratio 

J’" |/+{0)|2*=d0:S(|rl + l)2^-2a,2» 

lies between positive bounds depending only on h. We thus find, for 
example, that 

\^^de^K{h) S (1 r 1 + 

For fuller developments see Hardy and Littlewood (9), Paley (3). 

10.12. The rearrangement of a function. The theorems of 
§§10.1-10.10 have analogues for functions of a continuous 
variable. 

Suppose that (a:) is non-negative and integrahle in (0, 1), so 
that it is measurable and finite almost everywhere. If M {y) is 
the measure of the set in which <f>{x)'^y, M{y) is a decreasing 
function of y. The inverse ^ of JT is defined by 

and ^ {x) is a decreasing function of x defined uniquely in (0, 1) ex- 
cept for at most an enumerable set of values of a;, viz. those corre- 

See Gabriel (3). A less precise inequality was given by Hardy and Little- 
wood (9). 
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spending to intervals of constancy of M {y). We may complete 
the definition of ^{x) by agreeing, for example, that 
^ (re) = I (a; - 0) + ^ (a; 4- 0)} 
at a point of discontinuity 

We call ^{x) the rearrangement of (f){x) in decreasing order. 
It is a decreasing function of x which has, in general, an infinite 
peak at the origin. 

The measure" of the set in which f{x)^y is M{y).^ It follows 
that the two (in general quite different) sets in which 
yiS^{x)<y^, yiSf{x)<yz 


have the same measure, and that the same is true of the sets in 

We may say that the functions (f> {x) and f {x) are ‘equi-measur- 
' able’; they have equal integrals over (0, 1) and 


j^^F{f)dx=:j^^F{<l>)dx 


for any measurable F for which the integrals exist. 

We may define ^ (x) similarly for a (f> {x) defined in any interval 
of X, provided that, if the interval is infinite, M (y) is finite for 
every positive y. 

If (f)i (x) S ^ (x) then plainly (x) ^f{x). Suppose in particular 

that <j)i {x) is ^ (x) in E and zero in CE. Then 

(10.12.1) <j}{x)dx= \^-^{x)dx=^ \ ^^{x)dx-^\ ^{x)dx. 

J E J Jo Jo 

We shall use this inequality in § 10.19. In particular 

( 10 . 12 . 2 ) r<f>(t)dt^ rf(t)di 
J 0 J 0 

if ^ (x) is defined in (0, a) and O^x^a. 

^ Compare § 6.16. 

^ This becomes obvious on dra-wing a figure. It must be remembered that ^ (x) 
may have intervals of constaiiey, corresponding to discontinuities of M (y). It is 
however easy to prove that M{y -0)~M{y) for ally, and so that the assertion in. 
the text is true even for these exceptional y. In fact 

where is the set in which y— <y, and the limit of is zero. 
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Another type of rearrangement of a function will be important 
in what follows. Suppose, for example, that <j> (x) is defined for all 
real, or almost all real x, and that If {y) is finite for all positive y. 
We may define an even function (a;) by agreeing that 

4>HW{y)]-y 

and that ^'^{~x) = <f)'^ {x); or, what is the same thing, that (x) 
is even and <f>*{x) = f{2x) 

for positive x. Then (x) decreases symmetrically on each side 
of the origin, where it has generally an infinite cuspidal peak. We 
call (ji^ix) the rearrangement of ^(x) in symmetrical decreasing 
order. 

10.13. On the rearrangement of two funcy^ions . We begin 
by proving an integral inequality corresponding to Theorem 368. 

378. Whether a is finite or infinite^ 

(f>ilsdxS ^ifidx. 

Jo Jo 

We prove this by an argument similar to that of § 10.3. In the 
first place, the theorem is true for functions which assume only 
the values 0 and 1. I’or suppose that JS and F are the sets in 
which ^=1 and i//~l respectively, and F, F the analogous sets 
corresponding to xfs. Then the first integral is m{FF), the 
measure of the set EF which is the product of E and F, and 
m {EF) S Min {mE, mF) - Min {mE, mF) = m {EF ) . 

Next, the theorem is true for functions which assume only a 
finite number of non-negative values. In fact, following the lines 
of § 10.3, we can represent such a function ^ in the form 
^ -f a2<^2 + • • • + 5 

where the a are non-negative, the are always 0 or 1, and 
^ = ai + ag ^2 -f- . . . -f a,, . 

The inequality then follows from a Hnear combination of in- 
equalities already proved. 

Finally, we prove the theorem in the general case by approxi- 
mating to ^ and ij}, by functions of the type Just considered. We 
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do not give the last two stages of the proof in detail, since the 
arguments will recur in the proof of the more difficult Theorem 379 . 

10.14. On the rearrangement of three functions. We come 
now to what is our main object in these sections, the integral 
theorem corresponding to Theorems 372 and 373, 

379.^ Iff{x), g (a;), and h [x) are non-negative, andf^ {x), g'^ {x), 
and h* {x) are the equi-measurahle symmetrically decreasing func- 
tions, then 

(10.14.1) J = j J f{^)g{y)h{~x-y)dxdy 

^ f f f^{^)g*{y)h*{-x~y)dxdy^I’^. 

J —ooj —CO 

We may plainly suppose that none off, g, h is nul*. We may 
also replace -- a; — ^ by ±x±y without changing the significance 
of the inequality. 

We prove the inequality (1) for functions which are always 0 
or 1, (2) for functions which take only a finite number of values, 
and (3) for general functions. As with Theorem 373, the whole 
difficulty lies in stage (1). We take this stage for granted for the 
moment and begin by showing that, if the theorem is true in this 
special case, it is true generally. 

A function which takes only a finite number of non-negative 
values 0, , a ;2 J * • • J expressed in the form 

f{x) = aji (.'r) + 0 C 2/2 {»;) + ... + {x), 

where the a are positive, the f^ take only the values 0 and 1, and 

A6Ag...6/„. 

For we may suppose 0 < Uj < Ug < . . . < , take 

aj = fl5i, aL2=a^—ai, ..., oLn — a^—a^_i, 

and /i = l =0 (/<%), 

/ 2=1 =0 {f<af), 


A moment’s consideration shows that we then have also 
/* (x) = ajj* (x) -h ao/g* (a;) + . . . -t (a;). 

» F. Riesz (8). 
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If we suppose that each of/, g, h takes only a finite number of 
Talues, and decompose them in this way, then (10.14.1) follows 
from the combination of similar inequalities involving triads 
fugi.K-" 

To pass from this case to the general case, we approximate to 
/, g, h by functions which take only a finite number of values. We 
can approximate to/, for example, by the function/^ defined by 

1.2 «^-l),- /„ = «.(/£«); 

and to g and h similarly. Then/,^^/, and similarly for 

g and h. Hence (assuming that the theorem has been proved for 
the special type of functions) we have 


4 f f fn (^) (y) K {~x~y)dxdyk 4* ^ 

J —00 J —00 

and so / = lim 4 S 

It remains to prove the theorem in the special case when /, g, h 
8bS8ume only the values 0 and 1. It is however convenient first to 
make a further reduction of the problem. 

First, we may suppose that the sets F, G, and H in which 
/, g, and h assume the value 1 are finite. If tivo of these sets are 
mfinite, then two of /*, p*, and h* are 1 for all x, in which case 
7* = 00 ^ and there is nothing to prove. Suppose then that Just 
one of the sets, say F, is infinite. Let be the part of J* in 
{ — N, N), let N be the smallest number for which 
and define 4 as being f in. F^ and 0 outside. Then (assuming 
the theorem to have been proved when the sets are finite) 


4 = J J f*g^h*dxdy 

= J J f*g’^h*dxdyS j J f*g*h^dxdy=I*, 

and so 7=Hm T ^ < f* 

Suppose then that f{x) assumes the value 1 in a set E of finite 
measure. We can represent in the form € ^e-e% where £ is a 

Compare tie similar argument in § 10.6. 

^ Uiiless the third function is nul. 
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finite set of non-OYerlapping intervals, and e and e' are sets of 
arbitrarily small measure^; and the sets in which g and h assume 
the value I can be represented similarly. It is also plain that, 
since /, g, and h do not exceed 1, small sets e, ... make a small 
difference in the integrals I and I*. We may therefore suppose 
that the sets in which /=1, gr=l, and h=l are finite sets of 
intervals; if the theorem has been proved in this case, its truth 
ill the more general case follows by approximation. 

Next we may suppose, on similar grounds, that the ends of aU 
the intervals are rational-, and then, by a change of variable, that 
they are integral. The theorem is thus reduced to dependence 
upon the case in which each of the sets in which /= 1, 1, or 

= 1 consists of^ finite number of intervals (m, m+ IJ, where m 
is an integer. 

Finally we may suppose, if we please, that the number of 
intervals in any or aU of the sets is even, since we can replace each 
interval by two by bisecting it and effecting another change of 
variable. 

10.15. Completion of the proof of Theorem 379. It is 
convenient to replace/(a;) by /( — a;), as plainly we may without 
affecting the result. If we do this, write s, t for x, y and then make 
the substitution s — x — t, we obtain 

( 10 . 15 . 1 ) 

/= I f f{t — x)g{t)'h{~x)dxdt~\ h{-'X)x{^)dx, 

J —CO J —CO J —00 

( 10 . 15 . 2 ) 

J* = j J f^(t — x)g*(t)h*( — x)dxdt=J li*( — x)*x(^)^^> 

where 

( 10 . 15 . 3 ) 

%{a^) = J f(t-x)g(f)df, = 

We suppose for the moment merely that/, gr, h are characteristic 

See for example de la Vallee Poussin (2, 20-23). 

(a?) is naturally not to be contoed with x* (^)- 
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functions of sets (functions assuming the values 0 and 1 only), 
without using the further simplifications shown to be permissible 
at the end of § 10.14. We denote the sets in which/, ... 

assume the value 1 by J?*, JF*, each function vanishes out- 
side the corresponding set, and F*, ... are intervals symmetric 
about the origin. We suppose that 

mF=^mF* = 2M, mG^mG^ = 2S, mH=^mH*^2T. 

With this notation**', we have 

(10.15.4) 

J^j J f{t-~x)g{t)dxdt-^ /(-s)dsj g {t)dt = 4:M8, 

(10.15.5) 

J -T 

If X is fixed, and t — x describes the set F, then t describes a set , 
F^ obtained by translating F through a distance x. If we define 
F*^ = {F*)^ similarly, then the functions (10.15.3) maybe written 
in the form 

(10.15.6) y (rr) {F^ G), {x)=-ni {F^G^), 

From this formula we can calculate (a;). Let us suppose, as we 
may, that 

(10.15.7) M^S. 

Then *x (cc) is continuous, 

(10.15.8) *x(*) = 0 (la;|^^ + df), *x(^) = 2i? 

and *x(*^) hnear in the intervals { — B — S, —S + B) and 
{S-B, B + /S'). The graph of *x is shown in Fig. 3. 

Suppose now that 

(10.15.9) B-^8^T. 

Then it follows from (10.15.8) that 

rT m+s 

J -T J -E-S 

and the result of the theorem follows from (10.15.4). We have 
thus proved the theorem imder the restriction (10.15.9). It is 
also plainly true if E = 0 or /S' = 0 (when F or G is nul). 

^ Chosen to emphasize the parallelism of the argument •with that of §§ 10.6-7. 
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So far F, G, H have been arbitrary sets of finite measure. We 
now make the further specialisation explained at the end of 
§ 10.14, supposing that F, O, H are sets ofintervals {m, 1), the 

numbers of intervals being 2B, 2S, 2T respectively. We may if we 
please suppose these numbers even, but we shall argue inductively, 
and it is more convenient to adopt a slightly more general hjTpo- 
thesis and to suppose only that 2i2 + 2>S'+ 2T is even. In these 
circumstances R, S, and T are not necessarily integral, but 2R, 
28, 2T and 

(10.15.10) ^=^R + 8-T=^R-^8-^T-2T 


2R 



are integral. We have already proved that the theorem is true if 
/X ^ 0, and it is also true if JS = 0 or = 0. It is therefore enough to 
establish its truth %vhen 

(10.16.11) p,=w>0, R>0, S>0, 
on the assumption that it is true when /x = — 1 , 

We denote by F^ the set derived from F by omitting the last 
interval of F on the right; similarly Gi is G less the last interval 
on the right of Generally, sets, functions, or numbers with 
suffix 1 are derived from F^ and Gi as the corresponding sets, 
functions, or numbers without suffixes are derived from F and G; 
thus/i* is the rearrangement of /j, the characteristic function of 
Fi , and *xi (®) ' Faltung’ off^* and Fj* is the interval 

i-R+h Jffi-I), 

and generally, R and 8 are replaced by i? — and 8 — ^ when we 
pass from F, G to Fj^,G^. By the inductive hypothesis 

(10.15.12) 
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The function vanishes for + 1, is eq^ual to 

25 -- 1 for I a; I ^ >8 — i2, and is linear in the intervals remaining; 
and TsE + 8-1, by (10.15.10) and (10.15.11). Hence^ 

for -TSx^T, and, by (10.15.5), 

(10.16.13) = J^^{*xW-*Xi«}* = 2r. 

We have now to consider 

(10.15.14) = ~~ 

Here, after (10.15.6), 

( 10. 1 5, 45) xi^)~Xi {^) = m{F^G)-~m{F 

This function is plainly linear in any interval (m, 7?i + l), and 
therefore assumes its extrema for integral values of x. Suppose 
then that x is integral. In this case the set F^. G is composed of 
Ml intervals (m, in + l), and, when we remove the intervals of 
Fg. and G furthest to the right, either 07ie or 7io interval of F^.G 
is lost, one if the extreme interval of eitlier set coincides with an 
interval of the other set, and none if there is no such coincidence 
Hence x {^) — Xi i^) is 1 or 0 for integral x, and therefore 

(10.15.16) 0^y(a;)-xi(a^)^l 
for all X, 

From (10.15.14) and (10.15.16) it follows that 

(10.15.17) 0^J-Ii=f {x(-iK)~Xi(--a'’)}«^«^ f dx = 2T, 

J H J E 

and from (10.15.13) and (10.15.17) that 

(10.15.18) 

Finally (10.15.12) and (10.15.18) give I ^ I*; and this completes 
the proof‘d. 

S' See Fig. 3. 

We cannot lose two intervals because the intervals removed from Fj. and G 
are the farthest to the right of their respective sets. This is the essential point of 
the proof. 

_ The proof foEows the Bne indicated by Zygmuiid (1). It is, however, con- 
siderably longer, and necessarily go, since Zygmond’s ijroof is not, as it stands, 
conclusive. 

We proved that (10.15.16) is true when the intervals removed from F and G are 
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10.16. An alternative proof. Theproof of Theorem 379 given 
by Biesz is also very interesting. We can simplify it by reducing 
thetheorem,asin §10.14, to the case in which/, are each equal 
to 1 in a finite set of intervals and to 0 elsewhere. We represent 
the variables x, y, z on the sides of an equilateral triangle, taking 
the middle point of each side as the origin and the positive direc- 
tions on the sides cyclically. Then a;-f2/-|-^=0 is the condition 
that the points x, y, z on the sides should be the three orthogonal 
projections of a point of the planea-. 

The functions f{x), g{y), }i{z) are the characteristic functions 
of three sets each consisting of a finite number of 

non-overlapping inteiwals, and /*(a;), g'^{y), h*{z) are the char- 
acteristic functions of the three intervals Ej^, E^^, E^* of lengths 
Ei,E 2 ,Es,'^ symmetrically disposed about the three origins. If J'123 
' is the set of those points of the plane whose three projections 
belong to E-^, E 2 , and E^, and E^^^^s defined similarly, then° 

I = sin -1 7T i?i23 , J* = sin I TT 
and what we have to prove is that 

(10.16.1) E^2Z^E\2Z^ 

The figm’e defined by drawing sis lines perpendicular 

to the sides, and is a hexagon unless one of E^, E 2 , E^ is greater 
than the sum of the other two, in which case it reduces to a 
parallelogram. We begin by proving (10.16.1) in the latter case. 
Suppose for example that Then E*j 2 z reduces to 

the extreme intervals on the right. It would not have been true if we tad removed two 
arbitrary intervals. Suppose, for example, that each of F and 0 is the interval 
( -4, 4), that 1*4 consists of the two intervals ( -4, -2) and (2, 4), and of the 
interval ( -2, 2). We can pass from F, O to (r^ in four steps, taking away one 
unit inteiwal from each set at each step; but 

X(0)-Xi{0)==8. 

instead of being less than or equal to 4. The same example shows that Zygmund’s 
assertion (1, 176) ‘those [the values] of ^ in ( - t», oo) increase at most hy 2’ is 
untrue unless his construction is restricted in a way which he does not state ex- 
plicitly. It is essential to go closely into detail at this point, since it is the kernel of 
the proof. 

a' If P is the point in question and Q is the centre of the triangle, then 
* + y -f s = P<? {cos oc -t cos (a -f fw) cos (k - f -I tt)} = 0. 

^ We use Pj both for the set and for its measure. 

c Pi 43 , when used as a measure, is of course a plane measure. 
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Sence ^ -^12 defined similarly. 

^123^ -^12 = 00860 ^ 

Tins proves tlie theorem when .S* lo « 

Parsing to the case of heirs' , 

g n, suppose for example that 

We define sets S^(t), BJt) V <t\ 

4.\ /j "315;, 

and corresponding intervals M ^ p 

fromeach^, aset of measure 

it t increases from 0 to 

■®1 W. -SaW,-®,® decrease from p +„ «. d , , „ 

^3 (i^o) whose measures satisfy ^ ® ^2 (i^o) » 

•®l(«o) + ®2(«„) = £r3(g. 

The hexagon then reduces to a parallelogram, so that 
(10.16.2) 

we can prove also that 

(10.16.3) ^123“-®123(y X 

our conclusion wfll follow by addition 
We prove (10.16.3) by comparing the derivatives of 

In the first place, the difference between m . ^ 

IS a hexagonal ring whose area is hp (n ^ n {fi\ 

perimeter of the hexagon correspondbg to thi’ ^ 

^ value 15 , and SO 

-^=P(<)=oosec 

On the other hand the three sets 

** That IS to say ' 

+^lP) "m 

vtae to tte left, aud to thorlg^ o«d0, aud 
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consist in aE of six intervals, each of length h, for small h. The 
twelve perpendiculars to the sides of the triangle drawn through 
the ends of the six intervals define a hexagonal ring^ which 
includes the whole of + The derivative {t) 

is the total length of those parts of the outer boundary of this 
ring which also belong to ^123 (i). Projecting these parts of the 



boundary on to the sides of the triangle, as indicated in the figure, 
we see that 

Prom, this (10.16.3) follows by integration, and this completes 
the proof of the theorem. 

See Pig. 4. In the figure the sets {t+h), ... are blackened on the sides of the 
triangle, the set {t -f- h) is shaded, the twelve perpendiculais are dotted, and the 
boundary of E^^s. (0 " ^izs (^ + is indicated by a thick line. 
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10.17. Applications. The special case of Theorem 379 corre- 
sponding to Theorem 371 is 

380. If h (x) is symmetrically decreasing, then 

We shall now apply Theorems 37 1 and 380 to the special cases 

and h{x~y)=\x~y\-'^, 

381. If a^^O, b,^0, 

(10.17.Ti jP>l5 7>l5 - + ->1, A = 2-i©-i 
{so that 0 < A < 1), and 

26 /=^, 

tUn 

where the dash implies that r 4= s, and K = K{p, q) depends on p and 
q only. 

382. Iff{x) ^ Oj g{y) ^0,p and q satisfy (10.17.1), and 

(* p{x)dx=^JF, f g<i{y)dy=G, 

J —CO J ~co 

men 1= f“ r tM^dxdii<KFVi>oile, 

The proofs of the two theorems are practically the same. A¥e 
give that of Theorem 382.®- 

It is plain, after Theorem 380, that we may replace / and g by 
/* and g*. We then divide I into four parts corresponding to 
the foul’ quadrants of integration. The north-east and south-west 
parts are equal, and so are the north-west and south-east parts, 
and the two latter do not exceed the two former^. A¥e need 

®' Eor that of Theorem 381 see Hardy, Littlewood, and Polya (1); for a dedtiction 
of Theorem 382 j&om Theorem 381 see Hardy and Littlewood (6). 

*> The north-west and south-east parts could be accounted for by the easier 
argument of § 9.14. 
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therefore only consider the north-east part. Hence, changing 
our notation again, it is sufficient to prove that 

where now f and g are positive and decreasing, and F and G are 
defined by integrals over (0, oo). We write 

where Ji and Jg are integrals over the octants y^x and x^y 
respectively. 

We have 

Since g{y) decreases, and {x—y)-^ increases, in (0, x), 

say, by Theorem 236. Hence 
By Theorem 189 

(10.17.2) . 

Butp'><if, by (10.17.1), and 


dy 


]oix-yY 1-A 




9i {^) = ^ iy) dy s G^!^ x ^!^ , 


again by Theorem 189. Hence 
(10.17.3) 


(since 


g/ {x) S g^ (x) {(?i/«a;i/3')»'-ff 

I ^ ; 


P - 






!=-(?). 


From (10.17.2) and (10.17.3) it follows that 

^ KFVP (7(p'-v)/p'a I J* ^ kF^ip gHa^ 

by Theorem 327. 

The discussion of Jg is similar, and the theorem follows. 


HI 
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,1 p 

0<a<-, q~ 


1-ap* 


383. Snp^wse that f{x) is non-negative and where p> 1, in 
(0, oo), that 

(10.17.4) 
and that 

(10.17.5) = {x-tj)^-^dy, 

Thenf^{x) is in (0, co) avid 

(10.17.6) jy^idxiK (JJ/i'da.-j'" 


\W 


K=K (p, a) = K (p, q). 

Suppose that g{x) is any function of and that 


^ , 1 1 n 1 i « 

A==l-a=l-- + -- = 2 -,/■ 

P 2 P 2 


By Theorem 382, 

and a fortiori 

Since this is true for all g, it follows, by Theorem 191, that 

which is (10.17.6). 

The proof shows that the result is also true when/„ (x) is defined 


fa{^) = 


■r(a)J, 


f{y){y-x)^~^dy. 


Theorem 383 embodies a result ia the theory of ‘fractional integration ’ . 
Liouville (1) and Riemaim (1, 331-344) defined the integral /«(») of/{»), 
of order a, as 

(10.17.7) M^)=^jy(ynx-y)‘-^dy. 

The lower limit a is the ‘origin of integration’; a change of origin changes 
/a in a manner which is not trivial formally, though unimportant for 
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theorems of the type considered here. It is easily deduced from Theorem 
383“ that, iff is TJ> in {a, b), where -Qo<a<6^oo, a<l/p, and fa is the 
integral off, of order a and with origin a, then fa is !»« in {a, b). When a > 1/p, 
fa is continuous, and indeed belongs to the ‘Lipschitz class’ of order 
a- 1/p. 

In applications of the theory, / is usually periodic. It was observed by 
Weyl (3) that the reference to an origin a is in this case inappropriate; 
Weyl accordingly modified the definition as follows. If we suppose that 
the mean value of / over a period is zero (a condition which we can always 
satisfy by subtractmg an appropriate constant from/), then 

J J{y)i:x~yY-^dy 

converges at the lower limit, and we may take a= —oo in (10.17.7). Our 
theorem concerning the Lebesgue classes may be extended to this case also. 

10.18. Anotlier theorem concerning the rearrangement 
of a function in decreasing order. The theorem with which 
we end is important primarily for its function-theoretic applica- 
tions, but the proof which we give’^ is interesting independently. 
The theorem may be stated in two forms. 

384. Su'P'pose thut f{x) is non-negative and integrahle in a finite 
interval (0, a), thatf{x) is the rearrangement of f{x) in decreasing 
order, that 

(10.18.1) 0 (a;) = 0 (:»,/)= Max f 

and that 0 (rtj is the rearrangement of 0 (ir) in decreasing order. 
Then 

(10.18.2) 0{x)s'-{f(t)dt 

for 0<xS a- 

385. Suppose that f{x) satisfies the conditions of Theorem ^4, 
a 7 id that s (y) is any mcreasmg function of y defined for y>0. Then 

(10.18.3) |''5{0(a’)}dT^ 

We begin with two preliminary remarks. 

“ See Hardy and Littlewood (6). 

^ Due to F. Biesz (10). 


19-3 



292 


BEAEEANGEMEHTS 


(1) We shall prove Theorem 384 first and deduce Theorem385. 
Since 0 (a?) and 0 {x) are ecjuimeasurable, 

j s{0 J s{0{a;)}^^a'. 

Hence (10.18.3) follows from (10.18.2). 

That (10.18.2) follows from (10.18.3), so that the two forms 
of the theorem are eqxiivalent, is a little less obvious, but is 
proved in Theorem 392.®' The first implication is sufficient for our 
purpose here, since it is in the second form that the theorem is 
used in the applications. 

(2) If ©„{») = 00 (*,/)=! ["/(*)<«« 

0 

then ©0 (X, /) < ©^ (.^■, /) = 0 {x,f ) = J^/{0 

by (10.12.2), and 

(10.18.4) J .s{0Q(a;)}t^a;^ J sj^J /(^)<Z!?|dr, 

This, a much more trivial inequahty than (10.18.3), is the 
analogue for integrals of Theorem 333. 

10.19. Proof of Theorem 384. We supj;)ose, as we may, that 
a== 1. 

We consider a point Xq for which 

Xq>0, ©(a'o)>0, 

write 

(10.19.1) ©(a;o)-^ + 6 (p>0, €>0), 
and consider the set JB defined by 

(10.19.2) Bix)>p. 

Since © (x) and © (x) are equimeasurable, B has the same measure 
as the set in which © (x) >p. This set is at least as large as the set 

«■ See the Miscellaneous Theorems at the end of the chapter. 

Theorem 385 was proved by Hardy and Littlewood (8), who deduced it liy a 
limiting process from the analogous theorem for finite sums (Theorem 394). Their 
proof of Theorem 394 was elementary but long, and a much shorter proof was found 
by Gabriel (2). Biesz ‘en eombinant ee qui me parait etre I’idee essentieile do 
M. Gabriel avee un theorfeme appaarbenant anx elements de Tanalyse’ (Lemma A 
below) was able to prove the theorem, directly and without limiting processes. 
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ill wMoh 0 (x) ^p + e, and the measure of this last set is, after 
(10.19.1), at least iig. Hence 

(10.19.3) XQ^mE. 

Now the set E is composed of those points x for which 

(10.19.4) 

for some i~i (x) < x. We can write (10.19.4) in the form 

(10.1 9.5) Jy (t) dt ~px > JV (t) dt ~pi 
or 

(10.19.6) g{x)>g{i), 

say. Thus E is^the set of points in which a certain continuous 
function g{x) assumes a value greater than some at any rate of 
the values wliich it has assumed before. This property enables us 
to characterise the structure of E. 

Lemma A. The set E is cmnposed of a finite or enumerable system 
of nmi-oveiiiapping intervals (a;., ^j.). All of these intervals are open, 

except possibly when x—l is a point of E, in which case there is 
on e interval (a;^. , 1 ) closed on the right, and g [aj^) ^g{l), though g (a*) 
is not necessarily equal to g{\).^ 

In the first i>Iaee, since g{x) is continuous, E is an open set 
(except possibly for the point a; = 1). Hence E is so set of intervals 

If < 1 then is not a point of E, and 

(10.19.7) 

by the definition of E, 

Next, suppose that %- <% < consider the minimum of 

g (x) in the interval O^xSoci. This minimum cannot be attained 
for % < iT g since all such x belong to E, and so g{x)> g (i) for 
some i < X. Hence it is attained for a? ^ . But % is not a point 

of E, and therefore g{aj^^g(x) for aU these x. Hence the mini- 

» All that we need is that g {«},;) i^h)> argument will probably be 

clearer if we make the lemma complete. 
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mum is attained at a/,, and g{cf.]c)S9{^i)' Making we 

obtain 

(10.19.8) 5r(as)Sj(&); 

and this, with (10.19.7), proves the lemma^. 

We can now prove Theorem 384. We may write (10.19.8) in 
the form m 

p(^k-ccj,)s\ f{x)dx, 

J XR 

and from this it follows that 

p . =pS 0;, - oc/,) ^ S f fix) dx = f / [x] dx. 

J K/f- J E 

Hence, by (10.12.1), 

(10.19.9) p.mE^x f (x) dx ^ / (x) dx ; 

JE Jo ^ 

and hence, by (10.19.1), 

_ 1 nuE _ 

(10.19.10) ©(a'o)-€=p^--^ f{x)dx. 

Finally, since /(x) decreases, it follows from (10.19,10) and 
(10.19.3) that 

— 1 
e(;ro)~e^- f{x)dx. 

'htJ 0 

Since e is arbitrary, this gives (10.18.1), with Xq for x. 

The function-theoretic applications of Theorems 384 and 385 arise 
as follows. Suppose that/ (0) is integrable and has the period 2it, that 

M{d) = M(d,f}= Max \ f f{B + u)du, 

tj I, 

and that N{6) is the similar function formed with |/(0 + 'a)i- These 
functions are of the same type as the ©(.r) of Theorem 384, but are 
generated by means taken to either side oi 6. 

Consider now the integral 

(i) h{B,p) = j^l"_J(e+t)xit,p)dh 

where x is a kernel which involves a parameter p and satisfie.s the 
conditions 

The standard examples of such kernels are the ‘Poisson kerner 

=-__JLz/L_ 

^ 1 — 2reos«-f r®* 

a The argument here is due to M. Riesz {see P. Biesz, 10). 
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in %vliieli = r is positive and less than 1, and the ‘ Fej6r kernel ’ 
^~nsin2|i* 

in which p = ?i is a positive integer. The corresponding values of h are 
ii{r, Q), the harmonic function defined by the ‘Poisson integral’ of f{d), 
and a„(0), the Ceskro mean, of order 1, of the Fourier series of f{9). 

Suppose now {a) that f(B) belongs to L^, where h> 1, and (&) that x 
satisfies the additional condition 

where A is independent of p. It follows from Theorems 385, with 
siy) = and 327, that M {6) also belongs to And itis easy to deduce 

from (i), (ii), and (iii) that 

\hie,p)\AAM{B), 

where A is again independent of p. Hence h has a majorant (independent 
of p) of tM class « 

It is easily verified that the Poisson kernel satisfies (iii). Hence 
uir, 9} possesses a majorant UiB) of the class U‘. The same is true of 
an{0}> but in this case the proof is not quite so simple, since the Fejdr 
kernel does not satisfy (iii). We can however prove that |cr„(^)j ^AN{9), 
and similar conclusions follow. All this is set out in detail by Hardy 
and Littlewood (8). 

MISCELLANEOUS THEOREMS AND EXAMPLES 
386. If C 2 ^C 3 ^..,>Ca ,»^0 and the sets (a), (h) are nonmegative and 
given except in an’angement, then 



is a maximum when (a) and (6) are both in decreasing order. 

[P. Wiener (1).] 

387- It is not true that 

S arbgCt^ S a+b+Ct+. 

'r+s+i=0 r+s+t=:0 

[Trivial; take (a), (6), (c) to be (0, 2, 1), (1, 2, 0), (1, 2, 1). Then 
Sa,.6,c<=14, Sa,.+6+C4+=12.] 

388. There are sets (a), (6), (c) such that none of thp eight sums 
Sa+6+c+, S+a6+c+, Sa++6e+, S+a+&+c 

gives the maximal sum Sa6c. 

[Suppose 0 < /?- < 1 and e positive and sufficiently small; and take (a) to 
be 0, 0, 0, 1, 2, (6) to be h — c, h, hA e, 1, 1, and (c) to be formed of any five 
different elements.] 


See Theorem 398 below. 
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389. If Af(a;) = Slr|a;^, M{y)^'L\8\y,, 

and p:^0, then the substitution O*, of § 10.8 decreases ii~M (x) + M {y). 

[The theorem is trivial, but may be used to construct another proof of 
Theorem 371, which follows the general lines of that in § 10.8 but is free 
from an appeal to ‘continuity’. 

We use A, G, G', K as in §10,8; there may now be more than one 
arrangement G. We define L as the sub-class of K formed by those mem- 
bers of K for which p is least. If p 4=0, and A is wrong with respect to p, 
then iQj, decreases p, and does not diminish S. Hence any ..4 of L is a (7'; 
and we can then show as in § 10.8 that L includes a O.} 

390. In the notation of Theorem 373 

S a-rbsCf^ S 

r+s-i-t~n r+s-rt~>> 

for every n. 

[Corollary of Theorem 373.] 

391. If (a],, (a^), (6), {b'), (c), and (o') are six .sets of positive, numbers 
subject to (10.5.1), then 

S a,a/bA'ctOtA S a*ar'*b*b;*q*c/*. 

r-rS+<=0 »’-rS+i!=0 

[Corollary of Theorem 372 if first reduced, by the method of § 10.8, 
to the special case in which every number is 0 or L] 

392. If / and g are non-negative, and 

(i) Jy{/(x)}dx^ j\{g(x)}dx 
for every positive and increasing s (y), then 

(ii) 

except perhap.s for an enumerable set of value.s of 

[This is the theorem referred to in § 10. 18, as proving the equivalence of 
Theorems 384 and 385. It is an analogue of Theorem 107. 

Since the integrals (i) are unaltered when we replace/ and g by / and f, 
we may suppose / and g themselves decreasing, so that/=/, g — g (except 
perhaps in an enmnez*able set of points). 

If (ii) is not true for almost all x, we can find a b and a c such that 
(hi) b<c, f{c)>g{b). 

For, if this were not so, we should have /(6-i-0)g^(6) for all h, and 
/ (&) g gr (6) at all points of continuity of the functions, and therefore except 
in an enumerable set. 

Supposing then that b and c satisfy (iii), we choose r so that 
gib)<r<f{c) 

and define s(y) by 

s(y)=:0 {y<r), s{y) = l (y^r). 

Then [ s {/ {x)}dx -f dx^ob^f dx= I \(g (x)} dx, 

Jo Jf^r Jg^r jo 

in contradiction with (i),] 
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0(M) = 0(w,a)= Max ‘ ,— 

n~v^l 

and a bar denotes a rearrangement in decreasing order (a notation opposite 
to that of § 10.1), then 

(ian<w). 

394. If the conditions of Theorem393 are satisfied, and s {y) is a positive 
increasing function of y, then 

L{e(n)}af»fi±^±--.-+^“). 

[The last two theorems are the analogues for finite sums of Theorems 
384 and 385, and the reader will find it instructive to prove them by an 
adaptation of the argument of :§§ 10.18-19. The earlier proofs of Hardy 
and Littlewood and of Gabriel are referred to in § 10.18.] 

395. If CilC2^...^Cj,>0, 

e^j fig) ej ,+3 is the aggregate of the c and d rearranged in decreasing 
' ovden C„ = Ci-fC2-}-...-|-c„, 

and D„ and j57„ are defined similarly ; and a (y ) is positive and increasing ; then 

s ( Oi) + s j + • ■ ■ + s (“) + s ( A) + » ( y) + ■ • • + ® (y”) 

Si(A)+d|‘)+...+«(|5«). 

[Tliis is a special case of Theorem 394. For a direct proof by induction, 
due to Chaundy, see Hardy and Littlewood (8): the theorem is one of 
the lemmas on which they based their proof of Theorem 394.] 

396. If p,q, P, Q&re positive integers and a (y) is positive and increasing, 
then 


\ n 


(ii) 


f » (s') +1^ (?) s (£±?) , 

-1 W (i+1 w 


li+a+i \ ^ / 

[(i) and (ii) follow from Theorem 395 by appropriate specialisation, and 
(hi), w'hioh is true whether p and q are integers or not, is a corollary. A 
ease of (hi) is 

«.>0,6>0,0<.<1). 

this may naturally be proved independently (and with ‘ < ’), for example 
as an application of Theorem 103.] 

397. If a, h, a, jS are positive and s positive and increasing, then 
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398. If h>l, and 0 {x) is defined as in Theorem 384, then 

(X) dx ^ {*) dx. 

[From Theorems 385 and 327. There is of course a corresponding theo- 
rem for finite sums. This theorem hasparticularlyimportant applications.] 

399. In order that an integrable function ^ {x) should have the property 

j s{x)(l>{x)dx^0, 

for all positive, increasing, and bounded s(®), it is necessary and sufficient 
that rj 

/ 4>it)dt^Q (0<a;gl). 

[To prove the condition necessary, specialise s{x) appropriately; to 
pi’ove it sufficient, integrate partially or use the second mean value 
theorem. The condition is certainly satisfied if there is a ^ between 0 
and 1 such th^-t 0 for x>^, 0 for x<^, an, 4 

j (j>{x)dx = 0. 

Theorem 397 is a special case of this theorem (after a simple trans- 
formation).] 


400. If B and | are functions of x subject to 
0 ^ dE g dx, Q^^<x, 

then /; (A.> I), 


17 - 


B(x)~E{^) 




dx^Eil)\l 




[Suppose that/ (x) is always 0 or 1, and thfit E (x) is tlie measure of the 
part of (0, x) in whieh/(a;)= 1, and apply Theorem 385.] 


P>1, g>l. 


i + isi. A=2-i-l. 

p q p q 


and i^ + fc>0 if i + - = l, then 

P q 


402. If 
then 


/„ I, 

[Here, and in Theorems 402 and 403, K denotes a positive number 
depending only on the parameters of the theorem (here js, q, h, A*).] 

p>l, 0^a<~-, p<q-^Y -^ — > 

j “ ss-ii>~Q+m.}hf^<id^ SK I '^fPdxy 
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where /a is defined as in (10.17.6). The result is still true if Ijp, when 
the seeond condition on q may be omitted. 

[B or the last two theorems see Hardy and Littiewood (6). The case 
q=p gives 


/: 


{a>~<^U)^dx^K jy^dx: 


compare Theorem 329.] 


44)E. The result of Theorem 383 is not necessarily true when p — 1. 
[Define /(a:) by 

/(rr) = ^^(log|)“^0<^^gi), =0ix>i), 

where 1. Then 

/a (x) = K ~ (log ^ (X - dij 

fxl / n-js / 

1 » 

Here p = l, q=- ; 

1 — a 

’/ is L, but /a is only if 

|^>1, j8>2-a.] 


404. Suppose that f(x) is defined in ( — 1, 1) and has a continuous 
derivative/^ (a) which vanishes only at a finite number of points, and that 

f(x)^0, /(-1)=/(1) = 0. 

Then the length of the curve y=f{x) is greater than that of y=f*{x), 
unless f{x)s=f*(x). 

[See Steiner (1, n, 265). If 0<y<Y =Max/ then (except perhaps for 
a finite number of values of y) the equation y=f(x) has an even number 
2n (depending on y) of roots. If we denote these roots, in ascending order, 
by % , Kg , . . . , Kgn j and the derivative of Xv with respect to y by Xv, then, 
by Theorem 25, 

2 ^{1 +[p( - lYx,'f}Uy^ f\l+x/^)idy. 

Jo Jo 

There is equality only if w = 1 for all y, and Xi= —x^.] 

405. Suppose that f(x, y)^0 for all x, y, and that the measure ilf ( 2 ) of 
the set in which /(a;, y)^zm finite for all positive z; define p{z) by 

M(2)=^rp2; 

and write /* 2/) = p~^ + y^))> 

where is the inverse of p. Then (under appropriate conditions of 
regularity) the area of the surface 2 =/(a;, y) is greater than that of 
z=f*(x,y). 

[See Schwarz (1). The theorem is important in itself and interesting 
because it involves a two-dimensional analogue of the notion of /*(a?).] 



BIBLIOGRAPHY 


N. H. Abel 

1, Stirles series, ®wwescowpZeies,ii (2nd ed.,Cliristiama, 1881), 197-201, 

E. Artin 

1. Gber die Zerlegung definiter Eunktionen. in. Q.tiadrate, AbhmidL a. d. 
math. Seminar Hamburg, 5 (1927), 100-115. 

E. Artin and O. Scbreier 

1 . Algebraische Konstruktion reeller Korper, Abhandl. a . d. math . Seminar 
Hamburg, 5 (1927), 85-99. 

G. Aumann 

1. Konvexe Funktionen und die Induktion bei IJngleicbungen zwischen 
Mittelwerten, Miinchner Siizungaber. 1933, 403-415. 

S. Banacb. ^ 

I. Operations limaires (Warsaw, 1932). 

J. Bernoulli 

1. TJnendliche Reihen (Ostwald’&KIassiker der exakten Wissenschaften, 
ISTr. 171, Leipzig, 1909). 

F. Bernstein 

1. tJber das Gauss’sche Feldergesetz, Math. Annakn, 04 ( 1907), 417--447. 

F. Bernstein and G. Doetsch 

1. Zxa Tbeorie der konvexen Funktionexi, Math. Annakn, 70 (1916), 
514-520. 

A. S. Besicovitcli 

1, On mean values of functions of a complex and of a real variable, 
Proc. L.M.S. (2), 27 (1928), 373-388. 

Z. W. Bimbaum and W. Orbcz 

1 . tjTber die Verallgemeinerung des Begi’iffes der zueinander Icon j ugierten 
Potenzen, Stadia Math. 3 (1931), 1-67. 

W. Blaschke 

1. lireis und Kugel (Leipzig, 1916). 

G. A. Bliss 

1. Calculus of variations (Chicago, 1927). 

2. The transformation of Clebsch in the calculus of variations, Proc. 

Inter'national Math. Congress (Toronto, 1924), i, 589-003. 

3. An integral inequality, Journ. L.M.S, 5 (1930), 40-46. 

H. Blumberg' 

I. On convex functions, Trans. A^ner, Math. Soe. 20 (1919), 40-44. 



BIBLIOGEAPHY 


301 


I 

M. Boclier 

1. Introduction to higher algebra (New York, 1907). 

' H. Bohr 

1 . ZurTlieoriederfastperiodisehenFunktionen(I),.4ci5a Math. 46 (1924), 
j 29-127. 

' O. Bolza 

1. Yorleaungen iiher Variaiionsrechnung (LeipTig, 

L. S. Bosaaquet 

1. Generalisations of Minkowski’s inequality, Journ. L.M.S. 3 (1928), 
51-56. 

W. Briggs and G. H. Bryan 

1. The tutorial algebra (4th ed., London, 1928). 

^ T. A. A. Broadhent 

1. A proof of HtS’dy’s convergence theorem, Journ. L.M'tS. 3 (1928), 
242-243. 

G. H. Bryan and W. Briggs. See W. Briggs and G. H. Bryan 
V. Btxniakowsky 

1, Sur quelques in4galit4s concernant les int6grales ordinaires et lesin- 
t<5grales aux differences finies, Memoires de VAcad. de St-Petersbourg 
(vn), 1 (1859), No. 9. 

T. Carleman 

1. Sur les fonctions quasi-analytiques, Conferences faites au cinquieme 
congrea des mathemaiiciens acandinaves (Helsingfors, 1923), 181-196. 
A. L. Cauchy 

1, Coura d'analyse de VJ^cole Royale Poly technique. L® partie. Analyse 

alg6brique (Paris, 1821). [(Euvres compUtes, 11® serie, in.] 

2. Exercices de mathematiqvm, n (Paris, 1827). {(Euvres computes, II® 

serie, vn.] 

G. Gh3:ystal 

1. Algebra, n (2nd ed., London, 1900). 

R. Cooper 

1. Notes on certain inequalities (I) : generalisation of an inequality of 

W. H. Young, Journ. L.M.S. 2 (1927), 17-21. 

2. Notes on certain inequalities (H), Journ. L.M,S. 2 (1927), 169-163. 

3. The converses of the Cauchy-Holder inequality and the solutions of 

the inequality g {x-\-y)^g {x)+g\y), Proc. L.M.S. (2), 26 (1927), 
416-432. 

4. Note on the Cauchy-Holder inequality, Journ. L.M.S. 3 (1928), 8-9. 



302 


BIBLIOGRAPHY 


E. T. Gopson 

1. Note on series of positive terms, Jouni. L.M.8. 2 (1927), 9-12. 

2. Note on series of positive terms, Jotmi. L.M.S. 3 (1928), 49-51. 

G, E, Crawford 

1. Elementary proof that the arithmetic mean of any number of positive 
quantities is greater than the geometric mean, Proc. Edinburgh 
Math. Soc. 18 (1900), 2-4. 

G. Darboux 

1. Sur la composition des forces en statique. Bull, des sciences math. 
9 (1875), 281-288. 

L. L. Dines 

1. A theorem on orthogonal functions with an application to integral 
inequidities, Trans. Amer. Math. Soc. 30 (1928)^, 425-438. 

A. L. Dixon 

I, A proof of Hadamard’s theorem as to the maxiraum \'alue of tlie 

modulus of a determinant, Quurt. Journ. of Math. (2), 3 (1932), 
224-225. 

G. Doetsch and F. Bernstein. See F. Bernstein and G. Doetsch 

J, Dougall 

I. Quantitative proofs of certain algebraic inequalities, Proc. Edinburgh 

Math. Soc. 24 (1906), 01-77. 

J. M. G. Duhamel and A- A. L. Reynaud 

1. Problemes et devehppemens sur diverses parties des matMmatiques 
(Paris, 1823). 

E. B. Elliott 

1. A simple exposition of some recently proved facts as to convergency, 

Journ. L.M.S. 1 (1926), 93-96. 

2. A further note on sums of positive terms, Journ, L.M.S. 4 (1929), 

21-23. 

Euclid 

1. The thirteen books of Euclid's Elements by Sir Thomas Heath, 

Cambridge, 1908). 

L. Fejer 

1. fiber gewisse Minimumprobleme der Funktionentheorie, Math An- 
nalen, 97 (1927), 104-123. 



BIBLIOGEAPHY 


303 


L. Fejer and F. Riesz 

1* Uber einige funktioneatlieoretisehe Ungleichungen, Math. Z&itschr. 
U ( 1921 ), 305-314. 

B. de Finetti 

1, Sul concetto di media, GiornaU delV Istituto Italiano degli Athmri, 
2 (1931), 369-396. 

E. Fischer 

1, tjber den Hadamardschen Determinantensatz, Archiv d. Math. u. 
Physik (3), 13 (1908), 32-40. 

E. G. Francis and J. E. Littlewood 

1. Examples in infinite series with solutions (Cambridge, 1928). 

F. Franklin 

1. i»roof of a theq^em of Tsehebyschefi’s on definite integrqjls, American 
Journ. of Math. 7 (1885), 377-379. 

*M. Frechet 

1. Pri la funkcia eqmicio f {x + y)=f {x)+f {y), Eenseignement math. 

16 (1913), 390-393. 

2. A propos d’un article sur Tecpiation fonctioimelle/(a; + y) (x) +/ (y), 

lyenseignernent 7nath. 16 (1914), 136. 

G. Frobenius 

1. Ober Matrizen aus positiven Eiementen (II), Berliner Sitzungsber. 
1909, 514-518. 

R. M. Gabriel 

1. An additional proof of a theorem upon rearrangements, Journ, 
L.M.S. 3 (1928), 134:-136. 

2- An additional proof of a maximal theorem of Hardy and Littlewood, 
Journ. L.M.S. 6 (1931), 163-166. 

3. The rearrangement of positive Fourier coefficients, Proc. L.M.S. (2), 

33 (1932), 32-51. 

G. F. Gauss 

1. Werhe (Gottingen, 1863-1929), 

3. A. Gmeiner and O. Stolz 

I. Theoretische Arithmetik, n Ahteihmg (Leipzig, 1902). 

J. P. Gram 

1. tlber die Bntwicklung reeUer Funktionen in Reihen, mittelst der 
Methode der Meinsten Quadrate, Joumalf. Math. 94 (1881), 41—73. 



304 


BIBLIOGRAPHY 


K, Grand] ot 

1. On some identities relating to Hardy’s convergence theorem, Joitrn. 
L.M.S. 3 (1928), 114^117. 

Grebe 

1, tiber die Vergleichung zwischen dem aritl'mietischen, dem g(^o- 
metrischen und dem harmonisehen Mittel, Zeitschr. f. Math. u. 
Physik, 3 (1858), 297-298. 

A. Haar 

I. tJber lineare TJngleiehungen, Acta Litt. ac Sclent. Univ, Hung. 2 

(1924), 1-14. 

J. Hadamard 

1, R4solxitioa d’nne question relative aux determinants. Bull, des seiencea 
math. (2), 17 (1893), 240-248. 

H. Hahn 

I. TJieorie der reellen Funktionen, i (Berlin, 1921), 

G. Hamel 

1, Eine Basis aller Zablen und die xmstetigen Ldsimgtm der Funk- 
tionalgleiehung /(£e+y)=/(a’)+/(y), Math. Annakn, €0 (1905), 
459-462. 

G. H. Hardy 

1. A course of pure mathemaiics (6th ed., Cambridge, 1028), 

2. Note on a theorem of Hilbert, Math. Zeitschr. 6 (1920), 314-317, 

3. Note on a theorem of Hilbert concerning series of positive terms, 

Proc. L.M.S. (2), 23 ( 1925), Records of Ri*oc. xlv-xlvi. 

4. Notes on some jpoiuts in the integral calculus (LX), Messenger of Math. 

64 (1925), 150-166. 

5. Notes on some points in the integral calculus (LXIV), Messenger of 

i¥a& 57 (1928), 12-16, 

6. Remarks on three recent notes in the Journal, Journ. L.M.S. 3 (1928), 

166-169. 

7. Notes on some points in the integral calculus (LX VIII), Alessenger 

of Math. 58 (1929), 115-120. 

8. Prolegomena to a chapter on inequalities, Journ. L.M..S. 4 (1929), 

61-78 and 5 (1930), 80. 

9. Remarks in addition to Dr Widder’s note on inequalities, Journ. 

L.M.S. 4 (1929), 199-202, 

10. The constants of certain inequalities, 8 (1933), 114-119. 



BIBLIOaSAPHY 


305 


G. H, Hardy and. J. E. Littlswood 

1 . Elementary theorems eoixceming power aeries with positive coefficients 

and moment constants of positive functions, Journal /. Math. 
157 (1927), 141-158. 

2. Some new properties of Fourier constants, Math. Annalen, 97 (1927), 

159-209 (199). 

3. Notes on the theory of series (VI): two inequalities, Joum. L.M.S. 

2 (1927), 196-201. 

4. Notes on the theory of series (VIII) : an inequality, Journ. L.M.S. 

3 (1928), 106-110, 

5. Notes on the theory of series (X); some more inequalities, Journ. 

L.M.S. 3 (1928), 294-299. 

S. Some properties of fractional integrals (I), Math. Zeitschr. 27 (1928), 
566-606. 

7. Notes on the theory of series (XII) : on certain inequalities connected 
with the calculus of variations, Journ. L.M.S. 5 (1930), 283-290. 

8» A maximal theorem with fmction-theoretic applications, Acta Math- 
54 (1930), 81-116. 

9. Notes on the theory of series (XIII) ; some new properties of Fourier 

constants, Journ. L.M.S. 6 (1931), 3-9. 

10. Some integral inequalities connected with the calculus of variations, 

Q'uart. Journ. of Math. (2), 3 (1932), 241-252. 

11. Some new oases of Parseval’s theorem. Math. Zeitschr. 34 (1932), 

620-633. 

12. Some more integral inequalities, Tohoku Math. Journal, 37 (1933), 

161-169. 

13. Bilinear forms bounded in space [p, q\. Quart. Joum. of Math. (2) 

[unpublished]. 

G. H. Hardy, J. E. Littlewood and G. P61ya 

1. The maxirnimr of a certain bilinear form, Proc. L.M.S. (2), 26 (1926), 

266-282. 

2. Some .simple inequalities satisfied by convex functions, Messenger 

58 (1929), 145-152. 

F. Hausdorff 

1, Summationsmethoden und Momentfolgen (I), Math. Zeitschr. 9(1921), 

74-109. 

2. Eine xAusdelmung des Parsevalschen Satzes fiber Fourierreihen, 

Math. Zeitschr. 1% {192.2), im-im. 



306 


BIBLIOGEAPHY 


E. HeUittger and O. Toeplitz 

1. Grundlagen fiir eine Theorie der tmendliclien Matrizen, Math, 
Annalen, 69 (1910), 289-330. 

G. Hermite 

1. Gours de la Faculti des Sciences de Paris (4th lithogi'aphed ed., Paris, 
1888). 

B. Hilbert 

1. tJber die Darstellung definiter Pormen als Surnme von Forinen- 

quadraten,il!fatii..dnwai?en, 32 (1888), 342-350. [TFer&e,n, 154-161.] 

2. Xjberternare definite Pormen, jdfto 17 (1893), 169-197. [Werhe, 

II, 345-366.] 

E. W. Hobson 

1. The theory of junctions oj a real variable and the theory of Fourier 
series, i, u (2nd ed., Cambridge, 1921, 1926). 

0. Holder 

1. tJber einen Mittelwertsatz, Gotiinger Nachrichten, 1889, 38-47. 

A, Hurwita 

1* Uber den Vergleich des arithnietischen tmd des geometrischen Mittels, 
Journal f. Math. 108 (1891), 266-268. iWerke, ii, 506-007.] 

2. Sxir le problerne des isopei'imetres, Comptes rendus, 132 (1901), 

401-403. [Ferine, i, 490-491.] 

J. L. W. V. Jensen 

1* Sur xme generalisation d’une foi'xnule de Tchebyeheff, Bull, des 
sciences math. (2), 12 (1888), 134-135. 

2. Sur les fonctions convexes et les inegalites entre les valeura moyennes, 
Acta Math. 30 (1906), 175-193. 

B. Jessen 

1. Om Uligheder imellem Potensiniddelvaerdiei', Flat, Tidaskrift, B 

(1931), No. 1, 

2. Bemaerkinger om konvekse Punktioner og Uligheder imellern Middel- 

vaerdier (I), Mat. Tidsskrift, B (1931), No. 2. 

3. Bemaerkinger om konvekse Punktioner og Uligheder imellem Middel- 

vaerdier (II), Mat. Tidsskrift^ B (1931), Nos. 3-4. 

4. Uber die Verallgemeinerungen des arithmetisehen Mittels, Acta LiU. 

ac Scient. Univ. Hung. 6 (1931), 108-116. 



BIBLIOGEAPHY 


307 


A. E. Joniffe 

1. /ill identity connected with a polynomial algebraic equation, Journ 
L.M.8, 8 (1933), 82-85. 

Th. Kalnza and G. Szego 

I. tiber Reihen rnit lauter positiven Gliedern, Journ. L.M.S 7 (1932) 

208-214. 

J. Karamata 

1. Siir mie inegalite relative aux fonetions convexes, Puhl. math. XJniv. 
Belgrade, 1 (1932), 145-148. 

K. lECnopp 

1. tiber Reihen rnit positiven Gliedern, Journ. L.M.S. 3 (1928), 206-211. 

2. Neiiero Sutze (iber Reihen nut positiven Gliedern, Math. Zeitschr. 30 

(1929), 387-^113. 

3. tiber Reihen init fjositiven Gliedern (2te Mitteilung), Journ. L.M.S. 

6 (1930), 13-21. 

A. Kolmogoroff 

1. Stu* la notion de la inoyenne, Rend. Accad. dei Lincei (6), 12 (1930), 
388-391. 

N. Kritikos 

1. Siir line extension do rhiegalit(5 entre la moyenne arithmfStique et la 
moyemio goomdtrique, Bull. aoc. math. Grece, 9 (1928), 43-46. 

E. Landau 

1. tiber einen Konvergenzsatz, QoUinger Nachrichten, 1907, 25-27. 

2. Einige Ungleichungen fiir zweimal differentiierbare Funktionen, 

Proc. L.M.S. (2), 13 (1913), 43-49. 

3. Die Ungleichungen fiir zweimal differentiierbare Funktionen, Med- 

deleher K0be?i}Mvn, % {1925), Bv. Id. 

4. A note on a theorem concerning series of positive terms, Journ. 

L.M.S. I (1926), 38-39. 

H, Lebesgue 

4 . Legons sur V integration et la recherche des fonetions primitives ( 2nd ed. , 

Paris, 1928). 

5. Lhuilier 

I, Polygonomstrie, ou de la mesure des figures rectilignes. Et abrege 

dHaoperbnitrie eUmsntmre (Geneve and Paris, 1789), 


20-3 



308 


BIBEiIOaBAPHY 


A. Liapounoff 

I. Nouvelle forme du theoreiBe sur la limito do probaliilite, Memmrea 

de VAcad. de St-Petersbourg (vm), 12 (1901), No. 5. 

J, Liouvill© 

I. Sur ie calcul des differeutielles a indices c|ue!coiiques. Journal de 

VilcoU Polgt&dmigue, 13 (1832), 1-69, 

J. E. Littlewood 

1. Note on the convergence of series of positiv<.5 terms. Messenger of 

Math. 39 (1910), 191-192. 

2. On bounded bilinear forms in an infinite number of variubles. Quart. 

Journ. of Math. (2), 3 (1930), 104-171. 

J. E. Littlewood and E. G. Francis. iSee E. G. Francis and 
J. E. Littlewood 

J. E. Littlewood and G-. H. Hardy. Nee G. H. Hardy and 
J. E. Littlewood 

J. E. Littlewood, G. H. Hardy and G. P61ya. Nee G. H. Hardy, 
J. B. Littlewood and G. P6iya 

C. Maclaurin 

1. A treatise of fluxions (Edinburgh, 1742). 

2. A second letter to Martin Folkos, E.sq, ; eoneermiig the roots of equa- 

tions, with the demonstration of other rules in algebra, PML 
Transactions, 36 (1729), 69-96. 

E. Meissner 

1. tlber positive Darstellung von Polynomen, Math. Annahn, 70 (1911), 
223-236, 

E. A. Milne 

1. Note on Bosseland’s integral for the stellar absorption coefficient. 
Monthly Notices B.A.S. 85 (1926), 979-984. 

H. Minkowski 

I. Geometrie der Zahlen, i (Leipzig, 1896). 

2. Diseontinuitatsbereioh fiir arithmetische Japiivalenz, Journal f. 
Math. 129 (1905), 220-274. 

P. Montel 

1. Sur les fonctiona convexes et les fonotions sousharmoniques, Journai 
de math. (9), 7 (1928), 29-60. 



BIBLIOGEAPHY 


309 


(Sir) T. Muir 

1. Solution of the question 14792 {Educational Times, 54 (1901), 83], 
Math, froon Educ. Times (2), 1 (1902), 52-53. 

R. F. Muirhead 

1. Inequalities relating to some algebraic means, Proo. Edinhuvgh Math. 

Soc. 19 (1901), 36-46. 

2. Some methods applicable to identities and inequalities of symmetric 

algebraic functions of n letters, Proc. Edinburgh Math. Soc. 21 
(1903), 144-157. 

3. Proofs that the arithmetic mean is greater than the geometric mean, 

Math. Gazette, 2 (1904), 283-287. 

4. Proofs of an inequality, Proc. Edinburgh Math. Soc. 24 (1906), 45-50. 

H. P. Mulholland 

I. Note on Hilbert’s double series theorem, Journ, L.M.8. 3 (1928), 

197-199. « 

2. Some theorems on Dirichlet series with positive coefficients and 

related integrals, Proc. L.M.8. (2), 29 (1929), 281-292, 

3. A further generalisation of Hilbert’s double series theorem, Journ. 

L.M.S. 6 (1931), 100-106. 

4. On the generalisation of Hardy’s inequality, Journ. L.M.S. 7 (1932), 

208-214. 

M. Nagumo 

1. t)ber eine Klasse der Mittelwerte, Jap. Journ. of Math. 7 (1930), 
71-79. 

E. J, Nanson 

1. An inequality. Messenger of Math. 33 (1904), 89-90. 

(Sir) I. Newton 

1, Arithmetica tmiversalis'. sive de compositione et resolutione arithmetica 
liber. {Opera, i.] 

A. Oppenheim 

1. Note on Mr Cooper’s generalisation of Young’s inequality, Journ. 

L.iM.S. 2 (1927), 21-23. 

2. Inequalities connected with definite hermitian forms, Journ. L.M.S. 

5 (1930), 114-119. 

W, Orlica and Z. W. Bimbaum. See Z. W. Birnbaum and 
W. OrlicK 

A. Ostrowski 

1. Zur Theorie der konvexen Punktionen, Comm. Math. Helvetici, 1 
(1929), 157-159. 



310 


BIBLIOGEAPHY 


A. OstrowsM (cont.) 

2. tlber quasi -analytisclie Funktionen und Bestimmtlieit as5n'nptotisclier 
Entwieklungen, Acta Math. 53 (1929), 181-266. 

P. M. Owen 

1. A generalisation, of Hilbert’s double series theorem, Joiirn. L.M.S, 5 
(1930), 270-272. 

R. E. A. G. Paley 

1. A proof of a theorem on averages, Proc. L.M.S. (2), 31 (1930), 

289-300. 

2. A proof of a theorem on bilinear forms, Journ, L.M.S. 6 (1931), 

226-230. 

3. Some theorems on orthogonal functions, Studia Math. 3 (1931), 220- 

238. 

4. A note op bilinear forms. Bull. Amcr. Math. Soj?. (2), 39 (1933), 

209-260. 

H. Poincare 

I. Sur les Equations algebriques, Coniptes rendus, 97 (1888), 1418-1419. 

S. Pollard 

1 . The Stieltjes integral and its generalisations. Quart. Journ, of Math. 
49 (1923), 73-138. 

G. P61ya 

1. On the mean-value theorem con’esponding to a given linear homo- 

geneous difierential eqiiation, Trans. Amer. Math. Soc. 24 (1922), 
312-324, 

2. Proof of an inequality, Proc. L.M.S. (2), 24 (1926), Records of I^roe. 

Ivii. 

3. tJber positive Darstellung von Polynomen, Vierteljahrsschrift d. 

naturforschenden Gesellsch. Zurich, 73 (1928), 141-145. 

4. Untersuehungen iiber Liicken und Singularitaten von Potenzreihen, 

Math. Zeitachr. 29 (1929), 049-640. 

G. P61ya, G. H. Hardy and J. E. Eittlawood. ,S'se G. H. Hardy, 
J. E. Littiewood and G. P61ya 

G. P6iya and G. Bzego 

i. xiufgaben und Lehrsdtze aua dkr Analysis, i, ii (Berlin, 1925). 

A. Pringslieim 

1. Zur Theorie der ganzen transzendenten Funktionen (Kachtrag), 
MUnchner Sitzungsber. B2 {1902), 



BIBLIOGRAPHY 


311 


J. Radon 

1. tJber die absolut additiven Mengenfunktionen, Wiener Sitmngsber. 
(Ila), 122 (1913), 1295-1438. 

A. A. I4. Reynaud and J. M. G. Duliamel. See J. M. G. Duhamel 

and A. A. L. Reynaud 

B. Riemann 

1. Qesammelte 7nath. Werlce (Leipzig, 1876). 

F. Riesz 

1. Les systhmea d/ Equations Kneaires d une infinite d’inconnuea (Paris, 

1913). 

2. Untersuelimagen fiber Systeme integrierbarer Funktionen, Math. 

Amialen, 69 (1910), 449-497. 

3. tJber die Randwerte einer analytisehen Funktion, Math. Zeitachr. 18 

(1923), 8745. * 

' 4. tlber eine Verallgemeinerung der Parsevalsehen Pormel, Math, 
Zeitachr. 18 (1923), 117-124. 

6. Sur les fonctions subharmoniques et leur rapport la th^orie du 
potentiel, Acta Math. 48 (1926), 329-343. 

6. Su alctme disuguaglianze. Boll. delV Unione Mat. Italiana, Anno 7 

(1928), No. 2. 

7. Siir les valeiirs moyennes des fonctions, Journ. L.M.8. 5 (1930), 

120-121. 

8. Snr une inegalit6 integrale, Journ. L.M.8. 5 (1930), 162-168. 

9. Sur les fonctions subharmoniques et leur rapport 4 la th4orie du 

potentiel (seeonde partie), Acta Math. 54 (1930), 162-168. 

10. Sur un th6oreme de maximum de MM. Hardy et Littlewood, Journ. 

L.M.S. 7 (1932), 10-13. 

F. Riesz and L. Fejer. See L. Fejer and F. Riesz 

M. Riesz 

1. Sur les maxima des formes bilin^aires et sur les fonctionnelles 

lin^aires, Acta Math. 49 (1927), 465-497. 

2. Sur les fonctions conjugudes. Math. Zeitachr. 27 (1928), 218-244. 

L. J, Rogers 

1. An extension of a certain theorem in inequalities. Messenger 0 / Math. 
17 (1888), 146-150. 

S. Saks 

1. Sur un theoreme de M. Montel, Compfea rendtia, 187 (1928), 276-277. 



312 


BIBMOaBAPHY 


0. ScMSmilcli 

1. ’Ober Mittelgrossen verscMedener Ordnimgexi, Zeilachr. J. Math, u, 

Physik, 3 (1858), 301-308. 

0. Schreier and E. Artin. See E. Artin and O. Schreier 

1. Sciiur 

1. Bemerkungen znr Theorie der bescbrankten Bilinf'arforrnen niit 

nnendlieh vielen Veranderliehen, Journal f. Math. 340 (iOH), 1-28. 

2. tJber eine Klasse von Mittelbildiingen mit. Anwt'iidungfjn auf dio 

Determinantentlieorie, Sitzungsher. d. Berl. Mtiih. (.kudlsch, 22 
(1923), 9-20. 

H. A. Sdiwarz 

I. Beweis des Satzes dass die Kngel kleinere Obta-fliu-ht^ besitzt;, als jedor 

andere Kdrper gleiehaii Volumen.'?, (.lottinger Xachrichtcn, 3884, 
1-13. [MVl'fi, II, 327-340.) ^ 

2. tjrber ein die Flileben Ideinsten Flilcheniniiaite iielv^'lYcnxicH l*robiem 
der Vai’iationsreehnimg, j'lcto soc. scient Penn, 35 (1885), .315''-302. • 
{Werhe, i, 224-269.) 

W. Sierpiiiski 

1, Sur I’^qiiation fonctionnelle/ {x -3- y) ~ / (;i;} -f / (,?/), Fundummxtri Math. 

1 (1920), 116-122. 

2, Sur les fonctiom con vexes inesuraljlcs, Pundamenta Math. 1 (1920), 

125-129. 

H. Simon 

I, t)ber einige Ungleielumgxm, ZeAtnchr, f. Math, u. Phy,nk, 3.3 (1888), 

66-61. 

Gh. Smith 

I. A ireatise on algebra (London, 1888). 

J. P. Steflensen 

1. Et Bevis for Saetningen ora, at dot geometriske Middsjltal at positive 

Storrelser ikke storre end det aritmetiske, Mat, Tidsskrift, A ( 1 930), 
115-116. 

2. The geometrical mean, Joiirn, of tJm InMitute of ActiutrieBi 62 ( 19,31), 

117-118, 

J. Steiner 

1, Qesamrmlte Werke (Berlin, 1881-2). 

E. Stiemke 

1. tlber positive Losungen liomogener linearer Gleicinmgen,, Math. 
Annalen, 76 (1915), 340-342. 



BIBLIOaEAPHY 313 

0. Stolz and J. A. Gmeiner. See J. A. Gmeiner and O. Stolz 
R. Sturm 

1. Maxima und Minima in der elementaren Geometric (Leipzig, 1910). 

G. SzegS and Th. Kaluza. See Th. Kaluza and G. Szego 

G. Szegd and G. P61ya. See G, P61ya and G. Szego 
E. G. Titc hm arsh 

1. The theory of functions (Oxford, 1932). 

2. Reciprocal formulae involving series and integrals, Math. Zeitschr. 25 

(1926), 321-341. 

3. An inequality in the theory of seiies, Journ. L.M.S. 3 (1928), 81-83. 

0. Toeplxtz 

1. Zur Theorie der quadratischen Formen von unendlich vielen Veran- 

derHohen, Gottinger Nachrichten 489-506. 

» * 

0. Toeplitz and E. Hellinger. See E. Hellinger and O. Toeplitz 

G. Valiron 

1. LecMrea on the general theory of integral functions (Toulouse, 1923). 
Gh.~J. de la Vallee Poussin 

1. Cours d'analyse infmitesimale, i (6th ed., Louvain and Paris, 1926). 

2. Integrales de Lebesgue. Fonetions d'ensemhle. Classes de Baire (Paris, 

1916). 

J. H. Maclagan Wedderburn 

1. The absolute value of the product of two matrices, Bull. Amer. Math. 
Soc. 31 (1925), 304-308. 

H. Weyl 

I. Gru^-ipentheorie und Quantunimechanik (2nd ed., Leipzig, 1931). 

2. Singuldre Integralgleiehungen mit besonderer Berucksichtigung des 

Fourierschen Integraltheorems, Inaugural-Dissertation (Gottingen, 
1908). 

3. Bemerkungen zum Begriff des Differentialquotienten gebrochener 

Ordnung, Vierteljahrsschrift d. naturforschenden Gesellseh. Zurich, 
62 (1917), 296-302. 

D. ¥. Widder 

1, .iVn inticjuality related to one of Hilbert’s, Journ. L.M.S. 4 (1929), 
194-198. 

P. Wiener 

1 , Mlei ncni tirer Bcweis eines Reihensatzes von Herrn Hilbert, Math. An- 
Hu/cn, 68 (1910), 361-366. 



314 


BIBLIOGEAPHY 


W. H. Young 

1. On a class of pamraotric mtegrals and t-Iieir ap])licatiiju tft iLc theory 

of Fomier series, Proc. Royal Soc. (A), 85 { 1 !J J I ), 40 1 41-L 

2. On classes of suinmable functions and their Fourior scries. Proe. 

Royal Soc. (A), 87 (1912), 225-229. 

3. On the multiplication of successions of Fourier constants, Proc. Royal 

Soc. (A), 87 (1912), 331-339. 

4. Sxxr la generalisation du theoreme do Parse vai, Coniptes rendus, 155 

(1912), 30-33. 

5. On a certain series of Foxmor, Proc. L.M.S. (2), 11 (1913), 357-36(). 

6. On the detei’inination of the summability of a function by means of 

its Fourier constants, Proc. L.M.S. (2), 12 (1013), 71--S8, 

7. On integration with respect to a function of bounded variation, Proc, 

L.M.S. (2), 13 (1914), 109-150. 

it € 

A. Zygmund 

1. On an integral inequality, Journ. 8 (1933), 175-178. 


OAMBBIDGE: rBIHTBD BY WALTER IiEWia, M.A., AT THE UKIVEBSWr I*BBSS 




— .H 

Tliis book was taken, from tbe Library on 
the date last stamped and can be retained 
fori month, if not reqnired to be returned 
earlier. 





